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Abstract—Shannon’s sampling theory and its variants provide
effective solutions to the problem of reconstructing a signal from its
samples in some “shift-invariant” space, which may or may not be
bandlimited. In this paper, we present some further justi�cation for
this type of representation, while addressing the issue of the spec-
i�cation of the best reconstruction space. We consider a realistic
setting where a multidimensional signal is pre�ltered prior to sam-
pling, and the samples are corrupted by additive noise. We adopt
a variational approach to the reconstruction problem and mini-
mize a data �delity term subject to a Tikhonov-like (continuous do-
main) 2-regularization to obtain the continuous-space solution.
We present theoretical justi�cation for the minimization of this cost
functional and show that the globally minimal continuous-space
solution belongs to a shift-invariant space generated by a function
(generalized B-spline) that is generally not bandlimited. When the
sampling is ideal, we recover some of the classical smoothing spline
estimators. The optimal reconstruction space is characterized by a
condition that links the generating function to the regularization
operator and implies the existence of a B-spline-like basis. To make
the scheme practical, we specify the generating functions corre-
sponding to the most popular families of regularization operators
(derivatives, iterated Laplacian), as well as a new, generalized one
that leads to a new brand of Matérn splines. We conclude the paper
by proposing a stochastic interpretation of the reconstruction algo-
rithm and establishing an equivalence with the minimax and min-
imum mean square error (MMSE/Wiener) solutions of the gener-
alized sampling problem.

Index Terms—Matérn class, minimax and minimum mean
square error (MMSE) reconstruction, nonideal sampling, reg-
ularization, shift-invariant spaces, smoothing splines, Tikhonov
criterion, Wiener solution.

I. INTRODUCTION

SHANNON’s sampling theory provides an elegant method
to perfectly reconstruct bandlimited signals from their

equidistant samples [1]–[5]. Mathematically, Shannon’s sam-
pling/reconstruction process for 1-D bandlimited functions
is equivalent to projecting the input signal onto the
shift-invariant space , spanned
by the integer-shifts1 of the sinc-function [6]–[9].
There are extensions of the classical sampling theorem for
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from
noisy measurements in some general “shift invariant” space

where is an arbitrary generating
function [33]. Given some a priori choice of reconstruction
space, the optimal approximation is then obtained by suitable
digital processing of the nonideal samples. As in the classical
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II. PRELIMINARIES

A. Notations

Throughout this paper, we consider real-valued -dimen-
sional signals. Continuous-space signals are denoted with
parentheses, e.g., ,
and discrete-space signals with brackets, e.g., . We
write flipped functions or sequences with a bar; for example,

and .
The continuous-space Fourier transform of a signal

is

(1)

and the discrete-space Fourier transform of a sequence
is defined as

(2)

We denote the -inner product between and by

(3)

and the -inner product between two complex sequences
and by

(4)

Continuous-space convolution of and is denoted by
using the symbol, while its discrete counterpart is

denoted by using the symbol, respectively.
We will frequently rely on Parseval’s identity that states that

for ,

(5)

and for two complex sequences , ,

(6)

where
.

We will also use the well known inclusion-property of the
spaces:

(7)

Using Young’s inequality [38], we have for any
and , . The
same holds true for sequences, with being replaced by

.

B. Shift-Invariant Spaces

We briefly review some general results on integer-shift-in-
variant (or spline-like) spaces and the conditions that must be
satisfied by the generating function . The reconstruction
space generated by is defined as

(8)

For the expansion in (8) to be well defined, must satisfy
some stability conditions.

DeÞnition 1:A function is a stable generator
of if and only if it satisfies the two “stable representation”

conditions:

(9)

In particular, (9) ensures that the set of functions
forms an -stable Riesz basis for all [19], that is,

(10)

where and are appropriate constants.
The quantity in (9) [or in (10) with ] is called the
lower Riesz bound and is complementary to the upper Riesz
bound , which is given by

(11)

The basis is orthonormal iff . The norm equiv-
alence (10) implies that is a closed subspace of for
all . The key point is that any function
has a stable and unambiguous representation in terms of its co-
efficients .

It is important to note that the generator of is by no
means unique, as expressed by the following proposition (cf.
[32]).

Proposition 1: Let be a stable generator of . Then, any
function of the form , gener-
ates an equivalent Riesz basis of , if and only if

, a.e., where is the Fourier trans-
form of .

We will also take advantage of the following Young-type in-
equality which asserts that the second condition is preserved
through convolution.

Proposition 2: Let satisfy the second condition
and let for some . Then
we have

(12)
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Proof: Consider the series

where this inequality holds , including the value
for which the left–hand side (LHS) achieves its maximum.

Remark 1: It should be noted that ,
which is obvious when we set in (12).

III. SAMPLING PROBLEM AND REGULARIZATION THEORY

A. Problem SpeciÞcation

The problem we consider is the recovery of a continuous-
space real-valued signal given some equally spaced, noisy
measurements . The deterministic signal is convolved
with a prefilter prior to sampling and the generalized sam-
ples are corrupted by additive noise. Specifically, the measure-
ment model associated with Fig. 1 is

(13)

where are the measurements, are the
generalized samples (samples of the prefiltered signal) and
is a discrete additive, zero-mean noise component.

Throughout this paper, we assume that the analog prefilter
, which represents the point spread function (PSF) of the

nonideal acquisition device, is of either forms as follows:
(i) PSF defined over a continuum: ;

(ii) Sampled PSF (or discrete filter):
, where .

A necessary condition for the sampling problem to be well de-
fined is that the prefilter be BIBO stable, as implied by (i) or
(ii). The PSF in (ii) is not rigorously in ; however, it can
be shown that it satisfies all corresponding Young-type inequal-
ities. Note that (ii) also includes the identity filter
(ideal sampling) as a special case.

We adopt a variational approach and formulate the recon-
struction problem as a minimization problem. The solution is
obtained by minimizing an error criterion denoted by
which depends on the input measurements and the contin-
uous-space reconstruction . The specification of the cost-
functional is based on the following two key points:
(a) the reconstruction should be sufficiently constrained (e.g.,
smooth or slowly varying) to make up for the fact that we are
missing information in between pixels and to countermand the
effect of noise, and (b) the generalized samples corresponding
to the reconstruction should be close to the given measurements

to ensure some level of consistency. Specifically, among all con-
tinuously defined functions , we are seeking the
optimal signal reconstruction

(14)

where the cost functional is given by

(15)
L is a suitable shift-invariant differential (or regularization) op-
erator, a positive real number, and is a convex increasing
function. The -norm in the regularization term is a measure of
the “roughness” of the reconstruction. Minimization of
therefore ensures sufficient smoothness in the reconstruction
while the data term constrains the generalized samples of the re-
construction to be “close” to the measurements in the -sense.
The parameter controls the amount of regularization im-
posed on the reconstruction.

The above cost functional reduces to the well-known
Tikhonov criterion when and . Moreover,
we will show in Section VI that the solution corresponding to
the Tikhonov criterion is functionally equivalent to the ones
obtained for the minimax estimation and the stochastic (or
Wiener) formulation of the generalized sampling problem.

At this point, it is important to note that is a hybrid
criterion that has a discrete part—the data term—and an analog
one—the regularization functional—that imposes smoothness
constraints on the continuous-domain solution. It is this latter
term together with the extent of the search space2 that differen-
tiates our problem from a more traditional deconvolution task
which is usually entirely formulated in the discrete domain.
Here, we are attempting to solve the deconvolution and inter-
polation problems simultaneously and hoping that the criterion
will dictate an “optimal” discretization procedure.

We believe that the present cost-functional is the most general
one that can be solved analytically in the continuous-space do-
main. It allows for a nonquadratic data fidelity term in the spirit
of Fu et al. [39] and Nikolova [40], but it excludes some popular
nonquadratic regularization such as TV [41], [42], which are not
mathematically tractable in the present continuous-space frame-
work. We must admit that this restriction constitutes a limitation
of our formulation, but it is also clear that the generalized sam-
pling problem is more difficult than the classical deconvolution
problem: we are not only trying to get the optimal solution at
the sample locations, but also in-between pixels, which adds an-
other level of ill-posedness.

As we shall see, it is the presence of the norm of
in the regularization term that makes the derivation of the con-
tinuous-space solution feasible. Indeed, we will show that the
continuous-space solution is well defined and that it belongs to

2We are optimizing the criterion over L ( ), which is considerably larger
than the subspace of bandlimited functions. To make an analogy, L ( ) is to
V —or, equivalently, ` ( )—what the real numbers are to the integers.
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an “optimal” subspace, , that is shift-invariant and inde-
pendent upon the input signal. Moreover, for , there is a
direct solution that can be computed elegantly by simple digital
� ltering of the discrete input measurements. This is illustrated in
Fig. 1 in the reconstruction setup where the measurements
are � rst compensated for their nonidealness using linear/non-
linear optimization techniques (that can be implemented ef� -
ciently via digital� ltering); the reconstruction then is performed
in the shift-invariant space generated by .

B. Consistent Sampling in

In the noise-free case, it is reasonable to decrease the weight
of the regularization and to seek a signal reconstruction
that is consistent with the measurements. This corresponds to
the case where the samples of the continuous-space function
are equal to the measurements (so that the data term is zero).
This is the approach to the generalized sampling problem that
was developed initially in [32] for a signal reconstruction in
some prede� ned shift-invariant space . We will review this
solution here, keeping in mind that it is not necessarily optimal
because of the restriction on the search spaces (i.e.,instead
of ). Under suitable conditions (cf. [32, Theorem 1]), the
consistent signal reconstruction in is unique and is given by

, where is the digital
restoration� lter whose frequency response is [32]

(16)

Note that this � lter corresponds to the convolution in-
verse of the sequence . We check for the con-
sistency of by sampling it at the integers:

.
This holds true because and the inter-
change of the sum and integral is justi� ed using Lebesgue’s
dominated convergence theorem in combination with Schwarz’s
inequality. The condition for the existence (and unicity) of the
consistent sampling solution is that the denominator of
(16) is nonvanishing:

(17)
which imposes a joint constraint on and . This guar-
antees the BIBO stability of the reconstruction� lter . Indeed,
the -stability of ( condition) implies that

[see Remark 1]. The results then follow from Wiener’s
lemma [43], which ensures that the inverse� lter .
The argument also holds in the case whereis a sampled PSF.

C. Space of Admissible Solutions

We now go back to our initial minimization problem (14) with
. While searching for a global solution in , we must

exclude all potential candidates for which the cost is in� nite.
We therefore say that the function is admissible

with respect to the criterion (14) if and only if is � nite.
In particular, this implies that

(18)

This together with the fact that we are looking for a solution
with � nite norm gets translated into , where

is the
generalized Sobolev space associated with the operator L. Thus,
the problem can be restated as

(19)

Additionally, for the data term in to be � nite (in the
case), the samples of the solution should

be well-de� ned in the -sense (we examine the cases where
when we actually present the solution to the minimiza-

tion problem). This is ensured provided that L acts as a differ-
ential operator and enforces suf� cient smoothness on the so-
lution. In multiple dimensions, a classical choice for L is the

-iterated multidimensional Laplacian operator ,
whose transfer function is [35], [44], [45]. This
leads to the Sobolev space of order that contains� nite
energy functions whose derivatives up to orderhave� nite

-norm [34], [45]. Among other properties of , the one
that is of interest to us is: for real ,

(see [46, Appendix C] for the proof when
).

In this paper, we propose to extend this result to a larger class
of multidimensional differential operator L. To that end, we im-
pose the following admissibility condition on L which guaran-
tees the minimum required degree of smoothness.

DeÞnition 2: L is an admissible multidimensional differential
operator if and only if

(20)

This condition implicitly controls the minimal“growth” rate
of , because the above series converges only when
grows faster than which is the limit case. If the gener-
alized differential operator L is admissible, then the following
theorem ensures that the associated generalized Sobolev space

has the properties that we demand.
Theorem 1:Let be the generalized Sobolev space associ-

ated with the admissible regularization operator L. Then
, and the Poisson summation

formula holds: a.e.
The proof is given in Appendix A.
For the present context, we extend the scope of the above

theorem to functions of type using the following
proposition.

Corollary 1: If and , then
and .
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with as in Definition 3, one has the following problem
equivalence

(25)

for any general cost function of the form (15).
This implies that the optimal signal reconstruction can be

written as and the opti-
mization performed over the discrete set of coefficients

, which narrows down the search considerably.
Proof: We first concentrate on the case . Since we are

looking for a reconstruction , the generalized sam-
ples are in and the cost functional

is always well defined. The cost (15) is convex over
because it is the sum of two (strictly) convex sub-functionals.
We are therefore guaranteed that the LHS of the problem in (25)
has a global minimum associated with the solution . The
corresponding consistent reconstruction in is denoted by

and is such that
. Applying Theorem 2 to the regularization part of the crite-

rion, we have

(26)

where the data term and the consistent function
are fixed and uniquely tied to . The optimality of implies
that . On the other hand, the com-
parison of (26) for and indicates that

because the data term is the same in
both cases and the function is convex increasing. Thus, the
conclusion is that , which proves our
assertion.

For , the situation is more restricted because the cost
explodes if the samples .

The minimization of therefore automatically confines
the samples to lie in . Since
for , the shift-invariant solution is
still valid by Proposition 3 and Theorem 2.

The above result is conceptually pleasing because the con-
tinuous-space optimization problem (19) does not make any a
priori assumption on the form of the reconstruction. The shift-
invariant structure of the solution comes out as a result of the
mathematical optimization. The generator of the optimal recon-
struction space is specified by the optimality condition , that
is, the operator L determines the generator . This simply
means that the reconstruction space should be “matched” to the
regularization operator.

Note that the fundamental solution of (21)—i.e.,
—is , where is a Green’s

function of the self-adjoint operator , and this generator is
generally not bandlimited.

4) Optimal Discretization of the Problem: Once the recon-
struction space is specified, we only need to search for
the expansion coefficients of the solution. To
do this, we write , where

. Using (21) for the second term, the cost can be
rewritten in terms of the signal coefficients

(27)

where we have used the fact that
. We are, therefore,

faced with a nonlinear optimization problem. Even though
the problem does generally not have an explicit analytical
solution, the good news is that is a convex function
of the coefficients , which ensures that any local minimum
automatically yields a global solution. The minimization
can therefore be done by using any standard gradient-based
nonlinear optimization technique [47].

5) Solution of the Quadratic/Tikhonov Problem: When
and , the cost functional (27) is quadratic in

(Tikhonov Criterion) and the derivation of the optimal solution
can be carried out analytically. This yields an efficient digital
filtering reconstruction algorithm.

Corollary 2: When , and , the
global minimum of the cost functional is achieved by

(28)

where the frequency response of the optimal restoration (digital
correction) filter is given by

(29)
Proof: Setting and in (27) and equating

the partial derivative of with respect to to zero
yields

Rewriting this equality in the Fourier domain, we obtain the
desired result

where is the Fourier transform of the given samples
.

Since is strictly positive and because is
bounded, the filter is strictly positive and bounded
as well. Therefore, by writing the solution (28) in the Fourier
domain, we obtain

(30)

where is the equivalent basis func-
tion that needs to be applied to the measurements to pro-
duce the continuous-space signal reconstruction, as illustrated in
Fig. 2. Indeed, we are ensured that generates a -stable
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Fig. 2. Reconstruction for the case ofp = 2 : Linear � ltering of measurementsg[k ].

Riesz basis because of the boundedness of (see Propo-
sition 1).

IV. STABILITY OF THE RECONSTRUCTION

In this section, we examine from a spline-theo-
retic point of view and provide guidelines for selecting L
so that the problem is well posed. To this end, we rewrite
the optimality condition (23) in the Fourier domain as

where

(31)

is interpreted as the Fourier transform of the generalized
B-spline associated with the operator L [34], [37]. The con-
struction of a B-spline is typically achieved by selecting a� lter

that cancels the zeros of in order to produce a
frequency response that is bounded. In the sequel, we
will only consider“spline admissible” operators for which the
corresponding generalized B-spline generates an-stable
Riesz basis.

DeÞnition 4: The operator L is said to be spline-admissible
with B-spline iff

(32)

where , and satis� es the condition.
Note that the above equation is just a restatement of (31) in

the signal domain. The nontrivial aspect here is the existence of
the lower Riesz bound , which needs to be checked on a
case-by-case basis.

The optimal generating function can therefore be regarded a
compound generalized B-spline given by

(33)

We will now see that this interpretation of greatly simpli-
� es our task of making sure that the conditions and for
the well-posedness of our reconstruction problem are met. Inter-
estingly, both conditions are tightly linked when we are working
with the optimal basis.

Proposition 4: Let be the optimal generator. If
and L is spline-admissible, then we have the following

equivalence: satis� es the conditions satis-
� es the condition.

Proof: Let us start from the left. Since satis� es the
� rst condition, we have a strictly positive lower bound for
the series

. Since all individual factors are positive, contin-
uous functions of , this means that for each , there
is at least one such that .
Thus, , the sum

(34)

is strictly positive so that satis� es the condition. For
the converse implication, we see right away that the second
condition is satis� ed by because of (33) and Proposition
2. Then, from Remark 1, we have .
Therefore, the LHS of (34) is continuous and since it is also
strictly positive, there exists , such that

, which proves that the� rst
condition is met as well.

The key to this equivalence is the optimality of which
leads to series of positive terms in both the and the
conditions. However, the question still remains as how to en-
sure the existence of at least one nonvanishing product

for each and some
. Unfortunately, this may be quite tedious to check

directly. What we propose here is an easy alternative where the
user only has to worry about the placement of the zeros of
in relation to those of .

Theorem 4:Let the following be true:
(i) L be spline-admissible;

(ii) be nonpathological in the sense that there
exists

(35)

(iii) and have no common zeros.
Then, satis� es and conditions.
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Proof: First we note that and are continuous and
bounded because and L is spline-admissible.
Suppose that for , where
is a finite index set. These zeros must necessarily be cancelled
by some corresponding zeros of which is -periodic.
This implies that

otherwise

where is a real constant. Moreover, satisfies the
condition because of the spline admissibility of L. There-

fore, the only zeros of are , ,
. Since ( and have no common

zeros), we see that
, for all the zeros of . Therefore, the

only way can vanish is when
has a -periodic zero, which cannot be the case because
of the lower Riesz bound. Thus, we are ensured that for
each , there is at least one such that

. Following the argument used
in Proposition 4, this implies that and conditions are
both satisfied by .

The placement of the zeros has some important effect on
the reconstruction. Qualitatively, the regularization will be the
least at the frequencies where is minimum. In the limit
when , the restoration filter simplifies to

(36)

because and ,
by construction. Interestingly, this is the same response as that
of a classical (nonregularized) inverse filter.

In light of this observation and Theorem 4, it makes good
sense to place the zeroes (or minimal values) of , where

takes its maximum (typically, ) and vice versa. We
will now consider some concrete examples and specify fami-
lies of regularization operators that are well suited for low-pass
systems. We will then return to the issue of the selection of the
“best” regularization operator in Section VI, where we present
an alternative stochastic formulation of the generalized sam-
pling problem.

V. CASE ILLUSTRATIONS

In this section, we examine a few special cases of the gener-
alized sampling setup. The key point is that the reconstruction
space is derived from the regularization operator via the opti-
mality condition . We illustrate this connection with con-
crete examples that are relevant to image processing.

A. Ideal Versus Nonideal Sampling

The prefilter in the generalized sampling setup in Fig. 1
models the point spread function (PSF) of the acquisition

device. The simplest, idealized case is , which
corresponds to a perfect sampling of the signal. The problem
described by (19) then reduces to the multidimensional ver-
sion of the smoothing spline problem investigated in previous
work [35]–[37]. In that case, we can simply ignore in
all formulas and invoke Theorem 4 to show that the problem
is well posed, provided that the regularization operator L is
spline-admissible.

Likewise, we can account for the physical effect of an optical
system. In the paraxial approximation of optics, the system is
shift-invariant with a general lowpass behavior; the optical PSF
is in and does not exhibit structured set of zeros ( -peri-
odic). Hence, stability is usually not a problem.

By contrast, some man-made sensors, such as CCD cam-
eras whose impulse responses are indicator functions, do
exhibit zeroes on a regular grid in the Fourier domain;
e.g., ,

. Fortunately, the gain at zero frequency is
nonzero (low-pass behavior) so that condition (35) is generally
satisfied.

B. Examples of Regularization Operators and Reconstruction
Spaces

Since most natural images are predominantly lowpass, it is
desirable to reconstruct the lower part of the spectral content
with minimum distortion which can be achieved through a judi-
cious placement of the zeros of near the origin [cf. (36)].
This strategy is also justified by the low-pass behavior of most
PSFs and our desire to minimize instabilities by having
be small where is large, and vice versa. In what follows,
we consider examples of multidimensional regularization op-
erators that are associated with the most prominent families of
spline functions: tensor-product polynomial splines [48]–[50],
and polyharmonic splines [34], [51], the latter being the non-
separable counterpart of the former. We also introduce a gen-
eralized class of isotropic operators that lead to a new brand of
“Matérn” splines, the relevance of which will be further justi-
fied in Section VI.

1) Separable Operators: We first study the separable case,
where the Fourier transform of the multidimensional operator

can be decomposed into a product of simple monomials.
The prototypical example is a succession of -th order deriva-
tives along each spatial coordinate leading to

(37)

Since has multiple zeros at , we must choose
in (31) to cancel these out. The canonical choice is

, which yields a multidimen-
sional B-spline whose Fourier transform is

(38)


