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A Modal Analysis of TEM Mode in Circular–Rectangular
Coaxial Waveguides

Haiyin Wang, Ke-Li Wu, and John Litva

Abstract—A modal analysis of transverse electromagnetic (TEM) mode
in a circular–rectangular coaxial waveguide is presented in this paper.
The analysis is based on the modal-expansion technique. Analytic ex-
pressions for the characteristic impedance and attenuation coefficient are
derived from the solution of the TEM mode. The calculated results are
compared with those of the finite-element method, as well as published
data. Excellent agreement is observed.

Index Terms—Coaxial waveguides, modal analysis, TEM mode.

I. INTRODUCTION

The transverse electromagnetic (TEM) mode is found to be the
dominant mode in circular–rectangular (C–R) coaxial waveguides.
This waveguide structure has been widely used in transitions between
a circular coaxial waveguide and rectangular waveguide in various
microwave systems. Many critical parameters in the RF circuit design,
such as the characteristic impedance, attenuation coefficient, andQ

factor can be derived by carrying out TEM-mode-based analysis.
To completely understand the electromagnetic (EM) characteristics
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involved, it is of primary importance to obtain the solution of the
TEM mode in the C–R coaxial waveguide.

Although the finite-difference method [1] and finite-element
method (FEM) offer considerable flexibility for dealing with
complicated structures, their dynamic range and accuracy may be
limited by numerical discretization error. Analytical solutions, on
the other hand, offer the advantages of accuracy, efficiency, and
an embedded physical understanding. Therefore, workers have put
a great deal of effort into obtaining an analytical solution for the
problem of modeling a C–R coaxial waveguide [2], [3].

Analytical expressions have been reported for deriving the char-
acteristic impedance of a limited class of C–R coaxial waveguides.
For example, the method of conformal transformation and method of
images were jointly used to deduce the characteristic impedance of
a C–R coaxial line [4], although the radius of the inner conductor
is limited to some fraction of the size of the closure. A variational
method was used to find expressions for the characteristic impedance
of a “trough line” and “slab line” [5]. Similar methods were used in
[6]–[8] for simulating some special cases of C–R coaxial waveguides.
However, in each case, the mode field distribution was not included
in the analysis. Therefore, a more general method is desired for
modeling the TEM mode in a C–R coaxial waveguide.

In this paper, a modal analysis is presented to describe the TEM
mode in a C–R waveguide. Instead of formulating the problem by
a two-dimensional (2-D) solution as done for higher order modes
[2], the solution of TEM mode is obtained by superposition of the
TE and TM types of modes defined in a three-dimensional (3-D)
waveguide cavity loaded with a full height conductor post. Since the
resonant frequency of the cavity corresponding to the TEM mode is
determined only by the given height of the resonator, the eigenvector
for the TEM mode can be found without searching for the eigenvalue.

A number of practical problems are solved based on the proposed
analysis. The results are compared with those calculated using the
FEM and other closed-form approximations. Excellent agreement
is observed in all the cases. The attenuation coefficient versus
the characteristic impedance of typical coaxial waveguides is also
investigated. The results reveal some useful guidelines for designing
coaxial-type combline and interdigital filters.

II. THEORETICAL ANALYSIS

The TEM-mode solution of the C–R waveguide can be derived
from the eigensolution of the structure of a rectangular wave-
guide cavity loaded with a full-height conducting post, as shown in
Fig. 1(a). The discontinuity in Fig. 1(b) is divided into the following
three regions:

1) rectangular region I;
2) rectangular region II;
3) cylindrical region III.

The imaginary boundary which separates the three regions is a
cylindrical surface with a radius of� = a.

The longitudinal-field components in the rectangular waveguide
regions can be expressed as
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(a)

(b)

Fig. 1. (a) Waveguide cavity loaded with a full-height post. (b) Waveguide
discontinuity with a full-height post.

whereAmi’s and Bmi’s are coefficients of the waveguide modes
incident to and reflected from the post.eezmi and hhzmi are z
components of modal functions of electric and magnetic fields. The
subscriptsm andi are the mode index inx- andy-directions, and the
superscriptse andh correspond to TM and TE modes with respect
to thez-direction, respectively. Since the lowest resonant frequency
of the TEM mode in the C–R waveguide cavity is considered, only
the modal functions withi = 1 need to be considered. The other
transverse-field components in the waveguide region can be derived
straightforwardly from thez components.

The field components in the post region are described in terms of
TE- and TM-type modes with respect toy direction as
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with the transverse modal functions defined as
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where�21 = k20 � k2y1, ky1 = �

b
, and k0 are the wavenumbers in

free space.
To satisfy the boundary condition that the tangential components

of the field in the waveguide and post regions are continuous across
the imaginary boundary� = a, one needs to take inner products of an
electric-field continuity equation witĥhIIIetn1 andĥIIIhtn1 , and magnetic
field continuity equation witĥeIIIetn1 and êIIIhtn1 respectively, yielding
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where the elements in theW and Q matrices contain only the
Bessel functions of the first and second kinds, and the elements
of pij involve the inner producthêIIIqtn1 ; e� z ĥI;IIqtm1

i�=a or
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By combining (4) and (5), one can easily get
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whereXA corresponds to the wave incident to the post region and
XB corresponds to the wave reflected from the post region. From the
definition of the general scattering matrix, (6) can be rearranged as

fBg = [S]fAg = �([W][XB ])
�1[W][XA]fAg (7)

with respect to the reference plane at the center of the post. By
applying the boundary condition of the two conducting planes at the
ends of the cavity, one can obtain the matrix expression given by
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where the submatrixDk is a diagonal transmission matrix with
dii = e� l , [I] is the identity matrix, andfA0g is the coefficient
vector of the incident wave with shifted reference planes. The
characteristic equationdet([D][S][D] + [I]) = 0 must be satisfied
to ensure existence of the eigensolution of (8).

Intuitively, it is known that the lowest resonant mode of the
cavity corresponds to the TEM mode in the transverse direction
with the wavelength equal to twice the height of the cavity. In
other words, the eigenvectorfA0g can be determined from (8) with
the known resonant frequency. Once the eigenfield distributions are
found, the characteristic impedance for a C–R coaxial waveguide
can be obtained by
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whereV is the voltage between the inner and outer conductors and
I is the total current flowing on the inner conductor. To calculate the
voltageV , the electric fieldE� needs to be integrated from the inner
conductor to the outer conductor along any path. A judicious choice
is the path along� = �=2

a
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with V e
n andV h

n shown in (11a) and (11b) at the bottom of the page.
The analytic expression for the total current flowing on the inner
conductor is given by
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From the definition of the attenuation coefficient due to the finite
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wherePc is the power loss per unit length of the waveguide,P0
is the power flowing down the transmission line,Rs is the surface
resistance of the conductors,C1 and C2 represent the integration
paths over the inner and outer conductor boundaries, and�H is the
tangential component of the magnetic field.

III. N UMERICAL RESULTS AND DISCUSSION

To verify the accuracy of the solution, the field distribution in
a C–R coaxial waveguide and related parameters are calculated.
The resonant frequency chosen for the computation is 9.8357 GHz,
which means that the corresponding half-wavelength is equal to the
resonator length of 0.6 in. It is found that when four TE and four
TM symmetric modes in the rectangular waveguide and eight TE
and eight TM symmetric modes in the cylindrical region are used,
the numerically found resonant frequency is accurate to four decimal
places.

Fig. 2 shows the characteristic impedance of a C–R coaxial wave-
guide versus the ratio ofr=a. The result is compared with that
obtained using a commercial finite-element package (Ansoft’s HFSS).
Fig. 3 represents a comparison of the calculated value using a
proposed formulation for the characteristic impedance of a slab line
with the results reported in [5]. In both cases, excellent agreement
is obtained.

The even- and odd-mode impedanceZe andZo of a multiple inner
conductor structure versus the ratio ofr=a is presented in Fig. 4.
Perfect electric walls are used at the two sides of the resonator for
calculatingZo, and perfect magnetic walls are used for calculating
Ze. Excellent agreement is observed between the calculated results
and those published in [9]. TheZe and Zo of the multiple inner

Fig. 2. The characteristic impedance of a C–R coaxial waveguide versus
r=a, whereL=a = 1:25 in and a = 0:5 in.

Fig. 3. The characteristic impedance of a slab line versusr=a.

conductor coaxial line are important parameters in designing coaxial-
line interdigital filters.

It is worth mentioning that in all the examples calculated in this
paper, the value of the impedance increases asr decreases orl1 and
l2 increase. Whenl1 and l2 are greater than3a, the value of the
impedance tends to be a constant.

The attenuation due to the conductor loss versus the characteristic
impedance for different ratios ofL=a is plotted in Fig. 5. The
attenuation achieves the minimum value as the impedance varies from
70 to 80
. The attenuation of a circular coaxial waveguide is also
plotted in the same figure. The inner conductor of the circular coaxial
waveguide has the same radius as that of the C–R waveguides. The
radius of outer conductor is chosen such that the outer conductor
of the circular coaxial waveguide covers the same area as that of
the circular–square coaxial waveguide(L=a = 1). The minimum
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Fig. 4. The even- and odd-mode impedance of the C–R waveguide with a
multiple inner conductors versusr=a, whereL=a = 0:9 + r=a.

Fig. 5. The attenuation coefficient of a C–R waveguide versus characteristic
impedance witha = 0:5 in.

attenuation is achieved around 75
 in the case of the circular coaxial
waveguide. It can be seen that it is a good approximation to estimate
the conductor loss of C–R waveguides using the formulation for
circular coaxial lines.

IV. CONCLUSION

A modal solution of the TEM mode in the C–R coaxial waveguide
is presented in this paper. The general expression for the characteristic
impedance is derived. Three typical C–R waveguide examples are
examined using the proposed method. The results are compared
with those obtained either by a finite-element software package or
by other methods described in the referenced literature. Excellent
agreement is observed in all cases. The attenuation coefficient in the
waveguides can also be calculated using the proposed formulation. An
optimal dimension aspect ratio for the minimum power loss provides
a guideline in designing combline type of filters. The solution of
asymmetric C–R waveguide can be similarly obtained using the
addition theorems of Bessel functions.
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Improving Amplifier Stability Through Resistive
Loading Below the Operating Frequency

Sun-Wook Kim, Ik-Soo Chang, Won-Tae Kang, and In-Pyo Kyung

Abstract—A new design method for a stable RF amplifier using a broad-
band-matched 3-dB coupled line is proposed in this paper. The proposed
broad-band matching circuit consists of lossless matching circuits at
operating frequency band and resistive matching circuits at frequencies
below the operating band. This design method improves the stability of
the amplifier and is suitable for the design of a power amplifier and
multistage amplifier. When applying this proposed method to a design of a
two-stage power amplifier for personal communication systems, measured
results show 18.0-dB gain and 9-W (39.5-dBm) output power.

Index Terms—Amplifier, broad-band matching, power amplifier, sta-
bility.

I. INRODUCTION

Generally, if an amplifier is designed with its matching circuits
having bandpass characteristics like those of a�- or L-type network
etc., it has narrow-band matching characteristics at input and output
only within the operating frequency band. At frequencies below the
operating band (in this paper, dc to 1840-MHz band), it is difficult
to achieve good input, output matches, and good stability so that the
amplifier can oscillate by the noise or the unstable characteristics of
the transistor itself [2].

Thereby, in this paper, broad-band matching circuits are designed
using resistive decoupling circuits, impedance converters, and 3-dB
coupled lines. As an application of this matching circuit, a stable RF
high-power amplifier for a personal communication system (PCS)
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