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Lecture #3
Part I: Introduction to Computer Technologies

Numbering systems, Codes 
and Boolean Algebra
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Ones ComplementOnes Complement
! The 1s complement of a binary number of a 

binary number is derived by subtracting each bit 
in the number to be complemented from 1.

! e.g. 1s complement of 1100 is 0011
1 1 1 1
1 1 0 0
0 0 1 1 (1s comp)
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Subtraction in 1s ComplementSubtraction in 1s Complement

14(10)-2(10)=12(10)

Carry = 1 
→ positive result

7(10)-9(10)= -2(10)
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2s Complement2s Complement
! Twos (2s) Complement = 1s complement + 1.

11(10)-5(10)=6(10)

Carry = 1 
→ positive result

8(10)-12(10)=-4(10)
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Class ExerciseClass Exercise
! Subtract the following binary number using 2s 

complement.
0 1 0 1 0 0 1 1

- 0 1 0 0 - 0 1 0 1
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Sign BitSign Bit
! A single bit, usually the leftmost bit, may be used to 

distinguish positive and negative numbers. The meaning 
of the sign bit can be fixed arbitrarily. But normally,

sign bit
0      - positive number
1      - negative number

e.g.  -5(10) = 1101
+5(10) = 0101

– Note: the magnitude of a number is represented by the lower 
three bits
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Sign BitSign Bit
2s Complement1s Complement

The leftmost bit still indicates sign.
– In two’s complement representation, two numbers can be 

added simply as two positive numbers e.g. 6 + (-2)= 4
– Overflow occurs whenever the sum of two positive numbers 

yields a negative result or when two negative numbers are 
summed and the result is positive. 
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Hexadecimal Numbering SystemHexadecimal Numbering System
Hexadecimal is a convenient shorthand for a long string of binary 
digits:  simply group the bits into sets of 4 and replace by the hex 
equivalent in order to convert from binary to hexadecimal. It has a 
base of 16. Example, 1001 1100 1111 0101(2) = 9 C F 5(16)
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BinaryBinary--Coded Decimal (BCD)Coded Decimal (BCD)
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Gray CodeGray Code
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ASCII CodesASCII Codes
! American Standard Code for Information Interchange
! The ASCII encodes the letters in the alphabet as well as 

numbers, it is an alphanumeric code. It is a 7-bit code 
that allows representation of 128 different characters and 
commands, including

upper-case and lower-case letters
decimal numbers
punctuation marks
special symbols
command codes for formatting text

! Extended ASCII: 8-bit code allows for 128 additional 
graphics and international characters.
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ASCII TableASCII Table
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Extended ASCII CodesExtended ASCII Codes
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Boolean AlgebraBoolean Algebra

Every Boolean expression has only 
one of the two possible answers:

True or False.
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Boolean Algebra Boolean Algebra -- The Mathematics of LogicThe Mathematics of Logic

! Boolean variables A, B, C, D, E  etc. represent 
quantities which have only one of two possible 
values (binary); and

! Basic Operators on Boolean Variables

Product (AND)     + Sum (OR) Complement (NOT)

A • B or AB          A+B A
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Basic Properties of Boolean AlgebraBasic Properties of Boolean Algebra
! Associative: 

(A+B)+C=A+(B+C)=A+B+C
(AB)C=A(BC)=ABC

! Commutative:
A+B=B+A

AB=BA
! Distributive:

A(B+C)=AB+AC
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Other Properties of Boolean AlgebraOther Properties of Boolean Algebra
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Venn Diagram Venn Diagram 
! The Venn Diagram is made up of two or more 

overlapping circles. It is often used in 
mathematics to show relationships between sets.

A

B
AB

A+B
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The Venn DiagramThe Venn Diagram
! Property: A + AB = A

Proof using 
Venn Diagram:

! Property: A + AB = A+B
Proof using 
Venn Diagram:

Venn diagram

A BAB

Venn diagram

A B
AB
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DeMorgan’sDeMorgan’s TheoremTheorem
The complement of the SUM function is equal to 
the PRODUCT function of the complements.

A + B = AB    <===>  AB = A + B

Expansion:
A+B+C = ABC
ABC = A+B+C

A B A A

B B A + B

AB
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Simplification of ExpressionsSimplification of Expressions

(A+B+C)(A+B+C)

=AB+AC+BA+B+BC+CA+CB+C

=B(A+A+1)+C(A+B+1+A)

=B + C
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Truth TableTruth Table
Truth table tabulates all possible results of an 
expression, e.g. Proof of DeMorgan’s Theorem:

A + B = AB 

1
0
0
0

A+B
0
1
0
1

0
0
1
1

BA
1
0
0
0

AB
0
1
0
1

0
0
1
1

BA
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Logic GatesLogic Gates -- Building Blocks of Digital CircuitsBuilding Blocks of Digital Circuits

0
0
0
1

0
1
0
1

0
0
1
1

ABBA
! AND Gate

Output = AB

! OR Gate
Output = A + B

! Inverter
Output = A

A output

A

B

output

A

B
output

A

B
output

A

B
output

inversio
bubble

0
1
1
1

0
1
0
1

0
0
1
1

A+BBA

01
10

NOT AA



ITM 1010 計算機與通訊技術 24© 2003 香港中文大學 電子工程學系

Complete Set of OperationsComplete Set of Operations
OR, AND & INVERTER together form a complete set: 
any Boolean function can be constructed from a 
combination of these three gates.

! NAND 

! NOR

A

B
AB

A

B
A+B A

B

AB

A+B

AB
AB

A B
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Yet Another GateYet Another Gate
Exclusive-OR (XOR):
This is useful as it is 
functionally equivalent 
to binary addition.

Properties:
– Commutative
– Associative
– Distributive

BABABABXORA ⊕=+≡

0
1
1
0

0
1
0
1

0
0
1
1

A xor BBA

ABBA ⊕=⊕

( ) ( )CBACBA ⊕⊕=⊕⊕

( ) ACABCBA ⊕=⊕
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DeDe--Morgan’s Theorem in Logic GatesMorgan’s Theorem in Logic Gates

BABA =+
A

B

A

B =
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Logic Functions using Logic GatesLogic Functions using Logic Gates

C
0
1
0
1
0
1
0
1

0
0
0
0
0
0
0
1

0
0
1
1
0
0
1
1

0
0
0
0
1
1
1
1

FBA
A
B
C

F

F = ABC

The term ABC can be written directly from the truth 
table as it corresponds with the binary pattern 111
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Logic function implementation Logic function implementation -- SOPSOP
This is usually called a sum-of-products (SOP) configuration.

C
0
1
0
1
0
1
0
1

0
0
1
0
0
1
0
0

0
0
1
1
0
0
1
1

0
0
0
0
1
1
1
1

FBAA

F

C
B

CBACBAF +=
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ProductProduct--OfOf--Sum (POS) ConfigurationSum (POS) Configuration
Product Of Sum obtained from 
truth table by making use of 
DeMorgan:
– OR (sum) the complemented 

inputs needed to get a low output 
in the truth table and AND 
(multiply) all such sums together

A

F

C
B

( )( )( )( )( )( )CBACBACBACBACBACBAF ++++++++++++=

C
0
1
0
1
0
1
0
1

0
0
1
0
0
1
0
0

0
0
1
1
0
0
1
1

0
0
0
0
1
1
1
1

FBA
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ProductProduct--OfOf--Sum (POS) ConfigurationSum (POS) Configuration
In the POS extraction, each variable 
in a set of input variables that 
produces a low output is ORed
together with other variables in that 
set. Afterward, each set of ORed
variables that produce a low output is 
ANDed with other sets that produce 
low outputs. Extraction of the 
variables that produce low outputs is 
done in complementary form.

C
0
1
0
1
0
1
0
1

0
0
1
0
0
1
0
0

0
0
1
1
0
0
1
1

0
0
0
0
1
1
1
1

FBA

( )( )( )( )( )( )CBACBACBACBACBACBAF ++++++++++++=
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SOP Extraction vs. POS ExtractionSOP Extraction vs. POS Extraction
! When an SOP expression is extracted from a truth table, 

the expression is written to represent each high output 
condition. This is because the OR gate will output high 
when any of the sets of input variables produces a high 
output from the AND gates.

! When a POS expression is extracted from a truth table, 
the expression is written to represent every low output 
condition on the truth table. This is because the AND 
gate will output low when any of the sets of input 
variables produce a low output from the OR gates.

! Using DeMorgan’s theorem, expressions for SOP and 
POS are proved to be equal.
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Some DefinitionsSome Definitions
! Minterm: product term containing all input variables of a 

function in either true or complementary form
e.g. F= ABC

! Maxterm: sum term containing all input variables of a 
function in either true or complementary form

e.g. F=A+B+C
! Canonical Form: a function expressed in either fully

minterms or fully maxterms
! Literal: each occurrence of a variable of a function in 

either true or complementary form
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Design MinimizationDesign Minimization
! Reduce Hardware
! Reduce Number of Inputs

May be realized in Boolean 
expression by having 
– minimum number of terms
– minimum number of literals
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Design Minimization using Boolean AlgebraDesign Minimization using Boolean Algebra

Example

no. of terms = 6

no. of literals = 18

The above expression may be simplified using Boolean 
algebra to:

( )( )( )( )( )( )CBACBACBACBACBACBAF ++++++++++++=

CBACBAF +=
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