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Abstract

Weproposeacomplex generalizationof SchoenbergÕscardinalsplines.To thisend,wegobackto theFourierdomaindeÞnition
of theB-splinesandextendit to complex-valueddegrees.We show that theresultingcomplex B-splinesarepiecewisemodulated
polynomials,and that they retainmostof the importantpropertiesof the classicalones:smoothness,recurrence,andtwo-scale
relations,Rieszbasisgenerator, explicit formulaefor derivatives,includingfractionalorders,etc.We alsoshow thatthey generate
multiresolutionanalysesof L2(R) andthatthey canyield waveletbases.Wecharacterizethedecayof thesefunctionswhichareno-
longercompactlysupportedwhenthedegreeis notaninteger. Finally, weprove thatthecomplex B-splinesconvergeto modulated
Gaussiansas their degreeincreases,and that they areasymptoticallyoptimally localizedin thetimeÐfrequency planein thesense
of HeisenbergÕsuncertaintyprinciple.
 2005Elsevier Inc. All rightsreserved.
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1. Intr oduction

Splinesarevery useful functionsfor mathematicalanalysisaswell asfor signal- andimageprocessing,analysis,
andrepresentation,for computergraphicsandmany more[1Ð4].Thebasisfunctionsfor I.J.SchoenbergÕspolynomial
splineswith uniformknots[5,6] are

βn(t) = 1
n!

n+1!

k=0

(−1)k
"

n + 1
k

#
(t − k)n+, n ∈ N.

Splineshadtheir secondbreakthroughasG. Battle [7] andP.-G. LemariŽ[8] discovered that B-splinesgenerate
multiresolutionanalysesand wavelets. Their simple form and compactsupport,in particular, was convenient for
designingmultiresolutionalgorithms and fast implementations.In [9], T. Blu and M. Unsergave an extensionof
B-splinesto fractionalorders.They showed that all the desirablepropertiesof cardinalB-splinescarry over to the
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fractionalcase.Moreover, fractionalsplinescanbedesignedto have anarbitraryorderof smoothness.They generate
multiresolutionanalyses,andtheFFT-basedalgorithmprovidesa fastmethodfor signalanalysis[10].

In this paper, we proposean analyticalextensionof the fractionalB-splineapproachthat yields complex-valued
functions.We performthis by complexifying theexponent;i.e.,theorderof theB-splines.In this way, we construct
complex B-splines,which retainmany propertiesof theclassicalreal-valuedB-splines;in particular, recurrencerela-
tions,smoothnessanddecaypropertiesandmultiresolutionembeddings.

In the literature,variousapproacheshave beenproposedto extendpolynomialsplinesto a complex setting.De-
pendingon themethodof construction,they canbeclassiÞedinto (1) complex curvesplinesand(2) planarsplines.

J.H. Ahlberg, E.N. Nilson, andJ.L. Walsh [11] wereamongthe Þrst to constructcomplex curve splines.They
consideredknots t1, . . . , tN on a rectiÞableJordancurve K , and interpolateda functionf :K → C with complex
cubics

q∆(t) = a(tj − t)3 + b(t − tj+1)
3 + c(tj − t) + d(t − tj+1)

for t on thearc Kj connectingtj−1 and tj , such that f (tj ) = q∆(tj ) and q ′
∆(tj ) = q ′

∆(tj+1). They also introducedan
extensionto theboundeddomaininteriorof K via theCauchy integral formula.However, extensionsto higherdegree,
uniquenessandexistenceresultsfor complex interpolatingsplineswith equidistantandnon-equidistantknotsneeded
several decadesof researchto becompletelysettled.For referenceson results,we referto [12, Ch.1, ¤1.7, Note3].

H. Chen[12] consideredtheTorusK = T anddeÞnedcomplex B-splinesvia divideddifferences

Nj,n(z) = (zj+n+1 − zj )[zj , . . . , zj+n+1]s(s − z)n+,

where(s − z)l+ describesa polynomialof order l over someinterval of T. Thesesplinessatisfya recursionformula
and reproducepolynomialsof degreen. Within this framework, Chen also deÞnedcomplex harmonicsplines via
the Poissonintegral formula.However, since theseare periodicfunctionsin L2(T), they cannotbe seenasa direct
extensionof B-splineswhich live in L2(R).

G. Opfer andM.L. Puri [13] deÞnedcomplex planarsplinesof the form p(z) = $ N
j,k=0 aj,kz

j zk , aj,k ∈ C, on
triangulationsof thecomplex plane.Themonographof G.Walz [14] givesanoverview of complex splinesoncurvesin
thecomplex planeandof planarsplines.Complex planarsplinesareof specialrelevancefor theanalysisof conformal
mappings.

All theseapproachesand their approximationpropertiesstrongly dependon the choiceof underlyingbounded
domains,meshesor rectiÞableJordancurves. Moreover, thesecomplex splineshave only beenspeciÞedfor integer
degreessofar.

In this paper, we proposea naturalextensionof B-splinesto complex splineson R, which does not depend on the
choiceof certaincurves or domains,andwhich is possiblefor all degreesα ∈ R+. Similar to their realcounterparts,
our complex splinesgeneratemultiresolutionanalysesfor L2(R). Moreover, thesimple form of thescalingfunction
in theFourierdomainallows thedirect useof theMallat algorithm [15] for waveletanalysis.This makesthemeasily
accessiblefor applications.

This paperis organizedasfollows: We start with a short motivationfor our construction.In fact,our complex B-
splinesarea generalizationof fractionalones[9] to complex degrees.In thenext section,we give a properdeÞnition
in Fourier domainand show that this constructionis well deÞned.Section4 is concernedwith the time-domain
representation,whereasSection5 concentrateson B-spline properties,suchas smoothnessand decay, recurrence
relations,anddifferentialproperties.We show thatall thosepropertiescarryover smoothlyfrom thefractionalcase.

In Section6 weshow thatourconstructionof complex B-splinesgeneratesmultiresolutionanalysesof L2(R). The
respective reÞnementÞltershaveaclosedform andallow a fast implementationin Fourierdomain.

In Section7 and8,weinvestigatetheasymptoticbehavior of complex B-splines.Weshow thatthey convergeto Ga-
bor functionsastheirdegreeincreasesandgiveanorderof convergence.Moreover, weshow thatthey approximately
satisfythelowerboundof theHeisenberg uncertaintyprincipleandthusconverge to optimally timeÐfrequency local-
izedfunctions.Interestingly, thesameresultsapplyfor cardinalB-splinesandtheir fractionalgeneralization.With our
explicit orderof convergence,wealsocontribute to thetheoryon thosefunctionfamilies.
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2. Turning classicalB-splinesto complexB-splines

CardinalB-splinesβn(x), heregivenin theirFourierdomainrepresentation

β̂n(ω) =
"

1− e−iω

iω

#n+1

, n ∈ N,

have proved to be appropriatebasesfor many theoreticalproblems[3] aswell asapplications,includingthe life sci-
ences[16,17].However, they arepiecewisepolynomialfunctionsandthustheirorderof smoothnessÑor, equivalently,
theirorderof approximationÑcannotbeadjustedcontinuously. Thisproblemwasconsideredby T. Blu andM. Unser
in [9] andsolved by introducingfractionalsplineswith a fractionalexponentα ∈ R. They deÞnedtwo versionsof
fractionalB-splines:Thecausalone,βα

+,

β̂α
+(ω) =

"
1− e−iω

iω

#α+1

,

andthesymmetricone,βα
∗ , given by

β̂α
∗ (ω) =

"
1− e−iω

iω

# α+1
2

"
1− eiω

−iω

# α+1
2

.

BothtypesareinL1(R) if α > −1 andin L2(R) if α > −1
2. Laterthey introducedafurtherparameterτ ∈ R describing

shiftsin thetimedomain[18,19]:

β̂α
τ (ω) =

"
1− e−iω

iω

# α+1
2 −τ "

1− eiω

−iω

# α+1
2 +τ

.

TheB-splinesareall scalingfunctionsandcanbeusedto specifydyadicmultiresolutionanalysesof L2(R). However,
they arereal-valued.To deÞnecomplex splines,we extendtheconstructiononestepfurtherby consideringcomplex-
valuedexponentsinsteadof realones.

3. DeÞnitionof complexB-splines

Given two complex numbers z,w &= 0, wedeÞnetheexponentiationoperationas

wz := ez(ln |w|+i argw), (1)

wherethe representationw = |w|ei argw, with argw ∈ [−π,π[, is unique.This meansthat we only considerthe
principalbranchof thecomplex exponentialfunction.As usual0z = 0 and w0 = 1.

DeÞnition 1. Supposez = α + iγ ∈ C, α > −1
2, γ ∈ R. Thecomplex B-splineβz of complex degreez is deÞnedin

L2(R) via its Planchereltransform

β̂z(ω) =
"

1− e−iω

iω

# z+1

.

Theshiftedvariant βz
y is deÞnedin L2(R) by

β̂z
y(ω) = β̂

α+iγ
τ+iη (ω) =

"
1− e−iω

iω

# z+1
2 −y"

1− eiω

−iω

# z+1
2 +y

,

wherez = α + iγ , y = τ + iη with parametersα > −1
2, γ, τ, η ∈ R.

Theorem2. The complex B-splines βz and βz
y are both well-defined, uniformly continuous, and elements of L2(R).

Proof. Considerthe function Ω(ω) = 1−e−iω

iω . Obviously, f hasa continuationΩ(0) = 1 and zerosat the points
ω ∈ 2πZ \ {0}. Thevaluesof thefunctionΩ never touchesthenegative realaxis(seeFig. 1): ImΩ(ω) = 1−cosω

iω = 0



264 B. Forster et al. / Appl. Comput. Harmon. Anal. 20 (2006) 261–282

Fig. 1. ThefunctionΩ(ω) = 1−e−iω

iω describesacurve in thecomplex plane,whichnever touchesthenegative realaxis.

Fig. 2. Theparameterη in thedeÞnitionof thecomplex B-splinescausesa one-sidedenhancementof thefrequency responseof βz
y . This appears

asashift of thefunctionsÕspectrum.Left: SymmetricfractionalB-splinefor α = 3 and τ = y = 0. Centerandright: Thecomplex shift y = τ + iη

is increasedto η = 0.25 and η = 0.5.

if andonly if ω ∈ 2πZ, andReΩ(ω) = sinω
ω is eitherzeroor oneat thesepoints.We canalwaysstick to the main

branchwhenconsideringthecomplex exponentsor complex logarithms.Thus(Ω(ω))z is uniquelydeÞnedaccording
to (1). Henceβ̂z and β̂z

y arewell deÞned.
By exploiting theL2(R) inclusionsof fractionalB-splines[9], wegetthefollowing estimate:

%
%β̂z

%
%2

2 =
&

R

'
'
'
'

"
1− e−iω

iω

#α+1

e−iγ ln |Ω(ω)|eγ argΩ(ω)

'
'
'
'

2

dω ! e2γ π

&

R

'
'
'
'

"
1− e−iω

iω

#α+1'
'
'
'

2

dω = e2γ π
%
%β̂α

+
%
%2

2 < ∞.

Analogously,

%
%β̂z

y

%
%2

2 =
&

R

'
' β̂α

τ (ω)e2η argΩ(ω)
'
' 2 dω ! e2ηπ

%
%β̂α

τ

%
%2

2 < ∞.

Thus,bothfunctionsbelongto L2(R) andtheirPlancherelinversesexist. Henceβz,βz
y ∈ L2(R).

In thesameway, onecanshow that β̂z and β̂z
y arebothelementsof L1(R) for Rez > −1. Hence, βz and βz

y are
uniformly continuous. !

Whencomparedto real-valuedfractionalB-splinesβα
+ and βα

τ , theimaginarypart Imz = γ of the complex expo-
nent z andthecomplex shift y have thefollowing effects:

For β̂z(ω) = β̂α
+(ω)e−iγ ln |Ω(ω)|eγ argΩ(ω), the parameterγ introducesa phaseanda scaling factor. In fact, the

frequency componentson thenegativeandpositive realaxisareenhancedwith differentsign,sinceargΩ(ω) " 0 for
ω ! 0 and argΩ(ω) ! 0 otherwise.This hasthe effect of shifting the frequency spectrumtowardsthe negative or
positive frequency side,dependingon thesign of γ .

For the shiftedcomplex B-spline β̂z
y(ω) = β̂α

τ (ω)eiγ ln |Ω(ω)|e2η argΩ(ω), the complex exponent γ alsointroduces
a phasefactor. The scalingfactor hereinvolves η, which inßuencesthe enhancementof positive (resp.,negative)
frequency componentsanalogously. Figure 2 illustratesthis effect. Note that β̂α

iη is a real-valuedfunction for all
η ∈ R.



B. Forster et al. / Appl. Comput. Harmon. Anal. 20 (2006) 261–282 265

Fig. 3. Complex truncatedpower functionxz
+ for z = 1+ iγ , γ ∈ [0,2]. Thestraightline in thebackgroundrepresentsthepower functionx+.

4. Timedomain representation

It is well known thatB-splinesandfractionalB-splinescanberepresentedasaseriesof truncatedpower functions.
Thesamecanbeproved for complex B-splines.

4.1. Time domain representation for βz

Let xz
+ denotethetruncatedpower functionof complex degreez with knot zero:

xz
+ =

(
xz = ez·lnx = xRezei Im z lnx for x > 0,

0 elsewhere.

For an example,seeFig. 3. Obviously |xz
+| = xRez

+ . Theimaginarypartintroducesaphasefactor.
For Rez > 0, Rez /∈ N andIm z &= 0, wehavewith thefollowing distributionalFouriertransform[20]

)
xz
+

*ˆ
(ω) = 1

(iω)z+1 *(z + 1),

wherethe lastbut oneequationcanbederivedusingCauchyÕs integral theoremfor holomorphicfunctions.If n is a
positive integer, wehave

)
xn
+

*ˆ
(ω) = *(n + 1)

(iω)n+1 + inπδ(n)(ω).

Here* denotesEulerÕs Gammafunction,which isdeÞnedon theset C \ {0,−1,−2,−3, . . .}.
Thetruncatedpower functionxz

+ andtheir integershifts(x − k)z+, k ∈ Z, are thebasicatomsfor thetime domain
representationof βz.

Theorem3. The time domain representation of the complex B-spline βz is

βz(x) = 1
*(z + 1)

!

k! 0

(−1)k
"

z + 1
k

#
(x − k)z+. (2)

This equation is valid pointwise for all x ∈ R and also in the L2(R)-sense.
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Beforeproving this theorem,wehaveacloserlook at thedifferenceson theright-handsideof (2).
For Þxed z ∈ C this is acausalcomplex differenceoperator

Cc(R) → Cc(R), f (→ ∆zf =
!

k! 0

(−1)k
"

z

k

#
f (• − k).

It satisÞes∆z(xf (x)) = (x − z)∆zf (x) + z∆z−1f (x), andfor all z,w ∈ C andfor compactlysupportedcontinuous
functionsf,g ∈ Cc(R), ∆z+w(f ∗ g) = ∆zf ∗ ∆wg, andthusextendsthereal-valuedversionin [9].

Proof of Theorem3. For Rez > 0, weconsiderthepointwise-deÞnedfunction

1
*(z + 1)

∆z+1xz
+ := 1

*(z + 1)

!

k! 0

(−1)k
"

z + 1
k

#
(x − k)z+.

For z /∈ N, its Fouriertransformin thesenseof tempereddistributionsis given by

1
*(z + 1)

)
∆z+1xz

+
*ˆ

(ω) = 1
*(z + 1)

!

k! 0

(−1)k
"

z + 1
k

# &

R

(x − k)z+e−iωx dx

= 1
*(z + 1)

!

k! 0

(−1)k
"

z + 1
k

# &

R

xz
+e−iω(x+k) dx =

!

k! 0

(−1)k
"

z + 1
k

#
e−iωk

(iω)z+1

= 1
(iω)z+1

)
1− e−iω

*z+1 = β̂z(ω).

Here,we usedthedominatedconvergencetheoremtogetherwith the fact that
$

k! 0

'
' )z+1

k

*'' < ∞. This canbeseen
from

"
z + 1

k

#
= *(z + 2)

*(k + 1)*(z + 2− k)
= 1

*(k + 1)
zk

)
1+ O(1/z)

*

for z → ∞, alongany curvejoining z = 0 and z = ∞, sincetherezb−a*(z+a)/*(z+b) = 1+O(1/z), for a, b > 0.
Thus,

!

k! 0

'
'
'
'

"
z + 1

k

# '
'
'
' =

!

k! 0

'
'
'
'

1
*(k + 1)

zk
)
1+ O(1/z)

*
'
'
'
' ! conste|z|.

Hence,theFourier transformof 1
*(z+1)∆

z+1xz
+ is thefunctionβ̂z. From a densityargument,we deducethesame

for L2(R)- and L1(R)-topology. Thus βz(x) = 1
*(z+1)∆

z+1xz
+ is the time-domainrepresentationof the complex

B-spline,andconvergespointwise.
For z = N ∈ N, we recover SchoenbergÕspolynomialB-splines

βN(x) = 1
*(N + 1)

∆N+1xN
+ = 1

*(N + 1)

N+1!

k=0

(−1)k
"

N + 1
k

#
(x − k)N+

and

β̂N (ω) =
"

1− e−iω

iω

#N+1

.

This concludestheproof. !

This theoremshows that complex B-splinescan be derivedÑas in the classicaland in the fractionalcaseÑby
applyinga differenceoperatoron the functionx (→ xz

+, Rez > 0. Figure4 gives someexamplesof this new spline
family.
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Fig. 4. Complex B-splines βz for z = 2+ ik0.1, k = 0, . . . ,10. Left: Realparts.Middle: Imaginaryparts.Right: 3D view. Thedashedlinesshow
theGaussianenvelope.

4.2. Time domain representation of βz
y

Thesametypeof considerationsalsoapply to βz
y . In thefollowing, our aim is to deÞneanappropriatedifference

operator∆z
y andÞnda functionρz

y suchthatβz
y = ∆z

yρz
y .

Formally, wecanfactorβ̂z
y into aproductof a 2π -periodicandadecayingcomponent:

β̂z
y(ω) =

+)
1− e−iω

* z+1
2 −y)

1− eiω
* z+1

2 +y
,
·
+
(iω)−

z+1
2 +y(−iω)−

z+1
2 −y

,
. (3)

The2π -periodicpartcorrespondsto thedifferenceoperator, while theright-handfactorwill yield thefunctionρz
y . We

Þrstconsidertheperiodicpart:

Lemma 4. Suppose Reu,Rev > 0. Then

(1+ z)u
)
1+ z−1*v =

!

n∈Z

"
u + v

u − n

#
zn,

where the right-hand side converges absolutely. It also converges in L2(T), provided that Reu + Rev > −1
2 .

Proof. For Reu > 0, theseries

(1+ z)u =
∞!

n=0

"
u

n

#
zn

convergesabsolutelyfor all |z| ! 1. Thus,for Rev > 0

)
1+ z−1*v =

∞!

n=0

"
v

n

#
z−n

convergesabsolutelyfor all |z| " 1 [21,Satz247,p. 440].Hencetheir productconvergesabsolutelyfor |z| = 1, and
wecansumup usingany ordering:

(1+ z)u
)
1+ z−1*v =

∞!

n=0

"
u

n

#
zn ·

∞!

n=0

"
v

n

#
z−n =

∞!

n=0

∞!

k=0

"
u

k + n

#"
v

k

#
zn +

∞!

n=1

∞!

k=0

"
u

k

#"
v

k + n

#
z−n. (4)

It is shown in [22, Theorems2 and8] that,for x, y with Re(x),Re(y),Re(x + y) > −1 and a ∈ C, thereholdsa
generalizedVandermondeÐChuconvolution formula

∞!

k=0

"
x

k

#"
y

a − k

#
=

"
x + y

a

#
. (5)

Thelatterseriesisuniformly convergentoncompactsubsetswith respectto a. Thisyields
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(1+ z)u
)
1+ z−1*v =

∞!

n=0

∞!

k=0

"
u

u − n − k

#"
v

k

#
zn +

∞!

n=1

∞!

k=0

"
u

k

#"
v

v − k − n

#
z−n

=
∞!

n=0

"
u + v

u − n

#
zn +

∞!

n=1

"
u + v

v − n

#
z−n

=
∞!

n=0

"
u + v

u − n

#
zn +

∞!

n=1

"
u + v

u + n

#
z−n =

!

n∈Z

"
u + v

u − n

#
zn.

For Reu,Rev > −1, andReu + Rev > −1
2, the formula is true in the L2-sense,sincethe monomials{zn, n ∈ Z}

form anorthonormalbasisof L2(T) andthusallow unconditionalsummation. !

Note 1. This formulawasproved in [19] for realu,v usingCauchyÕs integral formulaanda recurrencerelationfor)u+v
u−n

*
.

Now, weareableto deÞnethedifferenceoperator∆z
y = ∆

α+iγ
τ+iη by its Fourieror Planchereltransformas

)
∆z

yf
*ˆ

(ω) =
)
1− eiω

* z
2−y)

1− e−iω
* z

2+y
f̂ (ω) =

!

n∈Z

"
z

z
2 − y − n

#
(−1)neiωnf̂ (ω) (6)

for f ∈ L2(R), or in thesenseof tempereddistributions,for f ∈ S′(R). Let
'
'
'
'

z

k − y

'
'
'
' :=

"
z

z
2 + k − y

#

denote themodiÞed binomial coefÞcient. Then

∆z
yf =

!

k∈Z
(−1)k

'
'
'
'

z

k − y

'
'
'
' f (• − k) (7)

for f ∈ S′, Rez > 0 and y ∈ C.
For bandlimitedfunctionsf with suppf̂ ∈ [0,2π], (6) simpliÞesto

)
∆z

yf
*ˆ

(ω) =
"

−iei ω
2 2sin

ω

2

# z
2−y"

ie−i ω
2 2sin

ω

2

# z
2+y

f̂ (ω) =
'
'
'
' sin

ω

2

'
'
'
'

iγ

e−iτ (ω+π)eηωe−ηπ
)
∆z

0f
*ˆ

(ω)

for ω ∈ [0,2π], sincesin ω
2 " 0. Likewise, for f suchthatsuppf̂ ∈ [−2π,0], weget (∆z

yf )ˆ(ω) = |sin ω
2 |iγ e−iτωeiτπ ×

eηωeηπ (∆α
0f )̂(ω). Thisyieldsthefollowing interpretation:Frequency partsin [0,2π]+4πZ areenhancedby afactor

e−ηπ , whereasfrequency partsin [−2π,0] + 4πZ areenhancedby a factoreηπ . Thus,theglobaleffect is thatof a
fractionaldifferencewith anenhancement(respectively attenuation)of thepositive frequency componentsby e−ηπ

andanattenuationof thenegativecomponentsby eηπ .
Note that, for γ = 0, in time-domain∆α

yf (t) = e−iyπ∆α
0f (t + y) for f with suppf̂ ∈ [0,2π], and similarly,

∆α
yf (t) = e−iyπ∆α

0f (t + y) for f with suppf̂ ∈ [−2π,0]. Thus,theparametery actsas a combinationof shift into
thecomplex planeandmodulationwithin thecomplex plane.

Considering(3), wenow have to determinetheinverseFouriertransformof

ρ̂z
y(ω) = (−iω)−

z+1
2 −y(iω)−

z+1
2 +y,

whichwill thenÞnallyyield thetime-domainformulafor βz
y .

Theorem5. The complex B-spline βz
y has the time domain representation

βz
y(x) = ∆z

yρz
y(x) =

!

k∈Z
(−1)k

'
'
'
'
z + 1
k − y

'
'
'
' ρz

y(x − k), (8)
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with

ρz
y(t) = c1(z)

cosπy

*(z + 1)
|t |z + c2(z)

sinπy

*(z + 1)
|t |z signt,

where c1 = c1(z) = − 1
2sin π

2 z
and c2 = c2(z) = − 1

2cos π
2 z

for z /∈ N0.
If z ∈ N0, we have to take into account an supplementary logarithmic factor ln |t |. In fact,

c1(2n, t) = (−1)n+1 1
π

ln |t | = c2(2n + 1, t) and c2(2n) = (−1)n+1 1
2

= c1(2n + 1),

for n ∈ N0.
For Rez > 0, the series (8) converges in S′(R).

Note 2. The translation-invariant spacegeneratedby shifted complex-valuedB-splinesβz
iη is includedin the one

generatedby two real-shiftedB-splines:

βz
iη ∈ span

-
βz

0(• − k),βz
1/2(• − k); k ∈ Z

.
L2(R).

This canbeseenfrom thefactthat

ρz
iη = cosh(η)ρz

0 − i sinh(η)ρz
1/2,

andfrom theestimates
'
' z+1
k−iτ

'
' =

'
' z+1

k

'
' 2
z2 (1+ O(1/z)) and

'
' z+1
k−iτ

'
' =

'
' z+1
k+ 1

2

'
' 2
z2 (1+ O(1/z)) for z → ∞.

Proof. For almostall ω ∈ R, a ∈ R, and b ∈ C, thefollowing is true:

(−iω)
a
2−b(iω)

a
2+b = cos(πb)|ω|a + sin(πb)i|ω|a sign(ω).

Substitutinga by −(z + 1) and b by y yields

β̂z
y(ω) =

!

n∈Z

"
z + 1

z+1
2 + y − n

#
(−1)neinωρ̂z

y(ω)

=
!

n∈Z

"
z + 1

z+1
2 + y − n

#
(−1)neinω

)
cos(πy)|ω|−(z+1) + sin(πy)i|ω|−(z+1) signω

*
.

UsingtheFourierrelationsfor generalizedfunctions[20]

F −1
"

1
| • |z+1

#
(t) =

/
0

1

− |t |z
2*(z+1)sin π

2 z
if Rez > −1 and z /∈ 2N,

(−1)
z
2+1 tz ln |t |

π*(z+1) if z ∈ 2N,
(9)

and

F −1
"

i
sign•
| • |z+1

#
(t) =

/
0

1

− |t |z signt
2*(z+1)cosπ

2 z
if Rez > −1 and z /∈ 2N − 1,

(−1)
z−1

2
tz ln |t |

π*(z+1) if z ∈ 2N − 1,
(10)

yieldstheexplicit formula

βz
y(x) = ∆z+1

y ρz
y(x) =

!

k∈Z
(−1)k

'
'
'
'
z + 1
k − y

'
'
'
' ρz

y(x − k),

with ρz
y asabove. !

Thisprovesthattherepresentationgivenin [19] for realexponentsα extendsto thecomplex caseaswell. Moreover,
for non-integerα, thefunctionρz is selfsimilar;i.e.,

ρz
y(λx) = λzρz

y(x)
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Fig. 5. Centralbasicfunctionρz
y for z = α = 0.5, y = iη, η ∈ [0,0.5].

for positive λ. Thus ρz
y is a complex extensionof theadmissiblecentralbasisfunctionsdeÞnedin [23], andβz

y(x) is
thelocalizationof thecomplex centralbasisfunctionρz

y .
Fromthesameviewpoint,βz is thelocalizationof theself-similarcentralbasisfunctionxz

+, sincefor all λ > 0 it
is (λx)z+ = λzxz

+.
Examplesof thecomplex splinesβz

∗ aregivenin Fig. 6. Notethatfor z = α ∈ R+ therealpart is an even function
andtheimaginarypartodd.This is dueto thefactthat β̂α

y is real-valued.

5. Basicproperties

5.1. Continuity and decay

Sinceβ̂z and β̂z
y arebothelementsof L2(R) for α > −1

2, continuous,anddecayinglike O
) 1

|ω|α+1

*
as |ω| → ∞,

wededucethatthecomplex B-splinesbelongto thefollowing Sobolev spaces:

βz,βz
y ∈ Wr

2(R) for r < α + 1
2
.

Theorderof zerosat thepointsω = 2πk, k &= 0, is α + 1, whichcanbeseenfrom

β̂z
y(ω + 2πk) = β̂z

y(ω)

"
ω

ω + 2πk

# z+1
2 −y"

ω

ω + 2πk

# z+1
2 +y

= β̂z
y(ω)O

)
‖ω‖z+1*

for ω → 0.

Thesame is true for β̂z. Thus,Dmβ̂z is continuousfor m < α + 1 and Dmβ̂z ∈ Lp(R) for 1! p ! ∞ and p(α + 1−
m) > −1; i.e., m < α + 1+ 1

p .
Consideringp = 1, xmβz is uniformly continuousfor m < α + 2 andvanishingat inÞnity. Thusβz(x) = O(xm)

for |x| → ∞ and m < α + 2. Thesamereasoningappliesfor βz
y .

Note3.Thecomplex B-splineregularityaswell asthedecayonly dependontherealpartRez = α of thecomplex ex-
ponent z. On theotherhand,theimaginarypartImz = γ inßuencesthedamping(resp.,enhancement)of frequencies
(cf. Section3).
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Fig. 6. Thesplinesβz
y for z = α = 1 and y = iη, η = 0,0.1, . . . ,1. (a) Realpart,(b) imaginarypart, (c) absolutevalue.(d) shows thesplinesin a

3D view with respectto realandimaginarypart.Thethicker trianglesin (a),(c) and(d) correspondto thereal-valuedpiecewiselinearB-splineβ1.

5.2. Recurrence relations and differential properties

TheclassicalB-splinessatisfysomewell-known recurrencerelations,suchasiterativeconstructionby a recursion
formula,andconvolution equations.In [9], it is shown thatthesecarryover to fractionalsplines.Thesameis truefor
complex splines:

Proposition6. The complex fractional B-spline βz, Rez = α > 0, satisfies

(i) βz(x) = x
z βz−1(x) + z+1−x

z βz−1(x − 1).

(ii) βz1 ∗ βz2 = βz1+z2+1.
(iii) Dz1βz = ∆

z1
+ βz−z1 for all Rez1 > Rez. Here, the differential operator Dz1 is defined on S(R) via its Fourier

transform (Dz1f )̂(ω) = (iω)z1f̂ (ω).

Proof. Theproofs in [9] canbedirectly adaptedfor complex exponents,sincebothGammaandBetafunctionhave
analyticcontinuationsto thecomplex halfplaneRez > 0. !

The complex B-splinesβz
y satisfya recurrenceformula relatingthe B-splinesof degreez and z − 2. This is due

theirDeÞnition1, wherethecomplex degreez splitsin z + 1/2. Moreover, thecorrespondingdifferenceoperator∆z
y

behavesasa weightedsumof fractionalderivatives:
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Proposition7. (i) The shifted complex B-spline βz
y = β

α+iγ
τ+iη satisfies the following recurrence relation:

βz
y(x) =

)
x − y + z+1

2

*2

z(z − 1)
βz−2

y (x + 1) − 2

)
(x − y)2 + 1−z2

4

*

z(z − 1)
βz−2

y (x) +
)
x − y − z+1

2

*2

z(z − 1)
βz−2

y (x − 1) (11)

for all Rez = α > 1 and all y ∈ C.
(ii) β

z1
y1 ∗ β

z2
y2(t) = β

z1+z2+1
y1+y2

(t).

(iii) Explicit differentiation formula:

∆z
yβz1

y1
= ∂z

yβ
z1+z
y1+y, (12)

where ∂z
y is a fractional differential operator, defined in the sense of tempered distributions:

∂z
yf (t) = *(z + 1)

2π

)
κ(z, y)−∞Dz

t f (t) + κ(z,−y)−∞Dz
−t f (−t)

*
,

with κ(z, y) = e−iyπ e−i(z+1) π
2 + eiyπei(z+1) π

2 , and

−∞Dz
t f (t) =

t&

−∞

f (s)

(t − s)z+1 ds. (13)

Proof. Theproof of (i) is adirectextensionof theoneof [9, Proposition2.6] for real-valuedfractionalB-splines.
Fromformula(6), weeasilyseethat∆z1

y1∆
z2
y2f (x) = ∆

z1+z2
y1+y2

f (x). TakingtheFouriertransformyields(ii).
In orderto verify (iii), weconsidertheFourierdomainversionof theright sideof Eq.(12):

)
∆z

yβz1
y1

*ˆ
(ω) =

)
1− eiω

* z
2−y)

1− e−iω
* z

2+y
β̂z1

y1
(ω)

= (−iω)
z
2−y(iω)

z
2+y

"
1− e−iω

iω

# z1+z+1
2 −y1+y"

1− eiω

−iω

# z1+z+1
2 +y1−y

= (−iω)
z
2−y(iω)

z
2+yβ̂

z1+z
y1−y. (14)

Next, we simplify the Þrst two factors:(iω)
z
2+y(−iω)

z
2−y = |ω|zeiyπ sign(ω). We thencalculatethe generalized

inverseFouriertransform:

F −1)
|ω|zeiyπ sign(ω)

*
(t) = e−iyπ

2π

&

R

ωz
+e−iωt dω + eiyπ

2π

&

R

ωz
+e−iω(−t) dω = *(z + 1)

2π

"
e−iyπ

(it)z+1 + eiyπ

(−it)z+1

#

= *(z + 1)

2π |t |z+1

)
e−iyπ e−(z+1)i π

2 sign(t) + eiyπe(z+1)i π
2 sign(t)*,

which holdsaslong asRez > 0 and z /∈ N. In thecasez = n ∈ N, the term in

2 (eiyπ δ(n)(−t) + e−iyπ δ(n)(t)) hasto be
addedto theresult.

Sincemultiplicationin Fourierdomainis aconvolution in time domain,weget

∆z
yβz1

y1
(t) = *(z + 1)

2π

&

R

β
z1+z
y1−y(s)

|t − s|z+1

)
e−iyπ e−i(z+1) π

2 sign(t−s) + eiyπei(z+1) π
2 sign(t−s)

*
ds

= *(z + 1)

2π

)
κ(z, y)−∞Dz

t β
z1+z
y1−y(t) + κ(z,−y)−∞Dz

−t β
z1+z
y1−y(−t)

*

with κ(z, y) and −∞Dz
t asgiven in thetheorem.Thisconcludestheproof. !

Note4. Usingintegrationby partsandCauchyÕsprinciplevalue[24, p. 41 f.], −∞Dα
t f (s), f ∈ D(R), canbereduced

to avariantof theSturmÐLiouvilleor theCaputofractionalderivative. In fact,for n − 1< α < n,



B. Forster et al. / Appl. Comput. Harmon. Anal. 20 (2006) 261–282 273

−∞Dα
t f (s) =

t&

−∞

f (s)

(t − s)α+1 ds

= lim
ε→0

−f (t − ε)

εα · α
− f ′(t − ε)

εα−1 · α(α − 1)
− · · · − f (n−1)(t − ε)

εα+1−n · α(α + 1) · · · (α + 1− n)

+
t&

−∞

f (n)(s)

(t − s)α+1−n · α(α + 1) · · · (α + 1− n)
ds.

Thelasttermis ascaledversionof Caputofractionalderivative (see[25])

C
a Dα

t f (t) = 1
*(α + n)

t&

a

f (n)(s)

(t − s)α+1−n
ds (0 ! n − 1< α < n), (15)

which for α = −∞ is equivalentto theSturmÐLiouvillefractionalderivative.Theseoperatorsprovideaninterpolation
betweenintegerÐorderderivatives.Indeed,if a functionf has n + 1 continuousandboundedderivativesin ]−∞, t],
whichvanishat−∞, thenlimα→n

C
−∞Dα

t f (t) = f (n)(t).

The real-valued version of the Caputofractional differential operatoris usedfor the analysisof steadystate
processes;e.g.,fractionalorderdynamicsystemswith periodicinputsignals,wave propagationin viscoelasticmate-
rials,etc.[25].

6. Multir esolutionanalyseswith complexB-splines

As their real-valuedcousins,thecomplex B-splinesgeneratedyadicmultiresolutionanalyses;i.e.,they generatea
sequenceof spaces

{0} ⊂ · · · ⊂ V−1 ⊂ V0 ⊂ V1 ⊂ · · · ⊂ L2(R)

with thefollowing properties:

(i)
2

j Vj = {0} and
3

j Vj = L2(R),
(ii) f ∈ Vj if andonly if f (2−j•) ∈ V0,

(iii) f ∈ V0 if andonly if f (• − k) ∈ V0 for all m ∈ Z, and
(iv) thereexists a function ϕ ∈ V0, calleda scaling function,suchthat {ϕ(• − k)}k∈Z forms an orthonormalbasis

of V0.

Thekey propertyof amultiresolutionanalysisis atwo-scalerelation.It relatesthespacesVj and Vj+1 by adilation
of their generators(here,thecomplex B-splines).

Proposition8. The complex B-splines βz and βz
y satisfy the following two-scale relations:

βz(x) = 2−z
!

k! 0

"
z + 1

k

#
βz(2x − k)

and

βz
y(x) = 2−z

!

k∈Z

'
'
'
'
z + 1
y + k

'
'
'
' βz

y(2x − k),

for Rez > 0 and y ∈ C and almost all x ∈ R.

Proof. If thereexistsa two-scalerelationβz = $
k∈Z hkβ

z(2 • −k), thenthe (hk)k∈Z aretheFouriercoefÞcientsof
thefollowing frequency responseof thereÞnementÞlter:
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Hz(ω) = 2
β̂z(2ω)

β̂z(ω)
= 2 · (iω)z+1

(2iω)z+1

(1− e−2iω)z+1

(1− e−iω)z+1 = 2
2z+1

)
1+ e−iω

*z+1 = 1
2z

!

k! 0

"
z + 1

k

#
e−iωk (16)

almosteverywhere.This function is clearly 2π -periodic,andthuscorrespondsto a digital convolution operator, the
reÞnementÞlter.

For βz
y weget

Hz
y (ω) = 2

β̂z
y(2ω)

β̂z
y(ω)

= 2

) 1−e−i2ω

i2ω

* z+1
2 −y

) 1−e−iω

iω

* z+1
2 −y

) 1−ei2ω

−i2ω

* z+1
2 +y

) 1−eiω

−iω

* z+1
2 +y

= 2−z
)
1+ e−iω

* z+1
2 −y)

1+ eiω
* z+1

2 +y

= Hz
y (ω + 2π) almosteverywhere. (17)

To deducetheFouriercoefÞcientsof Hz
y , weusetheCauchy productformulawith thegeneralizedVandermondeÐ

Chuconvolution formulaandderiveas in (5)

Hz
y (ω) = 2−z

!

k! 0

" z+1
2 − y

k

#
e−ikω

!

l! 0

" z+1
2 + y

l

#
eilω

= 2−z
!

n∈Z

"
z + 1

z+1
2 − y − n

#
e−iωn = 2−z

!

n∈Z

'
'
'
'

"
z + 1
y + n

# '
'
'
' e

−iωn.

This concludestheproof. !

Theorem9. Let Rez > 0. Then the spaces

Vj = span
(

βz

"
x − 2j k

2j

#
: k ∈ Z

4
L2(R), j ∈ Z,

resp.

Vj,∗ = span
(

βz
y

"
x − 2j k

2j

#
: k ∈ Z

4
L2(R), j ∈ Z,

form dyadic multiresolution analyses with scaling function βz, resp. βz
y .

Proof. To prove that βz generatesa multiresolutionanalysis,we have to checkthe following threeconditions[26,
Theorem2.13]: (i) {βz(• − k)}k∈Z is a Rieszsequencein L2(R), (ii) theexistenceof two-scalerelation,which was
alreadyshown in Proposition8, and(iii) that β̂z is continuousat theorigin and β̂z(0) = 0. From(i) we candeduce
that

2
j∈Z Vj = {0}; (i) and(iii) give thedensityof

3
j∈Z Vj in L2(R).

WeÞrstshow that{βz(x − k)}k∈Z formsaRieszbasisof V0. It isenoughto show theexistenceof constantsA and
B suchthat

0 < A !
!

k∈Z

'
' β̂z(ω − 2πk)

'
' 2 ! B < 0 almosteverywhere.

Thecentralpartcanberewrittenas:
!

k∈Z

'
' β̂z(ω + 2πk)

'
' 2 =

!

k∈Z

'
' β̂α

+(ω + 2πk)
'
' 2

'
' e−iγ ln |Ω(ω+2πk)|'' 2'

' eγ argΩ(ω+2πk)
'
' 2. (18)

For the fractional B-splinesβα
+, it is known [9, Proposition3.3] that thereare positive constantsA,B suchthat

A ! $
k∈Z |β̂α

+(ω + 2πk)|2 ! B for almost all ω ∈ R. Since e−2π |γ | ! |eγ argΩ(ω+2πk)|2 ! e2π |γ |, we deduce that

{βz(• − k)}k∈Z is a Rieszbasisin V0. Moreover, ϕ̂z = β̂z/

5 $
k∈Z |β̂z(• + 2πk)|2 generatesan orthonormalbasis

of V0.
Theremainingstepis to prove (iii), which is obviousfrom thedeÞnitionof thecomplex B-spline.This concludes

theproof for βz. An analogargumentationis applicableaswell for βz
y and V0,∗. !



B. Forster et al. / Appl. Comput. Harmon. Anal. 20 (2006) 261–282 275

Usingthefactthatβz ∈ L1(R) ∩ L2(R), wecandeducefrom (9) thatβz(2πk) = 0 for all k ∈ Z \ {0}. ThePoisson
summationformulayieldsthepartitionof unity:

$
k∈Z βz(x − k) = 1 almosteverywhere(seealso [27]).

To avoid explodinggrowth of theRieszboundsin (18) it is advisableto keepγ reasonablysmall; say, γ ∈ [−1,1].

Note 5. Sincethe Þlter Hz
∗ hasinÞnitely many non-vanishingFourier coefÞcients,an implementationof the corre-

spondingmultiresolutionalgorithm via Þlteringasgiven in [15] is inpractical.As we saw in (17), the Þlter canbe
representedin aneasilyaccessibleclosedform.ThissuggestsanefÞcientimplementationof theÞlteringalgorithmin
Fourierdomain,asproposedin [18].

7. Gaussianshape

TheclassicalB-splinesβn areknown to converge to Gaussians[28]. In thefollowing weexamineto whichextend
thesameis truefor thecomplex B-splines.

Theorem10.Let z = α + iγ and y ∈ C. Then, for α → ∞, and fixed γ ∈ R the complex B-splines converge pointwise
in the Fourier domain to modulated and shifted Gaussians:

lim
α→∞ β̂z

"
ω√

α + 1

#6 7
e− i

2

√
α+1ωe

−) ω

2
√

6
− γ

√
3√

2
√

α+1

*2

e
3γ 2

2(α+1)

8
= lim

α→∞ 1+ O
"

ω2

α + 1

#
= 1, (19)

resp.

lim
α→∞ β̂z

y

"
ω√

α + 1

#6 7
e
iy ω√

α+1 e− ω2
24

8
= lim

α→∞ 1+ O
"

γ ω2

α + 1

#
= 1. (20)

From theseestimateswe seethat the parameterγ (resp.,y) act like a frequency shift in β̂z (resp.,β̂z
y ). This

convergenceprocessis illustratedin Fig. 7.

Proof. As ω → 0, wehave that

1− e−iω

iω
= e−i ω

2

"
sin ω

2
ω
2

#
= e−i ω

2 ·
∞!

k=0

(−1)k
1

(2k + 1)!

"
ω

2

#2k

= e−i ω
2

"
1− ω2

24
+ ω4

24 · 4! + O
)
ω6*

#
. (21)

Thus

ln
"

1− e−iω

iω

#
= ln

"
e−i ω

2

"
1− ω2

24
+ ω4

24 · 4! + O
)
ω6*

##
= −i

ω

2
+ ln

"
1− ω2

24
+ ω4

384
+ O

)
ω6*

#
. (22)

Now, wemakeuseof thefollowing expansionvalid in aneighborhoodof x = 1:

lnx = (x − 1) − (x − 1)2

2
+ (x − 1)3

3
+ O

)
(x − 1)4*

.

Thus,for ω → 0, wehave

ln
"

1− ω2

24
+ ω4

384
+ O

)
ω6*

#
= −ω2

24
+ 1

564
ω4 + O

)
ω6*

,

andtogetherwith (22)

ln
"

1− e−iω

iω

#
= − i

2
ω − ω2

24
+ 1

564
ω4 + O

)
ω6*

.

This yields

β̂z

"
ω√

α + 1

#
= e− i

2

√
α+1ωe

−) ω

2
√

6
− γ

√
3√

α+1
√

2

*2+ γ 23
2(α+1) +O) ω2

α+1
*

,
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Fig. 7. Convergenceof β̂α
3i (ω) to aGaussian(dottedline) e−ω2/24 for α = 2,3, . . . ,6. Alreadyfor smallα, therealpartandabsolutevaluetendto

aGaussian,whereastheimaginaryparttendsto zero.

resp.

β̂z
y

"
ω√

α + 1

#
= e

iy ω√
α+1 e− ω2

24 +O) ω4
α+1

*
e

iγ
α+1

)− ω2
24 +O) ω4

α+1
**

for α → ∞, y ∈ C, pointwisefor all ω ∈ R. Thus

β̂z

"
ω√

α + 1

#
e

i
2

√
α+1ωe

) ω

2
√

6
− γ

√
3√

α+1
√

2

*2− γ 23
2(α+1) = 1+ O

"
ω2

α + 1

#
,

resp.

β̂z
y

"
ω√

α + 1

#
e
−iy ω√

α+1
+ ω2

24 = 1+ O
"

iγ ω2

α + 1

#

for α → ∞. Thisgivesassertions(19) and(20). !

Note6. Fromtheabovecalculationsonededucesthat

β̂z
y

"
ω√

α + 1

#
= e−ω2/24

"
1+ iyω√

α + 1
+ iγ

ω2

24(α + 1)
+ O

"
ω4

α + 1

##

pointwisefor α → ∞ and Þxed y ∈ C. Thus,B-splinesof fractionaldegreeconverge in orderO(1/(α + 1)), whereas
theshiftedsplinesconverge in O(1/

√
α + 1).
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Theorem11.The complex B-splines converge to modulated Gaussians in Lp(R) for 1! p ! ∞:
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y

" •√
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#
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iy ω√
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− ω2
24

%
%
%
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p

→ 0

for α → ∞.
In time domain for 2! q ! ∞
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%
%
%
%
√
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9
6
π

e− 6y2
α+1 e

−12 y√
α+1

•
e−6(•)2

%
%
%
%

q

→ 0

for α → ∞.
The rate of convergence in all four cases is O(1/(α + 1)).
The limits in time domain are also true pointwise.

Proof. In [28] it is shown that
" sin πω√

α+1
πω√
α+1

#α+1

! e−ω2 + (1− χ[−1,1])
"

ω

2

#
· 2
(πω)2

for all ω ∈ R andall α " 1. Thefunctionon theright-handsideis integrable,in Lp(R) for 1 ! p ! ∞, and indepen-
dent of α.

Thus wehave
'
'
'
' β̂

z

"
ω√

α + 1

# '
'
'
' !

'
'
'
' β̂

α

"
ω√

α + 1

# '
'
'
' · e2π |γ | !

" sin ω
2
√

α+1
ω

2
√

α+1

#α+1

· e2π |γ |

!
"

e
− ω2

(4π2) + (1− χ[−1,1])
"

ω

4π

#
· 2
(ω/2)2

#
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andananalogresultis truefor β̂z
y and β̂α

∗ . For theapproximantwehave
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24ω2
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Themajorantsbothin (23)and(24)areindependentof α and,thus,by LebesgueÕsdominatedconvergencetheorem,
wehaveconvergence in Lp(R), 1! p < ∞:
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and thesame for
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α + 1

#
→ 0

for α → ∞. Sincebothβ̂z, β̂z
y ∈ L1(R)∩L2(R) weÞndby theHausdorffÐYounginequality[29] andFourierinversion
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for 1! p ! 2 and 1
p + 1

q = 1. In bothcases,theconstantC is positiveandonly dependsonp.

Theorem10 alreadygave thepointwiseconvergencein theFourierdomain.Sinceboth β̂z and β̂z
y areelementsof

L1(R), we deducethecorrespondingpointwiseconvergencein time domainby Fourier inversionandthedominated
convergencetheorem. !

8. The Heisenberg uncertainty bound for ! z
y

The asymptoticsof the previous sectionsgive hopethat the complex B-splinesβz
y converge to optimally timeÐ

frequency localizedfunctionsin thesenseof Heisenberg; i.e.,
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with equalityasRez = α → ∞.

Theorem 12. For Rez = α → ∞, the complex B-spline βz
y satisfies the lower bound of the Heisenberg uncertainty

principle:
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Proof. Weshow thatβα
y is approximatelyoptimally timeÐfrequency-localizedfor α → ∞, i.e.,its Heisenberg uncer-

taintyproductconvergesto 1
2. Therefore,weusetheasymptoticsfor βz

y :
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Applying thetriangleinequalityfor α largeenough, weget
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Sincewealreadyknow from theproofof Theorems10 and11 that
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it is sufÞcientto show
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In fact, (29) canbe deducedfrom (23) and(24) with LebesgueÕs theoremof dominatedconvergence,sincethe
multiplicationwith ω leavesthe termsindependentof α anddoesnot brake L2(R) integrability for α large enough.
Moreover, (29)convergesat therateO(y/

√
α + 1) + O(γ /(α + 1)).

To verify (28),wenotethat
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sincemultiplication with polynomialscorrespondsto differentiationin Fourier domain.We Þrst prove pointwise
convergence,andthenÞndamajorantindependentof α.
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andall Þxed ω ∈ R. Here,weused(27) for theconvergenceof β̂z−2
y .

Weshow thatthefunction(31)hasanintegrablemajorant,which is independentof α. In theÞrststep,weconsider
the inßuenceof y. Thenweestimatetheremainingterms.
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Step 1. Clearly,
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We estimatethey-dependentpartin (32):
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for α largeenough,andfor all ω ∈ R. To estimatethefunction β̂α−2
∗ , we follow [28].
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Step 2. We ÞrstÞndanintegrablemajorantfor thepart
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As wehaveseenbefore,|β̂z−2
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For thefractionalsplines,weget
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Second case: ω < 2
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For x ∈ [0,2], sinx − x cosx ! x3, since both sidesvanishat zeroandthe left-handsideincreasesslower thanthe
right-handsidein this interval. Thusfor all ω ∈ [0,2
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CombiningtheÞrstandsecondstep,weÞndthatfor α largeenough
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*'' which is independent of α. This concludestheproof. !

Note 7. Theorderof convergenceof theHeisenberg productto 1/2 is O(1/
√

α + 1) for complex B-splinesβ̂z
y , and

O(1/α + 1) for thefractionalones.Again, theshift in thefrequency domaincausedby thecomplex exponentresults
in aslower rateof convergence.

9. Conclusions

Complex B-splinesappearto be a naturalextensionof the classicalSchoenberg B-splinesaswell as fractional
B-splinesto acomplex-valuedsetting.They satisfyall thepropertiesof ascalingfunctionandgeneratemultiresolution
analyses.ThecorrespondingreÞnementÞltersareinÞniteimpulseresponseÞlters,but dueto theclosedformof their
frequency response,they are well suited for a Fourier domain implementationof the respective discretewavelet
transform.Thecomplex B-splinesarewell localizedin time as well as frequency domain,andconverge to optimally
timeÐfrequency localizedfunctionsin thesenseof Heisenberg. This andthefour adjustableparameters,which allow
to tune smoothness,modulation,and frequency enhancement,might be interestingfor signal and imageanalysis
applications.
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