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Abstract

We proposea complex generalizatiorof Schoenbeg( cardinalsplines. To this end, we go backto the FourierdomaindepPnition
of the B-splinesandextendit to complex-valueddegrees.We show thatthe resultingcomplex B-splinesarepiecevise modulated
polynomials,and that they retain mostof the importantpropertiesof the classicalones:smoothnessiecurrenceandtwo-scale
relations Rieszbasisgeneratorexplicit formulaefor derivatives,includingfractionalorders,etc. We alsoshav thatthey generate
multiresolutionanalyseof L2(R) andthatthey canyield waveletbasesWe characteriz¢hedecayof thesefunctionswhichare no-
longercompactlysupportedvhenthedegreeis notaninteger. Finally, we prove thatthe complex B-splinesconvergeto modulated
Gaussianss their degreeincreasesand thatthey areasymptoticallyoptimally localizedin the timebfrequencplanein the sense
of Heisenbeg® uncertaintyprinciple.
© 2005Elsevier Inc. All rightsresened.
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1. Intr oduction

Splinesarevery useful functionsfor mathematicabnalysisaswell asfor signal- andimageprocessinganalysis,
andrepresentatiorfor computegraphicsandmary more[1D4].Thebasisfunctionsfor |.J. Schoenbeg@polynomial
splineswith uniform knots[5,6] are

" #
1ot n+1
proo=— DT
n: k=0
Splineshadtheir secondbreakthroughas G. Battle [7] andP-G. LemariZ[8] discovered that B-splinesgenerate
multiresolutionanalysesand wavelets. Their simple form and compactsupport,in particular was corvenientfor
designingmultiresolutionalgorithms and fast implementationsin [9], T. Blu and M. Unsergave an extensionof

B-splinesto fractionalorders.They shaved that all the desirablepropertiesof cardinalB-splinescarry over to the

(t—=K1h, neN.
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fractionalcase Moreover, fractionalsplinescanbe designedo have anarbitraryorderof smoothnesslThey generate
multiresolutionanalysesandthe FFT-basedalgorithmprovidesa fastmethodfor signal analysig10].

In this paper we proposean analyticalextensionof the fractional B-splineapproachthatyields comple-valued
functions.We performthis by compleifying the exponent;i.e.,the order of the B-splines.In this way, we construct
comple B-splines,which retainmary propertiesof the classicakeal-valuedB-splines;in particular recurrenceela-
tions,smoothnessinddecaypropertiesandmultiresolutionembeddings.

In the literature,variousapproache$iave beenproposedo extend polynomial splinesto a comple setting.De-
pendingon the methodof constructionthey canbeclassibednto (1) comple curve splinesand(2) planarsplines.

J.H. Ahlberg, E.N. Nilson, and J.L. Walsh [11] were amongthe brst to constructcomplex curve splines.They
consideredknotsry, ..., ty on arectibpableJordancurve K, andinterpolateda function f: K — C with comple&
cubics

qat) =a(t; — 1)} +b(t —tj3)> +c(tj — 1) +d(t — tj11)

for r onthearc K; connecting;_1 and ¢;, such that f(z;) = ga(t;) and ¢/, (t;) = ¢’y (t;+1). They dsointroducedan

extensionto theboundeddomaininteriorof K viatheCaucly integral formula.However, extensiondo higherdegree,

uniguenesandexistenceresultsfor comple< interpolatingsplineswith equidistanandnon-equidistanknotsneeded

several decade®f researchio becompletelysettled.For referencesn resultswe referto [12, Ch. 1, 1.7, Note3].
H. Chen[12] consideredhe TorusK = T anddebnedcomple B-splinesvia divided differences

Njn(@) = (@jsnt1 — 22 - Zjrnsls(s —2)7,

where(s — z)’+ describes polynomialof order! over someintenal of T. Thesesplinessatisfya recursionformula
and reproducepolynomialsof degreen. Within this framewvork, Chenalso debPnedcomplex harmonicsplinesvia
the Poissonintegral formula. However, since theseare periodicfunctionsin L2(T), they cannotbe seenasa direct
extensionof B-splineswhichlivein L2(R). $

G. OpferandM.L. Puri[13] debPnedcomplex planarsplinesof the form p(z) = j'\szoaj’kzjzk, ajr €C,on
triangulationf thecomple plane. Themonograplof G. Walz [14] gives an overview of comple splinesoncurvesin
thecomple planeandof planarsplines.Complex planarsplinesareof specialrelevancefor theanalysisof conformal
mappings.

All theseapproachesnd their approximationpropertiesstrongly dependon the choiceof underlyingbounded
domainsmeshesor rectibableJordancurves. Moreover, thesecomplex splineshave only beenspecibedor integer
degreessofar.

In this paper we proposea naturalextensionof B-splinesto comple splineson R, which does not depend on the
choiceof certaincurves or domainsandwhich is possiblefor all degreese € R™. Similar to their real counterparts,
our comple splinesgeneratanultiresolutionanalysegor L2(RR). Moreover, the simple form of the scalingfunction
in the Fourierdomainallows the direct useof the Mallat algorithm [15] for waveletanalysis.This makesthemeasily
accessibldor applications.

This paperis organizedasfollows: We start with a short motivationfor our constructionIn fact,our comple B-
splinesarea generalizatiorof fractionalones[9] to complex degreesln the next sectionwe give a properdepnition
in Fourier domainand shaw that this constructionis well debPned.Section4 is concernedwith the time-domain
representationwhereasSection5 concentrate®n B-spline properties,suchas smoothnessand decay recurrence
relations,anddifferentialproperties We shav thatall thosepropertiescarry over smoothlyfrom the fractionalcase.

In Section6 we shaw thatour constructiorof complex B-splinesgeneratesnultiresolutionanalyse®f L2(R). The
respectre rePnemenbltershave a closedform andallow afastimplementatiorin Fourierdomain.

In Section7 and8, we investigatetheasymptotidehaior of complex B-splines We show thatthey corvergeto Ga-
borfunctionsastheir degreeincreasesndgive anorderof corvergence Moreover, we shav thatthey approximately
satisfythelower boundof the Heisenbeg uncertaintyprinciple andthuscorverge to optimally timebfrequenclocal-
izedfunctions.Interestinglythe sameresultsapplyfor cardinalB-splinesandtheir fractionalgeneralizationWith our
explicit orderof corvergencewe alsocontrikute to thetheoryon thosefunctionfamilies.



B. Forster et al. / Appl. Comput. Harmon. Anal. 20 (2006) 261-282 263

2. Turning classicalB-splinesto complexB-splines

CardinalB-splinesg” (x), heregivenin their Fourierdomainrepresentation
. ' 1— e—ia)#n-l-l
(@)= ——— , neN,
lw

have proved to be appropriatébasedor mary theoreticalproblems 3] aswell asapplicationsjnclugingtheIife SCi-
enceqd16,17].However, they are piecavisepolynomialfunctionsandthustheir orderof smoothnessNarequivalently,
their orderof approximationNcannobeadjustedcontinuously This problemwas consideredy T. Blu andM. Unser
in [9] andsolved by introducingfractional splineswith a fractionalexponentx € R. They debPnedwo versionsof
fractionalB-splines:The causabne, s,

. " 1— e—iw#a-i-l
o —
ﬂ+(w) = o )
andthesymmetricone, 8%, given by
et e
Bi(w)= ——— -
lLw —lw

Bothtypesarein L1(R) if « > —1andin L2(R) if « > —%. Laterthey introducedafurtherparameter € R describing
shiftsin thetime domain[18,19]:
" 1— e—iw#%—fn 1— eiw#u—-{l+r

B (@) =

iw —iw
TheB-splinesareall scalingfunctionsandcanbeusedto specifydyadicmultiresolutionanalysesf L2(R). However,

they arereal~valued.To debPnecomplex splines,we extendthe constructioronestepfurtherby consideringcomple-
valued exponentsnsteadf realones.

3. Debpnitionof complexB-splines

Given two complex numbers z, w # 0, we dePnethe exponentiatioroperationas

w? = ez(ln\wHiargw)’ (1)

wherethe representationy = |w|e! ¥9%, with argw € [—x, [, is unique. This meansthat we only considerthe
principal branchof the complex exponentialfunction.As usual0? = 0 and w® = 1.

Debnition 1. Suppose = +iy € C, o > —%, y € R. Thecomple B-spline 8¢ of compl degreez is debnedn
L2(R) via its Plancheretransform

1— e—ia)#z+l

Blw)= —
Lw
Theshifted variant 5 is dePnedn L%(R) by
" # z+ # z+1

1_e—iw Tl—y 1_61'(» Sty

Bi(w) =Bl () = :

iw —iw

wherez =« +iy, y = 7 +in with parameters > —31, y, 7, n e R.
Theorem 2. The complex B-splines B* and B;, are both well-defined, uniformly continuous, and elements of L%(R).

Proof. Considerthe function 2 (w) = 1-e ' Obviously, f hasa continuation§2(0) = 1 and zerosat the points

W

w € 277\ {0}. Thevaluesof thefunctions2 never toucheshe negative realaxis (seeFig. 1): Im 2 (w) = =% — 0

iw
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Im

z €[—20,20]

Fig. 1. Thefunction2(w) = l_f;w describes curve in the complex plane,which never toucheshe negative real axis.

10 20 -20

Fig. 2. The parameten; in thedePnitionof the complex B-splinescauses one-sidecenhancementf the frequeng responsef /3§. This appears
asashift of thefunctions@pectrum Left: SymmetricfractionalB-splinefor « = 3 and r = y = 0. Centerandright: Thecomplex shift y =t +in
isincreasedo n =0.25andn = 0.5.

if andonly if w € 277, andRe2(w) = s”‘T‘” is eitherzeroor oneat thesepoints. We canalways stick to the main
branchwhenconsideringhe comple exponentsor complec logarithms. Thus(£2 (w))? is uniquelydebPnedaccording
to (1). Hencep? and 43 arewell debned.

By exploiting the L2(R) inclusionsof fractionalB-splines[9], we getthefollowing estimate:

&lll . # 1 &'ll . 1
0 O ’ — a+1 12 ’ — a+1'2 0 O
O%Z(Q;Z P 1o T v nig@l gy agee) g, < 2 L 1T T dw:ezyné%i%<o&

iw iw
R R

Analogously
0, 0, & ! ' 0 0,
0%5(% = 'ﬁ;"(w)eznargm‘”)lzdw < ez"”%f% < 00.
R

Thus,bothfunctionsbelongto L2(R) andtheir Planchereinversesexist. Henceg?, B; € L(R).

In the sameway, onecanshaw that 3¢ and B; areboth elementsof L1(R) for Rez > —1. Hence, 8¢ and B; are
uniformly continuous. !

Whencomparedo real-\aluedfractionalB-splinesg{ and ¢, theimaginarypartimz = y of the complex expo-
nent z andthecomplex shift y have thefollowing effects:

For f%(w) = B%(w)e v ML @Iy a92@) the parametery introducesa phaseand a scaling factor In fact, the
frequeny component®n the negative andpositive realaxisare enhanceavith differentsign, sincearg 2 (w) > 0 for
o < 0 and arg 2 (w) < 0 otherwise.This hasthe effect of shifting the frequeng spectrumtowardsthe negative or
positive frequeng side, dependingnthesign of y.

For the shifted complex B-spline A3 (w) = % (w)e'? M@l 21892(@)  the complex exponent y alsointroduces
a phasefactor The scalingfactor hereinvolves n, which inBuenceghe enhancemendf positive (resp.,negative)
frequeng componentsanalogouslyFigure 2 illustratesthis effect. Note that Bf; is a real-valuedfunction for all
neR.
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Fig. 3. Comple truncatecbaNerfunctionxj'_ forz=1+iy,y €0, 2]. Thestraightline in thebackgroundepresentshe power functionx..

4. Time domain representation

It is well known thatB-splinesandfractionalB-splinescanberepresentedsa seriesof truncatecpowerfunctions.
Thesamecanbe proved for complex B-splines.

4.1. Time domain representation for B*
Let x{ denotethetruncatedpoower functionof complex degreez with knot zero:

x% = ez‘lnx :xRezez Imzinx forx > 0,

Z __
.X+ =
0 elsewhere.

For an example,seeFig. 3. Obviously [x% | = xﬁez. Theimaginarypartintroducesa phaseactor
For Rez > 0, Rez ¢ N andIm z # 0, we have with thefollowing distributional Fouriertransform[20]

*

X ()= Iz +1),

(ia))“‘l
wherethe lastbut oneequationcanbe derived using Caucly® integral theoremfor holomorphicfunctions.If n is a
positive integer, we have

— i (n)
Xy (a))—W—f—l"ﬂﬁn (w).

HereI" denoteEuler®Gammafunction,whichis debPnednthesetC \{0,-1,-2,-3,...}.
Thetruncatedobower functionx? andtheirintegershifts (x — k)5, k € Z, are the basicatomsfor thetime domain
representationf g<.

Theorem 3. The time domain reprgsentat;&on of the complex B-spline B* is
1! z+1

)= —~ —1k —k)*. 2

B (x) FG+D O( ) r (x — k)% 2)

This equation is valid pointwise for all x € R and also in the L?(R)-sense.
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Beforeproving thistheoremwe have a closerlook at the differenceson theright-handsideof (2).
For bxed 7 € C thisis acausakomple differenceoperator
" o#
!
Cc(R) — Cc(R), feAf= (-DF ]ZC f(o—k).
kKl 0

It satisbesA?(xf(x)) = (x — 2) A? f(x) 4+ zA* 1 f(x), andfor all z, w € C andfor compactlysupportectontinuous
functions f, g € C.(R), AZT¥(f % g) = A f * A% g, andthusextendsthereal-valuedversionin [9].

Proof of Theorem 3. For Rez > 0, we considerthe pointwise-depnetlinction

oy
|
F(z+1) TUreE+D k

(x — k).

For z ¢ N, its Fouriertransformin the senseof temperedlistributionsis given by
" #&
!

1 . 1 .
) ar+ig () = CF TP pieiovdy

Fz+1) * P+, k
1! ot : ! Lo’ ik
_ (—1)* Z xle Ot gy =~k 2 e
i )i+l
'e+1 0o k . 0o kK (iw)?
1) i 7+ 3z
= Gy 17 = (o).

. : $ )" :
Here,we usedthe dominatedcorvergencetheoremtogetherwith thefactthat =, )Zzl < oo. This canbe seen

from

'
*

#
z+1 B I'z+2) .
k  Tk+DI'(z+2-k Tk+1)

zk)1-+-C)(1/z)

for z — oo, dlongary curvejoining z = 0 and z = oo, sincetherez’*I'(z+a)/'(z+b) = 1+ O(1/z),fora, b > 0.
Thus,
!

1
%!

n #' |
zk)l +0(1/z) < constell.

cz4+1l 1
k! O k k' O F(k+1)

Hence the Fouriertransformof ﬁ A”ler is the function 8%. From a densityargument,we deducethe same

for L?(R)- and L1(R)-topology Thus g%(x) = ﬁA”lxi is the time-domainrepresentatiorof the comple
B-spline,andcorvergespointwise.
For z = N € N, werecover Schoenbeg® polynomialB-splines

" #
o N+l
k

1 M

ﬂN(X) — 1 AN+1XN —

Y=oty (1
(N +1 rN+D ,_,

(x— k)Y

and

BN (w) =

1— e—iw#N-‘rl

iw
This concludegheproof. !
This theoremshaws that complex B-splinescan be derivedNas in the classicalandin the fractionalcaseNby

applyinga differenceoperatoron the functionx — x3, Rez > 0. Figure4 gives some examplesof this new spline
family.



B. Forster et al. / Appl. Comput. Harmon. Anal. 20 (2006) 261-282 267

El

Fig. 4. Comple B-splines g% for z =2+ ik0.1, k =0
the Gaussiarervelope.

4.2. Time domain representation of p;

The sametype of considerationsisoapplyto 5. In thefollowing, our aimis to dePnean appropriatedifference
operatorA; anandafunctionp§ suchthat 5= Ajp5
Formally, we canfactorBf, into a productof a 2 -periodicanda decayingcomponent:

. T kg, s . .
ﬁ;(w):-i-)l—e_”” £y o e (iw)~ T+ (—iw)~ T . 3)

The2r-periodicpartcorrespondso thedifferenceoperatorwhile theright-handfactorwill yield thefunction p. We
prstconsiderthe periodicpart:

Lemma 4. Suppose Reu, Rev > 0. Then
) . . v#
AL+ 1+ "= 7",
u—n
nez

where the right-hand side converges absolutely. It also converges in L2(T), provided that Reu + Rev > —%.

Proof. For Reu > 0, theseries
|00 to#
: u
A+2)"= 7"
n
n=0
corvergesabsolutelyfor all |z] < 1. Thus,for Rev > 0
Y

1+t = G
n=0 n
cornvergesabsolutelyfor all |z| > 1 [21, Satz247,p. 440]. Hencetheir productcorvergesabsolutelyfor |z| = 1, and
we cansumup usingary ordering:
) T M# loo v# 100 oo ## 100 oo u#" ’ #
A+ 14771 = 7" 77 "= 7"+ z " 4)

n=0 n n=0 n n=0k=0 k+n k n=1k=0 k k+n

It is shavn in [22, Theorems2 and 8] that,for x, y with Re(x), Re(y), Re(x + y) > —1 and a € C, thereholdsa
generalized/andermondebClaornvolution formula
"o # " #
|00
’ X y xX+y
: ®)

0 a—k a

Thelatterseriesis uniformly corvergenton compactubsetsvith respecto a. Thisyields
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) . oo 50 " . #" U# oo o0 " M#.. ) #
(1+Z)u 1+Z_1 V= ' ' "+ L L 7"
n=0k=0 * "7 n=1k=0 voRen
" # "
|00 100
: u-+v ; u+t+v _
— Zi‘l_|_ n
=0 u—n el vV—n
" # " # " #
100 |00 |
u+v o, u+v _, - u+v
= + = zZ.
n=0 u—n n=1 u+n nez uw—n

For Reu, Rev > —1, andReu + Rev > —%, the formulais true in the L2-sensesincethe monomials{z", n € Z}
form anorthonormabasisof L2(T) andthusallow unconditionasummation. !

ote 1. This formulawasproved in [19] for real x, v usingCaucly® integral formulaanda recurrenceelationfor
u+v

ot+ly

T +iy Dy its Fourieror Plancheretransformas

Now, we areableto depPnethe differenceoperatorAj =

0 f ) =1 e B i 5 ) o V@ (6)

NIz

nez

for f € L3(R), or in thesenseof temperedlistributions, for f € S'(R). Let
' oo #

vz Z
k—y = S4+k—y
denote the modiPed binomial coefbcient. Then
| ' '
_ * kl Z 1
keZ

for feS,Rez>0andyeC. .
For bandlimitedfunctions f with suppf € [0, 2], (6) simpliPesto
" #e " #: L
0 » 27y w 3ty ' iy *,
)A;f () = —ie’725in% ie_’?Zsin% Flw) = -sing- e—”<w+”)e”we—"”)Agf ()

forw € [0, 2], sincesing > 0. Likewise, for f suchthatsuppf € [—2r, 0], we get (A;f)A(a)) =[sing |V e~ IT0e T x
e?e (AY f)(w). Thisyieldsthefollowing interpretationfFrequenyg partsin [0, 2] 4 47 Z areenhancedby afactor
e~ whereadrequeng partsin [—2m, 0] + 47 Z areenhancedy afactore . Thus,the global effect is thatof a
fractionaldifferencewith an enhancemenfrespectiely attenuation)of the positive frequeng componentdy ¢~
andanattenuatiorof the negative componentdy ¢ .

Note that, for y = 0, in time-domainA{ f (1) = e"WA“‘f(t + y) for f with suppf € [0, 2], and similarly,
ATf@) = e—"WAg‘f(t + ) for f with suppf € [—2x, 0]. Thus,the parametery actsas a combinationof shift into
thecomple planeandmodulationwithin thecomple plane.

Considering3), we now have to determinetheinverseFouriertransformof

Py (@) = (—iw)~ 2 T (iw) T
whichwill thenbPnallyyield thetime-domainformulafor g5.
Theorem5. The complex B-spline ,BZ, has the time domain representation
!

By (x) = A5 p (x) =
keZ

+1.
(-1 Z BNV CET) ®)
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with

cosT sinm .
L1 + calz) ——2— || signe,

P)(f)_ 1(Z)m Tz+1)

where c1 =c1(z) = _Wl%z and cp = c2(z2) = 20037, for z ¢ No.

If 7 € No, we have to take into account an supplementary logarithmic factor In|t|. In fact,

c1(@n,t) = (— 1)”+1 Injtl=co@n+1,1) and c2(2n) = (— 1)"+1} =c1(2n+1),

for n € No.
For Rez > 0, the series (8) converges in S’ (R).

Note 2. The translation-imariant spacegeneratedy shifted comple-valued B-splinesﬂfn is includedin the one
generatedy two real-shiftedB-splines:

ﬂizr; € span :38(. - k)a ,B:lz_/z(. - k), k e Z LZ(R),
This canbe seenfrom thefactthat

p;, = coshn) pg — isinh(n)pi/z,

andfrom theestimates “*1' = *1 2(1+0(1/2) and k”ﬁ' =" Z+1 2(1+0(1/2)) for z — oo.
Proof. For amostal w € R, a € R, and b € C, thefollowing is true:
(—iw)2 P (iw) 2" = cos(rb)|w|® + sin(zh)i|w|® sign(w).

Substitutingz by —(z + 1) and b by y yields
!

N z+1 R
IB;(a)) = 1 ven (=1 inw Z(a))
nez,, 2 Y
! z+1 new) *
= i (=1 cos(rry) |w| =Y 4 sin(zy)ilw|~ Y signw .
nez 2 TV
Usingthe Fourierrelatio/nsfor generalizedunctions[20]
n # ‘tlz .
- 1 (t)_O —FEDS if Rez > —1andz ¢ 2N, @
z+1 1 z41 rZInje] .
|.| (_1)2+ AT (z+1) |f ZEZN,
and /
" # || signt .
1 Slgno ~ 0 ~ 2 D oosy: if Rez>—1andz ¢ 2N — 1, 0
i 0= (10)

Ly7 Sl ifzeon -1,

yieldsthe explicit formula

+l
Bl = ATl = (- Dt P =),
keZ Y
with p§asabove. !

Thisprovesthattherepresentatiogivenin [19] for realexponentsy extendsto thecomplex caseaswell. Moreover,
for non-integeroe, thefunction p, is selfsimilar;i.e.,

Pi ) =275 ()
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Fig. 5. Centralbasicfunction p§; forz=a=0.5y=in,ne[0,0.5].

for positive 1. Thus pj is a complex extensionof the admissiblecentralbasisfunctionsdePnedn [23], and 85 (x) is
thelocalizationof the complex centralbasisfunction p5.

Fromthe sameviewpoint, 8° is thelocalizationof the self-similarcentralbasisfunctionx?, sincefor al 1 > 0 it
is (Ax)5 = A%x3.

Examplesof the complex splinesg? aregivenin Fig. 6. Notethatfor z = o« € R therealpartis an even function
andtheimaginarypartodd. Thisis dueto thefactthatﬁ;‘ is real-valued.

5. Basicproperties

5.1. Continuity and decay

*

Since* and B areboth elementsof L%(R) for o > —3, continuousanddecayinglike O)lwl++1 as |w| — oo,
we deducehatthe complex B-splinesbelongto thefollowing Soboler spaces:

1
BB EWs(R) forr<a+ .
Theorderof zerosatthepointsw = 27k, k # 0, is«a + 1, which canbe seenfrom

" H#Ho41 " Hoog1
Z Y ) 2ty

Biw + 21k) = B (o) =p: (a))O) ol forw— 0.

w+ 21k w+ 2k
The sameistrue for #<. Thus, D™ % is continuougfor m < a + 1 and D" A% € LP(R) for 1< p < oo and p(a +1—
m) > —1;i.e.,m<a+1+l.

Consideringp = 1, x™ 8% is uniformly continuousfor m < « 4+ 2 andvanishingat inbnity. Thus 8%(x) = O(x™)
for |x| — co and m < & + 2. Thesamereasoningappliesfor 5.

Note 3. Thecomplex B-splineregularity aswell asthedecayonly dependntherealpartRez = « of the complex ex-
ponent z. On the otherhand theimaginarypartimz = y inBuenceshedamping(resp.,enhancementf frequencies
(cf. Section3).
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Fig. 6. Thesplinesﬁ§ forz=a=1andy=in,n=0,0.1,...,1. (a) Realpart, (b) imaginarypart, (c) absolutevalue.(d) shavs the splinesin a
3D view with respecto realandimaginarypart. Thethicker trianglesin (a), (c) and (d) correspondo thereal-valuedpiecaviselinearB-spline 8.

5.2. Recurrence relations and differential properties

The classicalB-splinessatisfysomewell-known recurrenceelations suchasiterative constructiorby arecursion
formula,andcorvolution equationsin [9], it is shown thatthesecarry over to fractionalsplines.The sameis truefor
comple splines:

Proposition 6. The complex fractional B-spline 8%, Rez = a > 0, satisfies

() A7) = 157100 + S e - 1),
(i) prsp2= partaztl
(iiiy DB = AT B for all Rezy > Rez. Here, the differential operator D! is defined on S(R) via its Fourier

transform (D f) (w) = (iw)zlf(w)-

Proof. The proofsin [9] canbedirectly adaptedor complex exponentssinceboth GammaandBetafunction have
analyticcontinuationgo thecomples halfplaneRez > 0. !

The complex B-splinesp; satisfya recurrenceformularelatingthe B-splinesof degreez and z — 2. Thisis due
their DePnitionl, wherethe complex degreez splitsin z + 1/2. Moreover, the correspondinglifferenceoperatorA;
behaes as aweightedsumof fractionalderivatives:
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Proposition7. (i) The shifted complex B-spline 5 = ﬁfj_r; ;’ satisfies the following recurrence relation:
- +%*2 2 )(x_y)2+17122* 2 x_y_%*z 2
)y=——=—B“(x+1) -2 X)) ———=—BT(x -1 11
By (x) -1 By ( ) -1 By " (x) -1 By ) (11)
forallRez=a > landall y € C.
(i) B3 % B30 = i1 0).
(i) Explicit differentiation formula:
+
AP = 03By (12)

where 95 is a fractional differential operator, defined in the sense of tempered distributions:

r 1 *
%)K(z, ¥)—0oDf f (1) + K (2, =y) —0cDZ, f(=1) ,

with k(z,y) = ¢TI GADE 4 iy i@DE pg

I f(1) =

!

_Oonf([): (l‘f(% A

—00

(13)

Proof. Theproof of (i) isadirectextensionof the oneof [9, Proposition2.6] for real-valuedfractionalB-splines.

Fromformula.(6), we easilyse.ethatAﬁAizgf(x) = .A;ifyzzif(x). Takingth_eFouriertransformyields(ii).
In orderto verify (iii), we considerthe Fourierdomainversionof theright sideof Eq. (12):
) o™ ) ) 5
B Fiy w54y 5
Ai, ;i (W)="1—¢"% 277"1—¢7'¥ 2 ﬂ;i(a))
0T " ) e E

= (—iw)? 7V (iw) 7T

iw —iw
= (—iw) 2 (iw) 277 BT (14)

Next, we simplify the Prsttwo factors: (iw) 21 (—iw) 27 = |w|?e!?™ S9M@) We then calculatethe generalized
inverseFouriertransform:
& & " . .

7 —iwt e : ciweng,. L+l 7 e

wie dw + o= e dow = o= i + i
R R

—iym iymw

*
F —1) |w|zeiyn’ sign(w) (t) — €

*
_ I'z+ 1))efiynef(z+l)i%sigr(t) 4 VT oD F signn) ’
27 |t]7+L

which holdsaslongasRez > 0and z ¢ N. Inthecasez =n € N, theterm %(eiJ'”S(”>(—t) + e~ 7§ (1)) hasto be
addedo theresult.
Sincemultiplicationin Fourierdomainis a convolution in time domain,we get
& 71+2
z+1) ﬂy_(s))_4 . T i o T ¥
Z pz _ 1=y iyw ,—i(z+1) % sign(t—s) iy i(z+1) % sign(t—s)
ASBy () = o= PR e e 2 + e 2 ds

R

_T'z+1)
T 2n

with «(z, y) and _.,D? asgiven in thetheoremThis concludegheproof. !

*
k(2 Y) —0oDEBTS (1) + K (2, =) oD% BT (—1)

Note 4. Usingintegrationby partsandCaucty® principle value[24, p. 411.], _ooD% f(s), f € D(R), canbereduced
to avariantof the SturmBLiouvilleor the Caputofractionalderivative. In fact,forn — 1 < o < n,
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* re
o S
_OQD[ f(S) = m dS
—00
L —f—e) [l —e) fo Ve —e
= lim — =
>0 &% -« el a(a—1) etl=n . g(@+1)--- (@ +1—n)
L £ ) ;
.
(t—s)tl . g@+1)---(a+1—n)
—00
Thelasttermis ascaledversionof Caputofractionalderivative (see[25])
&
(n)
CDYf(r)= S g O<n—1<a<n), (15)

Ma+n) (t—s)xtlmn

whichfor « = —o0 is equivalentto the SturmbLiouvillefractionalderivative. Theseoperatorgrovide aninterpolation
betweenintegeordederiatives.Indeedf afunction f hasn + 1 continuousandboundedderivativesin 1—oo, ],
which vanishat —oo, thenlim,_., € . DY £ (t) = f ™ (1).

The real-valued version of the Caputofractional differential operatoris usedfor the analysisof steadystate
processe.g.,fractionalorderdynamicsystemswith periodicinputsignals,wave propagtionin viscoelastionate-
rials, etc.[25].

6. Multir esolutionanalyseswith complexB-splines

As their real-valuedcousins the complex B-splinesgeneratalyadicmultiresolutionanalysesi.e.,they generata
sequencef spaces

Oyc.---CcV_1CVoCViC---CL%R)

with thefollowing properties:

L2 3
() ;Vi={0and ;V; =L3R),
(i) feV;if andonlyif f(277e) € Vp,
(i) f e Vpif andonlyif f(e —k) € Vpforal m € Z, and
(iv) thereexistsa function ¢ € Vp, calleda scaling function,suchthat {¢(e — k)};cz forms an orthonormalbasis
of V.

Thekey propertyof amultiresolutionanalysiss atwo-scalerelation.It relateshespaced/; and V;,1 by adilation
of their generatorghere thecomplex B-splines).

Proposition 8. The complex B-splines 8* and ,8; satisfy the following two-scale relations:

#
z+

|
: 1

prx)=27"° X B*(2x — k)
k' 0

and , .

! cz4 1

By =27 1T k).
keZy

for Rez > 0and y € C and almost all x € R.

. . $ . .
Proof. If thereexistsatwo-scalerelationp* =, hiB*(2 e —k), thenthe (h; )<z arethe Fourier coebcientsof
thefollowing frequeng responsef therebPnemenblter:
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pRo) _, (o)t d-e2 2 ) e 1D aH Ll g

BZ (@) (Zia))Z*l 1- efiw)erl 2z+1 2z v o k

HY(w)=2

(16)

almosteverywhere.This functionis clearly 2 -periodic,andthus correspondso a digital convolution operatoythe
rePnemenblter.
For ﬂ; we get

N ) _,'2‘,)*24»17,)1 )iZm*ﬂ+y
Biw) A rY g 2 o RS
Hi(w) =22 =2y 2 :2—2)1+e—’w 2 y)1+e“” 2 H
y ﬂ;(a)) )1_.671'(0 ”2’ -y )1_€im *JE +y
L —lw
= H:(w + 27) almosteverywhere. 17
y

To deducethe Fouriercoebcientsof Hy, we usethe Caucly productformulawith the generalized/andermondeb
Chucorvolution formulaandderive asin (5)

" # " #
H; () = 22 : iZ:I-k_ y e*ika) ! %l—i_ y eilw
k! 0" Ino . ,
! z+1 "o Poloz+1h
— 2_Z z+1 e—l(l)n — 2_Z ' ' e—la)l’l‘
nez Tz oy n nez y+n

This concludeghe proof. !

Theorem9. Let Rez > Q. Then the spaces

[ 4 4
x—2k
V; =span g ‘L kez P® ey,
resp.
( n _ H /I
x—2k

V; . =span f; kezZ P® ez,

2J

form dyadic multiresolution analyses with scaling function B, resp. B:.

Proof. To prove that 8 generates multiresolutionanalysis,we have to checkthe following threeconditions[26,
Theorem2.13]: (i) {B%(e — k) }rez IS aRieszsAequencén L2(R), (i) the existengeof two-scalerelation,which was
alreadysh(wn in Proposition8, and (iii) that ¢ is§ontinuou&1t the origin and 5%(0) = 0. From (i) we candeduce
that ., V; ={0}; (i) and(iii) givethedensityof ;_; V;in L?(R).

We brstshaw that{8*(x — k) }rcz formsaRieszbasisof Vj. It isenoughto show the existenceof constantsA and
B suchthat

0<A< f(w—21k)?<B<0 amosteverywhere
keZ
Thecentralpartcanberewritten as:
| [ ] 1 1 [ [ [
' '3Z(w+2nk)'2=' 'Bi(w+an)'z'e_””'”'Q(’”*z’”‘)"z'e’”argm“’””k)'z. (18)
keZ keZ
For t@e fractional B-splines ¢, it is known [9, Proposition3.3] that there are positive constantsA, B suchthat

A< 7B @ + 21k)? < B for dmostal w € R. Singe eIyl ey A92(w+2mk) 12 < p2mlv] | \we deduce that

. . . « PR A .
{B*(e — k)}rez is a Rieszbasisin Vy. Moreover, ¢* = 8%/ ez, |B% (e + 277k)|? generatesn orthonormalbasis
of V.
Theremainingstepis to prove (iii), whichis obviousfrom the depPnitionof the complex B-spline.This concludes
theproof for . An analogargumentatioris applicableas well for g5 and Vo ... !
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Usingthefactthat 8 € L1(R) N L2(R), we cgndeduce‘rom (9) thatB*(27wk) =0forall k € Z\ {0}. ThePoisson
summatiorformulayieldsthe partitionof unity: = , ., 8%(x — k) = 1 amosteverywhere(seealso [27]).
To avoid explodinggrowth of the Rieszboundsin (18)it is advisablgo keepy reasonablymall; say y € [—1, 1].

Note 5. Sincethe Plter H? hasinPnitely mary non-vanishingFourier coefcients,animplementatiorof the corre-
spondingmultiresolutionalgorithm via Plteringasgiven in [15] is inpractical.As we saw in (17), the Plter canbe
representeth aneasilyaccessiblelosedform. This suggestanefbcientimplementatiorof the blteringalgorithmin
Fourierdomain,asproposedn [18].

7. Gaussianshape

TheclassicalB-splinesg” areknown to corverge to Gaussian$28]. In thefollowing we examineto which extend
thesameistruefor thecomplex B-splines.

Theorem10.Let z = a +iy and y € C. Then, for a — 00, and fixed y € R the complex B-splines converge pointwise
in the Fourier domain to modulated and shifted Gaussians:

" #67 ) 2 52 8 oo
im f2 —2 Va0, T 28 Blerl oTe — lm 140 -2 =1, (19)
a— 00 /oo + 1 a—00 a+1
resp.
. " . "
lim g2 —2 675’«"%;‘5—28— im1r0 72 _1 (20)
a—oo ¥ a1 T a—oo a+1 7

From theseestimateswe seethat the parametery (resp.,y) act like a frequeng shift in ¢ (resp.,B;). This
cornvergenceprocesssillustratedin Fig. 7.

Proof. Asw — 0, we have that

"o # 00 " #Zk ! #
1_6_”0 _je Sln%) i ! k 1 w ) 0)2 (1)4 ) 6*
- 2 = 2. Y =e¢'2 1—-—+4+ —-+4+0 . 21
i ¢ 2 ¢ k_o( Vil 2 ¢ TR TR (21)
Thus
" . " " HH# " #
1—e¢ i@ ‘o ®? ot ) &F ) 0 ot ) &F
n — =Ine'2 1—-—+-— +0° =—i—+4+In 1- —+—+0w® . 22
io ¢ 20 T TP 2t 24 T3t (22)
Now, we make useof thefollowing expansiorvalid in aneighborhoodf x = 1:
_12 _13 *
Iy=(—1_ - &1 +O)(x—l)4.
2 3
Thus,for w — 0, we have
" #
2 4 ) * w2 ) *
N 1-—+-—+0° — 4+ —*+0'e°
N t- ottt 22 T5ea® TP

andtogethemwith (22)

. #
1—6‘_'“) i (1)2 1 4 ) 6*

n ——— =——owv——+—0"+0w
iw 2 24 564
Thisyields
" # * *
: ) 9} N 23 ) w?
Bz @ :e—’z«/a+lwe* 276 my_,_lﬁ +2<J;+1)+O a+1

Ja+1 ’
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Real part Imaginary part
T T

Absolute value

; - . . 2
Fig. 7. Corvergenceof A5 (w) to a Gaussiar(dottedline) e~ /24f0ra=2,3,...,6. Alreadyfor smalle, therealpartandabsolutevaluetendto
a Gaussianywhereagheimaginaryparttendsto zero.

resp.

A " w # i @ 2 ) o* * iy ) 2 ) o* >

ﬂZ B — :ely a+leiﬂ+o at+l ga+l 7ﬂ+o a+1

Yo Ja+1
for o« — o0, y € C, pointwisefor al w € R. Thus
" # . " #
) ) w V3 2 2
Bz w poVetlo, fﬁ—#ﬁ@ 2_2(;;_+31) 140 W ’
Va+1 a+1
resp.
" # , "
Az w —iy 2+ Iyw
— ¢ a+1 — 1+ O

Py Va+1 a+1
for « — oo. This givesassertion§19) and(20). !
Note 6. Fromthe abore calculationsonededuceghat

" 4 " . , "
4z @ _ —w?/24 Lyw . w w
- —— = 1+ +1 +0
Y Jaxl oAt TC at1

pointwisefor o« — oo and bxed y € C. Thus,B-splinesof fractionaldegreecorvergein orderO(1/(« + 1)), whereas
theshifted splinescorvergein O(1/Va + 1).
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Theorem 11. The complex B-splines converge to modulated Gaussians in LP (R) for 1 < p < 00

# *
. ) v V3
?Az ° — e 2vetlo, T 2% - TR 2+2<‘””%—>0
Ja+1
and on n 0
f Y
@} — ¢V Vat1 4% —0
Joa+1 P
Sfor o — o0.
In time domain for 2 < g < 00
f 9 6 3y 2 6y ) \/TH* )1 6) ot+l**2?
Bat1p(Vatle)— —eteme vt 2 (~3/6e=351 %0
T
q
resp.
9% 9__
6 6y2
f a+1pi(Va+1e)— —euile *e 6 %—w
b4
for o — oo.

The rate of convergence in all four cases is O(1/(a + 1)).
The limits in time domain are also true pointwise.

Proof. In[28] it is shovn that

" ro H#eo TR
sin—Z&_ ] i w 2
e <e + Q= x-1,11) 2 (ro)?2

Vot ()

for al w € R andall « > 1. Thefunctionon theright-handsideis integrable,in L7 (R) for 1 < p < oo, and indepen-
dent of «.

Thus we have
: " #: : " #: " . ® # 1
GO e @ g e Ty
Voa+1 ) Voa+1 ) #2 %+1 )
2
_ o w 2
< (4n2) 1— y_ — . . 2””"’ 23
e + A=) o w2 € (23)

andananalogresultis truefor 3; and 5,‘3. For theapproximantve have

(3

5 % "y, 1 ! ) * 21

: iyy —L_o _ _o v Voo L b4 2 _1
Lot 2@ WD ' ' p2 Vel %1 = o 2 02 tOam < 2o 3" (24)

Themajorantsbothin (23) and(24) areindependentf « and thus,by Lebesgue@ominatectorvergencetheorem,
we have convergencein L”(R), 1 < p < oo:

% " # . B/
. . NE
%Z _e*l?\/r‘Hb67 2/6 ﬁf *2%1)%
\/0[+l wP #
0 * 9
. N 23 7 ).2* 8
B s O ({é =0 11 ~ 0 )
P o+

and the same for .

# &
% —eiyﬁf%(% =0 1

9 =
Y Ja+1 (1), a+1
fora — oo. SincebothBZ, A}Z, e LY(R)N L2(R) we bndby theHausdorf®Younginequality[29] andFourierinversion
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% 8 2t e 0y o el
- 6y a+1 @ 2
f)&/a+1ﬂz(v +1e)— —62<a+1)e Varl om 3B ‘/;
q
(f " # "
<y

® —Lat1e +2a 1?
—— —e 2 e N— Ja_ﬂf (et 0O — -0
Joa+1 +1
for « — oo and
% 9__
6 }’2 — Y o
f a+1pi(Va+1le)— R A O
big
0 n # n
B . NP

<c% % -0 — -0 fora— oo,
Y Ja+1 » a+1

foril<p<2andi + = =1. In bothcasesthe constaniC is positve andonly dependsn p.

Theoreml0 aIreadygave the pointwisecornvergencein the Fourier domain.Sinceboth % and E) areelementsof

L1(R), we deducethe correspondingointwisecorvergencein time domainby Fourierinversionandthe dominated
corvergencetheorem. !

The SO

8. The Heisenbeg uncertainty bound for ! 5
The asymptoticsof the previous sectionsgive hopethat the complex B-splinesg; corverge to optimally timeb
frequeng localizedfunctionsin the senseof Heisenbey; i.e.,
: . &

L} ' :/\ : 10 0
5 B dr wzﬂ;(w)zdwzé%;‘@,
R R

with equalityasRez = o — oo.

Theorem 12. For Rez = o — 00, the complex B-spline B5 satisfies the lower bound of the Heisenberg uncertainty

principle:
1_ Ve T Top(Vat ol % ) *%
25 BTl “/sBy 7o “/2
o2 o LY pes (26)

2 Ja+1 a+1 2

Proof. Weshav thatgy' is approximatelyoptimally timebfrequenglocalizedfor « — oo, i.e.,its Heisenbey uncer
tainty productcorvergesto % Thereforewe usetheasymptoticsor g5:

" #
’\z _ —w2/24
S Gg == 0@,
6
Jim Va 15 (Ve 10 = 2% _ G(x). 27)
b
Applying thetriangleinequalityfor « large enough, we get

% %
I0)f; (Ve + o)1 %ﬁy Vorhy A

2\ el W == %
? )A) . * A*%
Yokl

@I — G@ + Gl ) 6
183 (Va + 1o) — G (o) + G(o)|2 ‘Vsay

«/a+l -
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B D) oY
IO T 10~ D)l + )G1 ) B el G %+ 1)z

IGll2 = 185 (W + 1) — G2 1Gll2 — BZ’h 072'

Sincewe alreadyknow from the proof of TheoremslO and11that

0 0 of # & " #o" #
lim ‘%g(\/aﬂ.)—cffgz lim %5 ﬁ —Gé— lim O \/o% +0 aZ—l =0,
o—> 00 - o—>00 o oa—>00

and

I®Gllz lI(®)Gll2 _ 1
IGll2 Gl 2
it is sufpcientto show

a@qw%.)) Bi(Va+ Le) — G*%Z) =0 (28)

A [ ] A
lim z -G =0.
S8 By = }02)
In fact, (29) canbe deducedrom (23) and (24) with Lebesgueiheoremof dominatedconvergence sincethe
multiplication with  leavesthe termsindependenof o« anddoesnot brake L2(R) integrability for « large enough.
Moreover, (29) corvergesattherateO(y/Va + 1) + O(y/(ax + 1)).

To verify (28), we notethat

and

(29)

2
G()— 12611)/24’

andthatit i |s equvalentto sh(w that

0
lim éﬂ 1 @% =0 (30)
a—>00 /o + 1 % ’
since mult|pI|cat|on with polynomialscorrespondﬂo differentiationin Fourier domain.We Prst prove pointwise
corvergenceandthenbPndamajorantindependenof «.
For (ﬁ;)’, we have

P BV P ), )
. i . ) .
)35*’(w)=/§2;‘2(w)4sn g "Hlycos'y —(z3+ 1sin § +iywsin 4
e+1 ) )
/32 2(w) —Yw-i-(z—i—l)o w® +iy—iyO w? forw — 0. (31)
*
N/ w
Now, we consider _(ﬂ ) ; N asneede?n (30). ,
1 )3* 2 1 g2 _©
Va+1 Jetl Jarl® Jatl u
1 1 * . *
. it © z+ 3O)a)3 by iy O) 2
12 Va+1 JoF1 a+1
" #" : "oa# ", ##
— p—2 w @ lyw 10 ) iy _iy0 w
y «/O[—i—ll' 12 #12(01;1—1) # a+l /a+1 mB
@ %ip0 2 +0 7 for @ — oo
= ——0¢ o
12 Ja+1 a+1

andall bPxed w € R. Here,we used(27) for the corvergenceof 35‘2.
We show thatthefunction(31) hasanintegrablemajorant,whichis independentf «. In the brststep,we consider
the inBuence of y. Thenwe estimateheremainingterms.
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Step 1. Clearly, . .
‘)Bﬁ (@) <A@ f) < B"‘ 2.0y f(w) o2l

where
) *) * ) * ) *% ) *
. 4sn'y "Hlocos'y — (+Dsing +iyosin g sit’e
flw) = >3 = f(w) +4iy (32)
Thus,
! " #oo " # . " #.
L gt e ipee @ il @
Ja+rl'? Ja+1 * Ja+1 Jo+1T Ja+1
We estimatethe y—dependenpartin (32):
- - )
L 4y Sl gl by sir 2«@ ! |yl
' ) 2 T ) 2
v 1 o Vi 1 o «/ 1
ot Vo+1l @+ 2Va+1 o+
for « large enoughandfor al w € R. To &ctimatethefunctionﬁf;‘—z, we follow [28].
! " #. a1 #, 1 " H#o_
CAyeD w .<.«/a+ W 1_ Va—1t Jag1 et
* Varl % 3 Vo1
Z a1l Hat
Ao — 1.7 L 2 z 8e
= " 1+ < —
3 a—1 w
foral w>va+1 For w € [0, 2/ + 1], we make useof thefactthat
. | _ising Z"‘ 1t e
B w) = 2 < 1- —
2 2
forall w € [0, 27]. Thus
VBYT < 1—-— < 1- N *
P Jo+1 m)2(a+ 1) 472(0 + 1) T o 2
A72(a+1)
_o? 1
<e m)l——iz*i for w € [0, 2V + 1]. (33)
b4
Step 2. We brstbndanintegrablemajorantfor the part
" # " #
P_— w 1 w
. . 34
* Va+1 x/a+1f Va+1 (34)

As we have seerbefore, |5 2()| < |B%~2(w)| - €277 . Notethatit is enoughto considerw > 0, since(82)' (—w) =
—(B2) (@)

First case: w > 2/ + 1

Wehave | f ()| < 4|z + 1| 5(%5 +1). Thus

: n #I " # " #
1 . w ' 1 w 1 1
f v<Alz+ e+ ) ——+1 <4z+1@@+D +
Vor1l Va1 0 2Jatl 2Vatl Jail

<6 a+1+y2

For thefractionalsplines,we get
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B o 1| 't # " #os
ez @ 2MeRTE VR T Vad T 83 2 21<ﬁ4_3ﬁ'€
* Vat+l 0 o e o —1 = g3 a—1 = g3

*
fora >4 andw > 2V +1, since)é ' < 3x—*é§ for all x > /s and s > 3. The completetermthuscanbe estimated

: n # " #: 5 5
P w 1 w ' 3V 3e 6 2 i 18/3¢ 2 2w
'Oy . P % Ol~|—1+ e S—)—*— 1+ el
Py Ja+1 ¢a+1f Va+1 ’%)3 Y g ? v

forw>2va+landa > 4.
Second case: w < 2/a +1

Thefactor|5=%(w)| < |B2~2(w)[e2"™ in (34) is estimatedasin (33).
For thesecondactor we have
* * *
sing z4+1 %cos % —sin%
2 2 - 2
flo)=—5% "2~ 5

2 2 2

w
2
For x € [0, 2], sinx — x cosx < x3, since both sidesvanishat zeroandthe |eft-handsideincreaseslower thanthe

right-handsidein thisintenal. Thusfor al w € [0, 2/« + 1]

, #, 5
: 1 w L 1 |Z+1|- 1) <% 14,2

«/ot—i—lf Jo+1 '\\/oz—l—l 2 NZES
for o large enough. Together, we bnd
n #:

:1f o i 1 _;_22<'1+y2_;_22
, ' < e mew < —)—*—6 =,
Va+1l' Ja+1 2)1_«/1?/22 21_71_122
e
since0< e &2(1—we 82)istrueforal o> 0.
Combiningthe brstandsecondstep,we Pndthatfor « large enough
" 1 w2 1 ) *# o |5
82 2
max ?1_—%*5e 8r? | 18«/§e)g*§ 1— 1@ -2 14y
g

1 *!

~

ﬁ(ﬁi)’ e " which isindependent of «. This concludegheproof. !

is anintegrablemajorantfor
Note 7. The order of corvergenceof the Heisenbeay productto 1/2 is O(1/+/« + 1) for comple B-splinesﬁ§, and
O(1/a + 1) for thefractionalones.Again, the shift in thefrequeny domaincausedy the complex exponentresults
in aslowerrateof corvergence.

9. Conclusions

Comple B-splinesappearto be a naturalextensionof the classicalSchoenbeg B-splinesaswell asfractional
B-splinesto acomplex-valuedsetting.They satisfyall thepropertiesof ascalingfunctionandgeneratenultiresolution
analysesThe correspondingebnemenbltersareinbniteimpulseresponsédlters, but dueto the closedform of their
frequeng responsethey are well suited for a Fourier domainimplementatiorof the respectie discretewavelet
transform.The complex B-splinesarewell localizedin time as well as frequengy domain,andcorverge to optimally
timebfrequenclocalizedfunctionsin the senseof Heisenbey. This andthe four adjustablegparametersyhich allow
to tune smoothnessmodulation,and frequeny enhancementnight be interestingfor signal and image analysis
applications.
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