4416 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 55, NO. 9, SEPTEMBER 2007

Fig. 1. Three-level discrete orthonormal wavelet transforms of a signal with two harmonic comppndnis= cos( 32) + cos( 6)) . The wavelet
coef cientsare [ ] [ J,and [ ]; [ ]containsthe scaling function coeients at the coarsest level. (a) Using 8-tap Daubechtess (corresponding to
=[0 0 0 0] in Section IV-B). (b) Using scale-dependent 8-tap generalized Daubedtees (corresponding to = [ 32 32 6 6]).

scaling functions at different scales are not dilates of one an-

other. This structure has already been used in previous work to

construct dual bases of exponential B-splines [8], [9], with the _ {f t) = Z ¢ Jo (t )

important difference that the resulting functions are usually not p

compactly supported. o ) ] o )
Another important connection can be established wifQfJ J »de ne anonstationary multiresolution if and only if

c Z)

nonstationary subdivision schemes [1aR], where the re- forallj —j .o 1) generate§ a Riesz basis;
nement lters are allowed to vary from one scale to the next. forall; j 1, 1C
In particular, Dyner al. [13] worked on generalized Deslau- U is dense inL ).

riers Dubuc subdivision schemes [14]. The limit functions Note that in a classical (stationary) multiresolution [1], the

of these schemes can be seen as the autocorrelation of fHRgtions ¢ 1)) would all be equal to a single function

generalized orthonormal Daubechies scaling functions that &) the scaling function. Therefore, we shall call the func-
constructed here. tions ¢ t)) scaling functions. In the sequel, to keep the

Finally, from a lter-design perspective, this paper is conotations simple, we will often omit the variablevhen refer-
cerned with conjugate quadraturéters that have arbitrarily "ng to functions. Also, we will use a dot ) as a silent variable

placed zeros [15]. in L )-norms and scalar products.
B. Basic Properties and Notations
D. Contents .
The Riesz basis constraint means that, at every scale j ,

The paper is organized as follows. In Section Il we give basjgere exist constants 1 +  such that, for all
de nitions and properties concerning nonstationary multiresg- 7),
lutions, including a quick review of wavelet theory in this gen-
eralized framework. In Section |1l we state the main theorem of ¢, Z cle - )
this paper, which relates the reproduction of exponential poly- ! e@) -
nomials to the roots of the scalindters. Based on this re- *0)
sult, we characterize the scalingters of generalized Deslau- ¢ e(2)- @)

riers Dubuc interpolation functions in Section IV-A. Differentrpa values of the tightest pair ; | ) are called lower and

factorizations of theselters are used in Sections IV-B and C tcLIppel’Riesz bounds, respectively. They are equal in the event of

obtain the generalized Daubechies wavelets and scaling fu o thogonal basis and their value is 1 if in addition the basis
tions. In Section IV-D we prove the convergence of thenite .o o rmalized (i.e., orthonormal).

products dening these functions. !n th_e Appendix, we provide Throughout this paper, for a functioh L ), we will
a summary of the notations used in this paper, as well as progfs, ihe notation 1= (f.f W= fOf t )dt
of its main results. for its sampled autocorrelation. We shall also derGte) =
sz¢ | ~ the z-transform of a sequeneeWe recall that
1. NONSTATIONARY MULTIRESOLUTIONS the z-transform of an autocorrelation sequence is always real-
valued and positive over the unitcircle (i.e.,foe e “, w ).
A. Definition With these notations, there is an alternative way to charac-

} o ] terize the factthat a functiopn generates a Riesz basis: itis nec-
The fundamental structure we are interested in is derived frfBsary and sutient that there exist positive constants |

the work of de Bookt al. [8]. _ such that, for almost every
Definition 1 (Nonstationary Multiresolution Spaces): Given
anintegerj and a sequence of functiong t)) inL ),

the spaces 0 1 A e®) +
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Fig. 4. lllustration of Theorem 1. For the exponential polynomials to lie in the linear span of the functipns 7z at all scaleg , the scaling ltersH ; z
must have roots located along a logarithmic spiral converging towardis the complex plane.

Fig. 4 illustrates this theorem. In particular, in the stationary The interpolation property (7) imposes the following con-
case (that is, whefy = 0), one retrieves the classical result thastraint on the scalinglters [16]:
polynomials of degreé¢, 1 are reproduced if and only if the
scaling lIter has anLth-order rootat = 1. )+ )= ©)
We can use this result to characterize scaling functions af?mdaddition, from Theorem 1,

: ; 2 ) must be of the form
Iters that reproduce exponential polynomials with different pa-

. )= - )Q ).Wewillthus look for the shortest-pos-
rameters. To this end we &t = ~; ... v ] be a vector sible ltersQ ) that satisfy
in and we denotd. the multiplicity of elementy , for
m=1,..., .Wewill de ne the exponential polynomials of i~ )@ )+ - )@ )= . (20)

parametef as the functions of the form ] ) ]
Equation (10) was studied by Dy al. in the context of non-

te ! stationary subdivision schemes [13]. In particular, they showed
that, if ¥ satis es conditiorH0, then there is a unique so-called
where X) is a polynomial of degree less thai 1). minimal-rank solutionp) )atallscaleg j 1 (see also

Under the conditions of Theorem 1, for these exponential polt5] for a more general analysis).
nomials to be reproduced, it is necessary andaaht that, for ~ This result will be useful for the design of the orthonormal
allj 7 1, ) be divisible by ;- ), asdened by and biorthogonal structures in Sections IV-B and C. In
(6). The shortest scaling functions that satisfy this condition ageder to provide some self-containedness while keeping
the exponential B-splinegs ;- t)) , whose renement |- the presentation simple, we will prove it in the case where
tersareprecisely ;- ))  _;[uptothe multiplicative con- ) = - )Q ) is symmetric. The symmetry condi-
stant 1= , cf. (5)]. tion ) = —1) allows us to choos§ such that, if 0 is

It is important to notice that the theorem assumes that, fan element ofj, then it has even multiplicity. Moreover we are
all 4, ) has no roots of opposite sign. This condition arisdeoking for real lters, therefore, we can choo§esuch that, if
naturally when imposing the biorthogonality constraint of is an element of, thensoare , yand ~ ,with the same
Section II-C, (4), or the interpolation constraint of the nextultiplicity. In particular, this implies that is even. We can
section (9). In terms of the vectdf, it means that it cannot then perform the standard change of variable  + —1)

comprise elementgandy suchthat ~ )= +1)  and construct polynomials ), ) ] such that
forsomej j 1landsome Z.In what follows, we will y -
refer to this constraint asl0. i~ )=0C ( (11)
-/ — (z z~
IV. CONSTRUCTION OF GENERALIZED { Q)
MULTIRESOLUTION BASES We are now ready to apply the following classical result.
Theorem 2 (Bézout): GivenC ) ], there exists a
A. Generalized Deslauriers—Dubuc Interpolation Functions polynomial ) | such that
As an application of the previous theorem, it is of interest to B
rst consider the case where the scaling functigng are ¢ ) )+C ) )= (12)
continuous and interpolating; i.e., for ajiy j and forany ifandonlyifC’ ) has neither zero as a root, nor a pair of oppo-
Z, site roots. In this case there exists a unique polynomial )
_s % ] satisfying (12) and such thdtg ) dgC ) 1
v )=0 1 The set of all polynomials ) ] that satisfy (12) is
In this case, an exponential polynomialt)e *,d g t) { ) + )C ), ) ] . (13)

L 1, can be easily written under the form
There are several possible ways to obtain ) in prac-

te = Z ! gt ) (8) tice, e.g., via the resolution of a linear system (matrix inversion)
z ] or the extended Euclid algorithm. Another approach consists
in rewriting (12) as in Fig. 5, by dividing it by )C ).
where the RHS coetients ¢ |) z are simply the samples of ) can then be computed from a simple fraction decom-

the exponential polynomial at the locations ) z. positionof C )C )), followed by a separation of the
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Fig. 7. Orthonormal scaling functions (a) and wavelets (b) at §cae) , corresponding te- = [i! it ],for! =0;=32,2=32;...;20=32.The
classical Daubechies functions are the leftmost ones and are obtaired o .
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Fig. 9. Reproduction otos(t= 3) by the generalized orthonormal scaling
function correspondingte = [i= 3 i = 3]. Only eight terms in the sum
are shown.

The proof, which is given in the Appendix, is simple and con-
structive: it uses entities related to exponential B-splines. Note
that in the spectral factorization step (15), the root9of ) are
always chosen inside the unit circle.

Fig. 7 shows plots of the resulting scaling functions and
wavelets (witha of the form w w ], wherew is a
real frequency parameter). It also compares them with their
classical counterparts (which are obtained dor = 0). It
is seen that the scaling functions and wavelets tend toward
the standard second-order Daubechies functions as the vector
a tends to zero. Section IV-D will provide a more detailed

Fig. 8. Moduli of the Fourier transforms of the orthonormal scaling function 3 ; ;
(a) and wavelets (b) at scajle= 0, corresponding to- = [ i Broof of convergence. In the frequency-domain (Fig. 8), the

The classical Daubechies functions are obtained for 0 and are shown as S€cond-order zeros at = for Z of the standard
dashed lines; their generalized counterparts are shown as continuous linesDXaubechies scaling functions are replaced by pairs of simple
P =5=09 zeros aw = +w + . This is to satisfy the generalized

Strang Fix conditions, which guarantee that “ * can be

there always exists a positive solution. This allows us to gené?produced, and thuss w ) as well (see Fig. 9).

alize Daubechies idea to look for a polynomial ) with
lowest-possible degree (which might not be unique, though).C. Biorthogonal Spectral Factorization Wavelets

Property 3: If C ) ] does neither have zero as a he biorth | H i »
root, nor a pair of opposite roots, then there exists a polynomial" t€ biorthogonal case, the sca inlers must satisfy (4)
) ] such that and be of the form
¢ ) )+C ) )= )= - )Q )

) >0 fo 1,1]. )= 5= )@ )
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Corollary 1: that have not been explored so far. There is good hope that these

1) Eachfunction (respectively )generates a Riesz-basiscan be tuned to the specities of certain classes of signals.
Moreover their Riesz-bounds ful condition H2. One could envisage applications in severalds, such as

2) is dense in . speech and audio processing, or neurophysiology. Indeed, these
Proof: disciplines are concerned with signals that have strong harmonic

1) We detail the proof for the functions . The rst components or signcant exponential trends. Other examples
step consists in showing that the autocorrelation sequenaadude the raw time signals encountered in magnetic resonance

converge uniformly toward when : imaging, RF ultrasound imaging, and optical coherence tomog-

raphy. Such signals could be represented concisely using our
new class of wavelet transforms.

APPENDIX

A. List of the Main Notations

Note: wherever it is applicable, the notation for the dual en-
tities is obtained by adding a tilde ”. Fourier-transforms of

Therefore, using the Cauckgchwarz inequality and the functions are denoted with a hat ” and z-transforms of dis-

fact that as crete lters are indicated by a capital letter.
» :complex root of
» :scale parameter fier scales as ).
. . parameters dening the exponential polynomials to
be reproduced.
We point out that both autocorrelation sequences have a : scaling and wavelet function spaces at scale
nite number of nonzero codfients (and the same support : scaling and wavelet functions at scale
for small enough). It follows that . : scaling and waveletlters at scale.
. : scaling and wavelet coefients at scale.
. : lower and upper Riesz bounds at scale
. : exponential B-spline of parameter
and since generates a Riesz basis, the same must be true . exponential B-spline scalinglter (up to a mutli-
for  at suf ciently small scales. At higher scales, we plicative constant).

can use an inductive argument based on the (frequency-
domain) scaling relation for the autocorrelation sequencBs Proof of Theorem 1

The main idea behind the proof is to use Lemma 3 (see
below) to exhibit a contradiction with hypothedit? if the
- desired equivalence were not true. We will use the notation

Proof:
Assuming that generates a Riesz basis means that ~ * As a consequence of Property 2, the functions
. In addition, only must be of order , i.e.

has a nite number of roots, which do not comprise pairs

of opposite sign. Thus there exists constants

such that . (19)
2) This is a consequence of the fact that the spaceare

dense in the stationary case and that

as . (20)

From the scaling relation (3), we know that

Choosing of the form in (19) then yields
V. CONCLUSION

In this paper, we have presented a novel family of wavelet
bases that generalize those introduced by Daubedies. (21)
They are characteriz_ed by _three essential properties: they are |, particular, at a given scale, this means that either
orthonormal (respectively biorthogonal), compactly supported or
and the scaling functions have the ability to reproduce a prede- '

ned set of exponential polynomials. (22)

The corresponding discrete wavelet transforms have two
attractive features. First, their algorithmic implementation is+« Now, in contradiction to the theorem, assume that
straightforward: it just consists in applying Mallafast wavelet for some . We will
transform with scale-dependeniters. Second, the parameters  show by induction on toward that we can construct
of the exponential polynomials offer new degrees of freedom a sequence , such that for all
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Now the idea is to approximate it with a polynomial from the
solution set given in (13). We let

Because

which can be shown to be a rational fraction in the variable
Thus, from Weierstrasstheorem, we can approach it uniformly

on using polynomials of the form , where
. When the error between and will be small enough,
then will also be close enough to
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converges exponentially fast towards ,
which implies and
, we can write

, Where is such that

(uniformly over ). The same applies to
and

E. Proof of Theorem 3

We consider the orthonormal case as an example; for the other

(which is strictly positive), so that cases, the argument stays the same but the notations must be

for

adapted.

» Pointwise convergenceFor suf ciently small, using the

D. Proof of Lemma 2

This results from two observations.

. and have no roots on the unit circle. This is a
standard result (see, e.qg., [23]).

e« The lters (respectively,
uniformly and exponentially fast towards (respec-
tively, ). Indeed, at each scale we can show that
the function which maps a vectorto the lowest degree
Bézout solution of Section IV-A is well-de ned
and continuously differentiable in the neighborhood of

. More specically, let us denote by the vector
containing the coefcients of the polynomial at
scale . Then is obtained as the solution of a linear
system of equations of the form . Similarly, the
coef cients of , the lowest degree é&out solution
in the stationary case, are obtained from a system of the
form . Because and is
invertible, it follows that and:

) converge

— In Section IV-A (generalized Deslaurief3ubuc func-
tions), we used . Be-
cause has no roots on the unit circle, it follows
that , uniformly over .

—In Section IV-G-1 (generalized Cohen-Daubechies-
Feauveau functions),
and
cause

. Be-
has no roots on the unit circle, we get
, uniformly over .
—In Section IV-B (generalized orthonormal Daubechies

functions), the lters are obtained from
the (unique) minimum-phase factorization of
into Because

has no roots on the unit circle, this mapping
is well-de ned and continuously differentiable with
respect to , in the neighborhood of
Since , we thus have

—In Section IV-G2 (generalized 9/7 functions), the

Iters and are obtained from a fac-
torization  of into
This mapping is again well-de-

ned and continuously differentiable in the neigh-
borhood of . From (17), moreover,

» Convergence in

previous lemma, (18) can be written as threenite prod-
ucts

—The rst one converges toward , the Fourier
transform of an exponential B-spline of parameter.
— The second one converges to a function , since
is equal to for and the corre-
sponding Iter has nite length (see also, [3, Lemma
3.1)).
— The in nite sum
lutely because of the upper-bound
For larger s, the functions are related to the prewous
ones by a dyadic dilation and aiite number of supple-
mentary lter factors (see (18)).
. It is known [5] that the inverse
Fourier transform of is a tempered distribution. The
latter is related to the stationary scaling function by

converges abso-

where is a regular B-spline of order . In our case
and are compactly supported, as is Because the th
derivative of corresponds to an th-order nite-differ-
ence lter, we can write under the form

Note that locally, the sum has only anite number of
nonzero terms, since is compactly supported. Hence

(24)






