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Abstract— In this article, an efficient transient analysis method
for high-speed interconnection and packaging problems is pro-
posed. The method is committed to a full-wave generalized partial
element equivalent circuit (G-PEEC) model with guaranteed
stability and causality. With the proposed method, the full-
wave G-PEEC model is represented by a few static compact
subcircuits that are derived by applying the micromodeling
circuit method to the G-PEEC model at a few discrete frequency
points. Its transient response can be obtained by a linear
combination of responses of the compact subcircuits, which
can be simulated by the transient analysis method of SPICE.
By adopting the compact subcircuits, which is an order reduced
G-PEEC model, the transient simulation can be speeded up
by two orders of magnitude when compared with the case if
the subcircuits are generated directly from the G-PEEC model.
Since the compact subcircuits are static, physically meaningful,
and passive, the proposed transient analysis is with guaranteed
stability and causality. Moreover, a frequency compensation
strategy is proposed for preparing input signals of subcircuits to
avoid the Gibbs phenomenon. Finally, three numerical examples,
including eye-diagrams for a practical multilayer interconnection
problem, are given, demonstrating the effectiveness, accuracy,
scalability, and simplicity of the proposed method.

Index Terms— Causality, electromagnetic (EM), frequency-
dependent elements, passivity, signal integrity (SI), stability,
transient analysis.

I. INTRODUCTION

AS THE demand for high data rate and compact electron-
ics systems increases, the density of circuit board layout

and the complexity of the packaging and interconnection
circuits continuously increase. As such, the dispersion effects,
including the parasitic radiation and frequency dependence of
the circuit components that were conventionally approximated
by a static circuit model, have to be brought into design consid-
erations. Therefore, a full-wave model is needed to accurately
describe the ever-increasing complex full-wave electromag-
netic (EM) phenomena presented in high-speed circuit struc-
tures for an accurate understanding of signal integrity (SI)
characteristics. In this regard, a stable, causal, accurate, and
efficient transient analysis method, which is suitable for a
full-wave circuit model, would be highly desirable to the
industry.
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Traditionally, a time-domain response of a full-wave model
relies on the convolution-based methods, by which the time-
domain response for a given input signal is obtained by
convolution of the input signal with the impulse response
of the system if it can be reliably available. There are
two categories of the convolution-based analysis methods:
the numerical convolution-based methods [1]–[11] and the
recursive convolution-based methods [12]–[18]. The numer-
ical one generates a numerical impulse response from the
frequency-domain response using the inverse fast Fourier
transformation (IFFT) [2], [3]. Such methods require mas-
sive samples of the frequency-domain response, which may
be expensive to obtain through EM simulation. Due to
the limited bandwidth of the frequency-domain response,
the direct IFFT may violate the causality, thereby result-
ing in inaccurate SI quantities [19], [20]. To tackle this
problem, many causality enforcement approaches were pro-
posed [5]–[10]. Such approaches may need to alter the orig-
inal frequency response to retain the fidelity to a certain
extent [21]. Moreover, the Gibbs phenomena and aliasing
errors caused by the band-limited frequency-domain response
and input signal will be accumulated, leading to the instability
problem [11].

On the contrary, the recursive convolution-based method
approximates the frequency-domain response as a rational
function, such as the vector fitting method [12]–[15] or the
asymptotic waveform evaluation (AWE) method [16]–[18].
Then the impulse response in time-domain can be derived
from the approximated rational function, which is in the form
of a sum of exponentials. The vector fitting method also
needs the response in a sufficiently wide frequency band to
include a sufficient number of system poles [22]. Meanwhile,
the AWE method derives a rational model from the state-space
matrices [16]. The method may not be suitable for a full-wave
EM problem because the state-space matrices obtained from a
full-wave circuit model are frequency-dependent. In addition,
the passivity of these rational models cannot be assured, even
when the system is stable [4], [23].

In this article, an efficient transient analysis method for
high-speed interconnection and packaging problems is pro-
posed. The method is committed to a full-wave gener-
alized partial element equivalent circuit (G-PEEC) model,
in which full-wave EM effects have been accurately reflected
by self- and mutual inductances, capacitances, and radiation
resistances [24]–[26]. With the proposed transient analysis
method, the full-wave G-PEEC model can be represented
by a few static and passive compact subcircuits that are
obtained by applying the micromodeling method at discrete
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frequencies [27]–[29]. The most attractive feature of the pro-
posed method is that it turns a transient response problem of
the full-wave G-PEEC model into a few numbers of transient
analysis problems of static and passive subcircuits, which can
be computed independently by a traditional transient analysis
tool, such as a SPICE-like circuit solver with guaranteed sta-
bility and causality [30], [31]. Obtaining the transient response
of the full-wave G-PEEC model becomes a linear combination
of those of the subcircuits. Therefore, unlike the convolution-
based methods, which heavily rely on the quality of the
frequency-domain response and require mathematics-involved
causality and passivity enforcement processes, the proposed
method executes the transient analysis of a few static and
passive subcircuits efficiently.

Although an earlier conference article [32] reported some
preliminary results of the concept using direct subcircuits
generated directly from the G-PEEC model, four important
aspects that ensure a stable, causal, and accurate transient
response of a full-wave G-PEEC model are addressed in
this work: 1) adopting the micromodeling circuit method for
generating passive compact subcircuits; 2) finding an optimal
sampling strategy for obtaining the subcircuits from a full-
wave G-PEEC model; 3) eliminating the Gibbs phenomenon
in the transient analysis by introducing a compensation scheme
in preparing input signals of subcircuits; and 4) approximating
the frequency response as a continuous function.

Overall, the proposed method exhibits the following unique
advantages.

1) The transient analysis can be accelerated by two orders
of magnitude using the micromodeling circuit method.

2) The obtained transient response is guaranteed to be
stable and causal.

3) The method eliminates the Gibbs phenomenon and alias-
ing problem.

4) A high computational efficiency in the transient analysis
because only one matrix inversion is involved in the
transient analysis of each subcircuit if a constant time
interval is used.

A brief review of the transient analysis method and the
recently developed passive micromodeling circuit method are
given in Sections II and III, respectively. Then, the complete
theory of the proposed method is described systematically in
Section IV, followed by three numerical examples in Section V,
demonstrating its fidelity, efficiency, scalability, and simplicity.
The proposed method is suitable for EM problems with mul-
tilayer frequency-independent dielectrics and problems with
external linear components.

II. TRANSIENT ANALYSIS METHOD

The uniqueness of the proposed transient analysis for a full-
wave G-PEEC model is to break down a complex transient
analysis problem into a few transient analysis problems of
the static and passive compact subcircuits. For convenience,
the modified nodal analysis (MNA) for the transient analy-
sis [30] is briefly reviewed.

The transient analysis method generates the time-domain
response by solving the differential-algebraic equations,
which can be obtained directly from a static RLC circuit,

such that

Eẋ(t) = Ax(t) + Bu(t) (1a)

y(t) = CT x(t) + Du(t) (1b)

where the dot above x denotes time derivative, and the number
of ports and the dynamic order are denoted by p and q ,
respectively. The state vector x ∈ Rq includes the internal
node voltages and branch currents, u ∈ Rp is the input vector,
y ∈ Rp is the output vector, and A ∈ Rq×q , B ∈ Rq×p , C ∈
Rp×q , D ∈ Rp×p , and E ∈ Rp×p are the static space matrices.

To solve the differential-algebraic equations (1), they are
approximated into a finite-difference form

ẋn = (E − 0.5hA)−1 (Axn−1 + 0.5hAẋn−1 + Bun) (2a)

yn = CT xn + Dun (2b)

using the trapezoidal rule

xn = xn−1 + 0.5h (ẋn + ẋn−1) . (3)

The subscript n represents the nth time-step and the constant
h is the time interval between two time-steps. The trapezoidal
rule is acquiescently accepted in the SPICE software package
because it can provide good numerical stability when the
system is passive, regardless of the time-step h [31]. Therefore,
the output of a passive subcircuit obtained by the transient
analysis method is guaranteed to be stable.

Causality is another crucial property of a transient analysis.
The output is causal if the output at time t = t0 does not
depend on the value of the input for times t > t0 [33].
Because (2) indicates that the output yn at the nth time-step
depends only on the signal xn−1, ẋn−1, and un at the time-steps
not larger than n, the output response generated by the
transient analysis method must be causal.

To obtain the output yn , as suggested by (2a), the matrix
inversion of (E − 0.5hA) is needed. If the transient analysis
uses constant time interval h, the matrix (E − 0.5hA) is the
same at every time-step and only one matrix inversion is
needed. Therefore, the matrix multiplication in (2a) is the dom-
inant computational overhead with the complexity of O(N2).

III. MICROMODELING CIRCUIT METHOD

The micromodeling circuit method used in this article refers
to the systematic method that converts a multiconductor EM
problem into a compact passive RLC circuit model proposed
recently [27]–[29], which is an order-reduced version of the
G-PEEC model. In the G-PEEC model as shown in Fig. 1,
the self- or mutual radiation resistances and self- or mutual
inductances are frequency-dependent, but the self- or mutual
capacitances are frequency-independent. There are four major
reasons to use the micromodeling circuit method to generate
static compact subcircuits.

1) It reduces the order of the original G-PEEC model by
one order of magnitude, which leads to an acceleration
of transient simulation by two orders of magnitude.

2) It generates a required static and passive subcircuit.
3) It does not suffer from any scalability issues as no

matrix inversions or decompositions are involved in its
derivation process.
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Fig. 1. Representative circuit topology of the G-PEEC model.

4) Its derivation is highly suitable to be speeded up using
GPU parallel computation technique [34], [35].

IV. TRANSIENT ANALYSIS OF A FULL-WAVE CIRCUIT

The proposed transient analysis method starts from approx-
imating the full-wave G-PEEC model by a few static and
passive compact subcircuits that are obtained by the micro-
modeling circuit method at a few frequency points. It will
be shown that the time-domain response of the full-wave
G-PEEC model can be expressed as a linear combination of
the time-domain responses of the compact subcircuits.

A. Approximation of Frequency Response

For a full-wave circuit model, its frequency response can
be denoted as H (ω, E(ω)), where ω represents the working
angular frequency, and E(ω) indicates that the circuit elements
are the functions of ω. The frequency response of the full-wave
large-scale circuit can be approximated accurately by several
compact static subcircuits using the following strategy.

For an SI analysis, the frequency band of interest is low-pass
in nature with cutoff frequency ωMax. In Fourier analysis,
the whole frequency band [−∞, +∞] is divided into N sub-
frequency bands at frequency points ω1, ω2, . . . , ωN , where
ω1 = 0 and ωN = ωMax. In the N subfrequency bands, N sta-
tic subcircuits are generated at frequency ω1, ω2, . . . , ωN .
In a previous work [32], subcircuits are directly obtained by
sampling the full-wave G-PEEC model, which are called direct
subcircuits. However, the compact subcircuits obtained by the
micromodeling method are used in the proposed method to
accelerate the transient simulation. In the i th subfrequency
band [−ωi+1, −ωi ] ∪ [ωi , ωi+1], the variation in the circuit
elements versus frequency of the original full-wave G-PEEC
model is assumed to be negligible in [32]. The original
frequency response H [ω, E(ω)] in the i th subfrequency band
is roughly approximated by H [ω, E(ωi )] of the i th direct
subcircuit, which is not continuous at the frequency band
boundaries. To acquire a continuous frequency response and
improve approximation accuracy, the frequency response H [ω,
E(ω)] in the i th bands of [−ωi+1, −ωi ] ∪ [ωi , ωi+1] is
proposed to be approximated by the linear combination of
frequency responses of the i th and (i+1)th compact subcircuits
as

H (ω, E(ω))≈wi (ω)H (ω, E(ωi ))+wi+1(ω)H (ω, E(ωi+1)),

for ω ∈ [−ωi+1,−ωi ] ∪ [ωi , ωi+1], (4)

where wi (ω) and wi+1(ω) are the continuous window func-
tions of the i th and the (i+1)th subcircuits, respectively. The
window functions can be determined by the user, which will
be introduced in Section IV-D. The window functions need
to follow the constraint wi (ω) equals to zero outside of the
(i−1)th and i th subfrequency bands [−ωi+1, −ωi−1] ∪ [ωi−1,
ωi+1]. And the sum of wi (ω) and wi+1(ω) is 1 in the
i th subfrequency band [−ωi+1, −ωi ] ∪ [ωi , ωi+1].

The influence of the frequency response in the N th sub-
frequency band [−∞, −ωN ] ∪ [ωN , +∞] is not taken into
account in [32] and other convolution-based methods. This
omission will cause a serious Gibbs phenomenon in the
transient analysis.

To address the aforementioned issues, the frequency
response of a full-wave G-PEEC model in the N th subfre-
quency band can be approximated by H [ω, E(ωN )], which
is the frequency response of the N th subcircuit with circuit
elements sampled at ωN . Although the approximation is a bit
rough in the N th subfrequency band, it can relieve the Gibbs
phenomenon and sacrifice the accuracy very little because the
input signal components in the N th subfrequency band are
minor.

In summary, with a legitimate subfrequency band assign-
ment and appropriate window functions wi (ω), the frequency
response of a full-wave G-PEEC model can be accurately
approximated according to (4) as

H (ω, E(ω))

≈
N−1∑
i=1

[wi (ω)H (ω, E(ωi )) + wi+1(ω)H (ω, E(ωi+1))]

×[u(ω − ωi ) − u(ω − ωi+1) + u(ω + ωi+1) − u(ω + ωi )]
+ wN (ω)H (ω, E(ωN ))[u(ω − ωN ) − u(ω + ωN ) + 1]

(5)

where u(ω) is the unit-step function. The last term of (5)
interprets the approximated frequency response of the system
in the N th subfrequency band [−∞, −ωN ] ∪ [ωN , +∞],
which compensates the missing information of the frequency
response when the response is approximated only by the first
(N − 1) subcircuits in the limited frequency band [−ωN , ωN ]
as suggested in [32].

B. Transient Response of a Full-Wave Circuit Model

Having had the approximation of the frequency response
H [ω, E(ω)] by the linear combination of the frequency
responses of N static compact subcircuits, it will be straight-
forward to obtain the output response Y (ω) with respect to a
given input signal X (ω) in the frequency-domain by

Y (ω) = H (ω, E(ω))X (ω)

≈ H (ω, E(ω1))X (ω)w1(ω)

× [u(ω−ω1)−u(ω−ω2)+u(ω+ω2)−u(ω+ω1)]

+
N−1∑
i=2

H (ω, E(ωi ))wi (ω)X (ω)

× [u(ω − ωi−1) − u(ω − ωi+1) + u(ω + ωi+1)

− u(ω + ωi−1)]
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Fig. 2. Illustration of the proposed simulation scheme: computation of
time-domain response y(t) of a full-wave circuit model for input x(t) can
be performed by a linear combination of transient responses of several static
passive subcircuits.

+ H (ω, E(ωN ))X (ω)wN (ω)

× [u(ω − ωN ) − u(ω + ωN ) + 1]

=
N∑

i=1

H (ω, E(ωi ))Xi (ω) (6)

where Y (ω) and X (ω) are the Fourier transformations of
the output signal y(t) and the input signal x(t), respectively.
Equation (6) suggests that one can define the input signal
Xi (ω) of the i th subcircuit in the frequency-domain as

Xi (ω)

=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

X (ω)w1(ω)[u(ω−ω1)−u(ω−ω2)

+u(ω+ω2)−u(ω+ω1)], i = 1

X (ω)wi (ω)[u(ω−ωi−1)−u(ω−ωi+1)

+u(ω+ωi+1)−u(ω+ωi−1)], 1< i < N

X (ω)wN (ω)[u(ω−ωN )−u(ω+ωN )+1], i = N .

(7)

Theoretically, the time-domain response can be obtained by
invert Fourier transformation of (6) as

y(t) = F−1 [Y (ω)]

≈ F−1

[
N∑

i=1

H (ω, E (ωi )) Xi (ω)

]

=
N∑

i=1

F−1 [H (ω, E (ωi ))] ∗ xi (t). (8)

The uniqueness of the proposed method is that yi (t) can
be directly simulated by the transient analysis of the i th
static passive subcircuit model. Free of calculating the output
response yi (t) of the i th static subcircuit by convolution of
F−1[H (ω, E(ωi ))]∗xi(t) in the frequency-domain can avoid
the instability and noncausality problems and can use the
xN (t) in N th subfrequency band [−∞, −ωN ] ∪ [ωN , +∞]
to relieve the Gibbs phenomenon.

In summary, (8) proves that the transient analysis for a
full-wave circuit model can be decomposed into the transient
analysis problems of several static passive subcircuits. Fig. 2
illustrates this process.

C. Preparation of Compact Subcircuits

The accuracy of the proposed method is subject to the sam-
pling strategy of the full-wave G-PEEC model for preparing
the compact subcircuits. Increasing the maximum sampling
frequency and decreasing the frequency interval of the sub-
circuits improve the accuracy but with the cost of increasing

the computational overhead. Therefore, a legitimate sampling
strategy is needed to ensure an optimal number of compact
subcircuits with a preset accuracy criterion.

To develop an optimal sampling strategy, there are two
aspects that must be taken into account: 1) determining the
maximum sampling frequency ωMax and 2) choosing the
sampling frequencies for creating compact subcircuits.

1) Determination of ωMax: When the spectral components
of the input signal X (ω) outside the frequency band [−ωMax,
ωMax] approach zero, the output response Y (ω) is domi-
nantly affected by the properties of the frequency response
H [ω, E(ω)] within the frequency band. Therefore, the maxi-
mum sampling frequency of subcircuits can be determined by
the allowed energy of X (ω) falling outside of [−ωMax, ωMax].

Usually, the input signal for an SI analysis is a pulse
sequence, such as the pseudorandom binary sequence (PRBS)
for the eye-diagram simulation. For example, take a single
pulse signal with pulsewidth τ as an example. It has been
shown that 97.88% of the total energy is distributed in the
frequency band of [−5�S, 5�S], where �S = 2π /τ [36]. For
an arbitrary pulse sequence signal, its spectrum is a linear
combination of the spectrum of a single pulse signal. As a
result, the majority of the energy of an arbitrary pulse sequence
is distributed in the frequency band of [−5�S , 5�S]. And 5�S

can be used as the maximum sampling frequency. In other
words, ωMax = 10π/τ .

2) Determination of Optimal Sampling Frequencies: The
proposed method uses static passive subcircuits defined in its
subfrequency bands. To ensure the accuracy of the approxi-
mation, the variation in the circuit elements versus frequency
of the full-wave circuit in a subfrequency band needs to be
smaller than a preset criterion δc. Therefore, the sampling
frequencies of subcircuits are determined by an allowed max-
imum element variation.

To create the static compact subcircuits, the passive micro-
modeling method developed in [28] is applied to the full-wave
G-PEEC model. It can be found in [28, eq. (23)] that the
frequency dependence of circuit elements in a micromodeling
circuit is dictated by three coefficients, namely, c1, c2, and c3
with the following relation:

c1 = ω2(mSS + mI I − 2mS I )/(pSS + pI I − 2 pS I ) (9a)

c2 = ω2(mI I − mS I )/(pI I − pS I ) (9b)

c3 = ω2(mSS − mS I )/(pSS − pS I ) (9c)

where mSS , mI I , mS I , pSS, pI I , and pS I are the known
inductances and potances (coefficients of potential) related
to an absorbed node, respectively. The maximum variation
in c1, c2, and c3 of the micromodeling circuit occurs when
absorbing the last node at the end of the micromodeling circuit
process. The maximum variation indicates the variation in the
subcircuit elements in a subfrequency band. Define the largest
frequency dependence coefficient C (ω) in a subcircuit as

C (ω)

= ω2 max

(
mSS+mI I −2mS I

pSS+ pI I −2 pS I
,

mI I −mS I

pI I − pS I
,

mSS−mS I

pSS− pS I

)
= ω2cmax. (10)
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Because C(ω) is a monotonic function of frequency, the rip-
ple bound δ of circuit elements of the subcircuit for the
i th subfrequency band [−ωi+1, −ωi ] ∪ [ωi , ωi+1] can be
found as

δ = (
ω2

i+1 − ω2
i

)
cmax. (11)

For a preset upper bound of the ripple, δc, sampling fre-
quencies in the frequency band [0, ωMax] can be obtained
in the ascending order. When the i th sampling frequency ωi

is determined, the (i+1)th sampling frequency ωi+1 should
satisfy that

ωi+1 ≤
√

ω2
i + δc/cmax. (12)

According to (12), the bandwidth for the subcircuits can be
optimally chosen and is not uniform.

D. Preparation Input Signals of Subcircuits

According to (7) and (8), preparing the input signal xi (t)
for subcircuit 1 to N− 1 involves four steps: 1) obtaining
the Fourier transformation X (ω) of the original input signal
x(t) in the frequency band [0, ωMax] using the discrete
Fourier transform, 2) choosing an appropriate window function
wi (ω), 3) determining input signal Xi (ω) for the i th subcircuit
using (7), and 4) generating xi (t) in the time-domain from
Xi (ω) through discrete inverse Fourier transform.

Therefore, the time-domain input signal for subcircuit i
(i = 1, . . . , N − 1) can be obtained as

xi (t) = F−1[Xi (ω)]
= 1

2π

[ ∫ ωi+1

ωi−1

X (ω)wi (ω)e jωtdω

+
∫ −ωi−1

−ωi+1

X (ω)wi (ω)e jωtdω

]

= 1

π

∫ ωi+1

ωi−1

wi (ω)Re[X (ω)e jωt ]dω,

i = 1, . . . , N − 1 (13)

in which the relation X (−ω) = X∗(ω) is used. To calculate
the input signal of subcircuits numerically, only the discrete
values of X (ω) are needed, which can be obtained easily using
the discrete Fourier transformation of the original input signal.

The input signal xN (t) for the N th subcircuit cannot be
obtained by the same token because of its infinite band-
width. The infinite bandwidth is also the bottleneck of the
convolution-based methods. In the time-domain, input signal
xN (t) for the N th subcircuit is found easily as

xN (t) = x (t) −
N−1∑
i=1

xi (t) (14)

which compensates not only the missing contribution of
the frequency response in the N th subfrequency band
[−∞, −ωN ] ∈ [ωN , +∞] in [32] but also the numerical
error in generating the input signals for subcircuits 1 to
N − 1. Introducing xN (t) can significantly alleviate the Gibbs
phenomenon in the transient analysis and highly preserve the
fidelity of the input signal in the overall time-domain analysis.

Fig. 3. Window function for the ith subcircuit with different parameter K .

The window function wi (ω) in (5), (7), and (13) is intro-
duced to ensure the continuity of the frequency response and
to enhance the accuracy. The following piecewise window
function is used in this work

w1(ω) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1− 1

2

(
2

ω−ω1

ω2−ω1

)K

, ω1 ≤ ω ≤ ω1+ω2

2

1

2

(
2

ω−ω2

ω1−ω2

)K

,
ω1+ω2

2
≤ ω ≤ ω2

(15a)

wi (ω) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1

2

(
2

ω−ωi−1

ωi −ωi−1

)K

, ωi−1 ≤ ω ≤ ωi−1 +ωi

2

1− 1

2

(
2

ω−ωi

ωi−1 −ωi

)K

,
ωi−1 +ωi

2
≤ ω ≤ ωi

1− 1

2

(
2

ω−ωi

ωi+1 −ωi

)K

, ωi ≤ ω ≤ ωi +ωi+1

2

1

2

(
2

ω−ωi+1

ωi −ωi+1

)K

,
ωi +ωi+1

2
≤ ω ≤ ωi+1

(15b)

wN (ω) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

1

2

(
2

ω−ωN−1

ωN −ωN−1

)K

, ωN−1 ≤ ω ≤ ωN−1 +ωN

2

1− 1

2

(
2

ω−ωN

ωN−1−ωN

)K

,
ωN−1+ωN

2
≤ ω ≤ ωN

1, ω ≥ ωN

(15c)

where exponent K is an integer. The window functions wi (ω)
with different values of K are illustrated in Fig. 3. In the
numerical examples, K is set to 4. Since the static compact
subcircuits are created by the micromodeling method in the
concerned subfrequency band, they are a bandpass approxima-
tion of the original full-wave circuit model. Therefore, the role
of the window function is to smooth and to interpolate the
frequency response of the full-wave circuit model between
subfrequency bands.

E. Stability, Causality, and Computational Overhead

The stability and causality of the simulated time-domain
response are preserved by the passivity of the subcircuits and
the transient analysis method used.

It has been theoretically proved in [28] that a circuit is
passive when its resistance matrix, inductance matrix, and
coefficients of potential matrix are positive semidefinite. The
compact subcircuits obtained by the micromodeling method
are guaranteed to be passive using the passivity enforcement
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method in [28], which remedies the nonpassive elements
directly by adding minor corrections on the elements. Such
a passive system is guaranteed to be stable and causal,
as theoretically proved in [33].

However, the stability and causality of a passive circuit
may be violated in the numerical scheme of the time-domain
simulation. For example, an inappropriate truncation of the fre-
quency response for the convolution-based methods can lead
to a noncausal frequency response [19], [20]. As demonstrated
in [31], using the forward Euler differentiation formula in the
transient analysis may cause numerical instability. To avoid the
numerical instability and numerical causality problems, in the
proposed method, the time-domain response of each subcircuit
is obtained by the transient analysis using the trapezoidal
differentiation formula that is adopted in SPICE. Equation (2)
states that the output yn at the nth time-step depends only
on the signal xn−1, ẋn−1, and un at the time-steps not larger
than n. Therefore, the output response is causal. As stated
in [31], the output response is also the numerical stable for
passive circuits regardless of time-step when the trapezoidal
differentiation formula is used. Since the simulated time-
domain outputs of all the passive subcircuits are stable and
causal, the sum of them is stable and causal.

The computational workload of the method is dominated
by two processes: 1) deriving compact subcircuits using the
micromodeling method, which can be executed by GPU and
takes negligible portion of time when compared with that of
the circuit simulation and 2) the transient analysis of all the
subcircuits, which takes the major portion of time and can be
accomplished by multiple CPUs in parallel. Using the micro-
modeling method, the original G-PEEC model with N nodes
can be reduced to a compact subcircuit with only N /10 nodes.
The computational overhead of deriving a compact subcircuit
is O(N3) [27], which can be accelerated using the GPU
parallel computation by tens of times [34], [35].

The major computation time is spent on the transient
analysis of all the compact subcircuits, which is particularly
dominating when processing a long sequence of input pulse
for the eye-diagram calculation. If the time interval is constant,
as shown in Section II, the most dominating operation in the
transient analysis is the matrix multiplication. The computa-
tional overhead of one time-step calculation for a subcircuit
with M nodes is O(M2). For K subcircuits and L time-steps,
the total computational overhead is O(KLM2). When com-
pared with the convolution-based methods, whose computation
is dominated by matrix inversions with the computational
overhead of O(LM3) for acquiring L samples of the frequency
response. Considering the number of subcircuits K is in the
order of tens whereas the number of samples L and the node
number M are in the order of thousands, the computational
efficiency of the proposed method is significantly high, not
mentioning that the proposed method is free from the insta-
bility and noncausality problems.

The time-domain responses of different subcircuits can be
computed independently by multiple CPUs. Let K be the
number of subcircuits, T0 be the time-domain simulation time
of one subcircuit, and N be the number of CPUs, N subcircuits
can be computed simultaneously. The total simulation time T

Fig. 4. Top view of the microstrip line.

can be estimated by

T =
{

ceil(K/N) × T0, N < K

T0, N ≥ K
(16)

where function ceil(x) maps x to the least integer greater than
or equal to x .

V. NUMERICAL EXAMPLES

Three numerical examples are provided to demonstrate
the effectiveness, accuracy, and scalability of the proposed
method. The first example is a short 50-� microstrip line,
which is used to show how the Gibbs phenomenon can be
eliminated. The second example demonstrates the accuracy of
the transient response of the proposed method by analyzing a
pulse signal passing through a dispersive meander line. The
final example is the calculation of eye-diagrams of a multilayer
multiport interconnection circuit, which shows the stability and
causality of the proposed method.

As mentioned in Section IV-A, in the method of [32]
and other convolution-based methods, the influence of the
frequency response in the frequency band of [−∞, −ωN ] ∪
[ωN , +∞] is omitted, which causes the Gibbs phenomenon
in the transient analysis. In the numerical examples, the
results by the method proposed in [32], which is called a
frequency uncompensated subcircuit (FUS) method, are used
for comparison purpose.

In all the numerical examples, the G-PEEC model with
a mixed rectangular and triangular meshing scheme and the
full-wave layered Green’s functions are used. The CPU mod-
ule used for all the examples is Intel i7 6700K with four
cores, the clock speed of which is 3.4 GHz and arithmetic
capability is 256 Gflops. The GPU module is Nvidia Geforce
GTX 980 Ti with 2816 cores, the arithmetic capability of
which is 5632 Gflops. The RAM size of the PC is 32 GB.

A. Short Microstrip Line Circuit

A short microstrip line whose substrate thickness is 1.5 mm
and relative permittivity is 3.38 is shown in Fig. 4. The
conductor thickness of the microstrip line is 10 μm, whose
conductivity is 5.8 × 107 s · m−1. The ground plane is treated
as infinitely large in the G-PEEC model.

To show the significance of introducing xN (t) for alleviat-
ing the Gibbs phenomenon, the simulation results with and
without the N th subcircuit, which is the case in [32], are
compared. The circuit is excited at port 1. The input signal Vs

is a pulse function as shown in Fig. 5(a), whose pulsewidth
is 1/2.4 ns. The total voltages at ports 1 and 2, namely,
Vp1 and Vp2, respectively, are calculated using the proposed
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Fig. 5. Input signal and output response of the microstrip line simulated by
this method using 6 subcircuits and the FUS method using different number
of subcircuits. (a) Input signal. (b) Vp1 by FUS method using 6 subcircuits.
(c) Vp2 by FUS method using 6 subcircuits. (d) Vp1 by FUS method using
12 subcircuits. (e) Vp2 by FUS method using 12 subcircuits. (f) Vp1 by FUS
method using 50 subcircuits. (g) Vp2 by FUS method using 50 subcircuits.

method and the FUS method. In the proposed method, six
subcircuits are sampled at frequencies of 0.1, 3, 6, 8, 10, and
12 GHz, respectively. Whereas in the FUS method, 6, 12, and
50 subcircuits are used, separately, to show the convergence.

First, the total input signals of the proposed method and
FUS method using six subcircuits that are obtained by sum-
marizing the input signals of the respective subcircuits are
compared in Fig. 5(a), which shows that the total input signal
of this method is the same as the original input signal Vs

but that by the FUS method exhibits the Gibbs phenomena.
As a result, the voltages Vp1 and Vp2 obtained by this
method do not show obvious Gibbs phenomenon and those
obtained by the FUS method have an obvious ripple as shown
in Fig. 5(b) and (c).

Fig. 6. Comparison of conventional transient analysis method,
convolution-based method, and this method. (a) Output Vp1. (b) Output Vp2.

When the maximum sampling frequency and the number of
subcircuits are increased for the FUS method, the bandwidth
of the subcircuit input signals is increased, which will help
decrease the Gibbs phenomena. For example, when the FUS
method takes 12 subcircuits, and its maximum sampling fre-
quency is increased from 12 to 25 GHz, the ripple of the output
voltages decreases significantly as shown in Fig. 5(d) and (e).
As shown in Fig. 5(f) and (g), when the number of subcircuits
is increased to 50 with the maximum sampling frequency
of 100 GHz, the ripple of the outputs converges and matches
with those obtained by the proposed method with only six
subcircuits, demonstrating that the proposed method is very
effective in eliminating the Gibbs phenomenon.

In this example, the convolution-based method using IFFT
is also studied for comparison purpose, in which the microstrip
line is modeled by a quasi-static micromodeling circuit. In the
setting of the convolution-based method, the cutoff frequency
in generating the frequency response is 100 GHz. The time
intervals for both the proposed and the convolution-based
methods are set to 5 ps. The output signals Vp1 and Vp2
computed by both the methods are compared in Fig. 6.
Because the quasi-static circuit consists of constant-valued
RLC elements, its output response can be obtained accu-
rately by conventional transient analysis method, which is
used to validate the accuracy of the proposed method and
the convolution-based method. The outputs obtained by the
proposed method matches well with the conventional transient
analysis method, which demonstrates that this method has
good compatibility. However, the results obtained by the
convolution-based method have a minor difference with the
conventional transient analysis method, which may be caused
by the inaccuracy of the impulse response introduced by the
aliasing problem in IFFT.

B. Microstrip Meander Line Circuit

A microstrip meander line is considered in this example.
The top view of the meander line is shown in Fig. 7. The
substrate and the conductor are the same as those of the first
example. The ground is treated as infinitely large in generating
the full-wave G-PEEC model.

In simulating the time-domain responses, two kinds of
subcircuits are adopted for the proposed method: a compact
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Fig. 7. Top view of the meander line.

TABLE I

COMPARISON OF DIRECT SUBCIRCUIT AND COMPACT SUBCIRCUIT

subcircuit that is derived from the G-PEEC model using the
micromodeling circuit and a direct subcircuit obtained directly
from the G-PEEC model. The compact subcircuit contains
152 nodes, and the direct subcircuit contains 1092 nodes.
To generate the compact subcircuit, the accuracy criterion δc

is set to be 0.01. The input pulse with pulsewidth of 1/2.4 ns
is shown in Fig. 8(a), which corresponds to the maximum sub-
circuit sampling frequency of 12 GHz. For a fair comparison,
the direct subcircuits are sampled at the same frequency points
as those for compact subcircuits. It is found that the variation
in circuit elements in the direct subcircuit is much smaller
than that of the compact subcircuits in the same subfrequency
band. It is expected that the simulation result by the direct
subcircuits is more accurate than that of the compact subcir-
cuits. Therefore, the results obtained by the direct subcircuits
can be used to validate the accuracy of the proposed method
using the compact subcircuits. Nevertheless, the modeling time
for one direct subcircuit and that for one compact subcircuit
is 20 and 4 s, respectively. The details of the two kinds of
subcircuits are compared in Table I.

As shown in Fig. 7, source Vs is applied at port 1 in series
with a 50-� source resistance and a 50-� load resistance is
used to terminate port 2. In the simulation, 15 subcircuits are
used with sampling frequencies of 1, 2, 3, 4, 5, 6, 6.95, 7.8,
8.55, 9.25, 9.9, 10.5, 11.05, 11.55, and 12 GHz, respectively.
As observed in Fig.8(a) and (b), the port voltages simulated
using the compact subcircuits match well with those using
the direct subcircuits. However, by adopting the compact
subcircuit, the simulation time is reduced from 42 min 12 s
to 35 s, which leads to nearly two orders of magnitude
time-saving.

To validate the continuity of the simulated frequency-
domain responses and the accuracy of the proposed method,
the numerical results of |S21| obtained by the full-wave

Fig. 8. Input signal VS and time-domain response Vp2 of the microstrip
meander line circuit. (a) Source voltage Vs and Vp2 simulated using compact
subcircuits and direct subcircuits. (b) Zoomed-in view figure of (a).

Fig. 9. Comparison of |S21| obtained by full-wave G-PEEC, FUS method,
the method using 15 subcircuits, and the method using 21 subcircuits. (a) |S21|
obtained by full-wave G-PEEC and FUS method. (b) |S21| obtained by
full-wave G-PEEC, the method using 15 subcircuits, and the method using
21 subcircuits.

G-PEEC, the FUS method, the method using 15 subcircuits,
and the method using 21 subcircuits are compared in Fig. 9.
As shown in Fig. 9(a), the simulated |S21| obtained by the
FUS method is discontinuous and the accuracy is poor. Using
the proposed method, as shown in Fig. 9(b), the simulated
|S21| is continuous. The simulated |S21| using 21 subcircuits is
more accurate than that of using 15 subcircuits, demonstrating
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Fig. 10. Layout of a multilayer multiport interconnection circuit.

TABLE II

COMPARISON OF DIRECT SUBCIRCUIT AND COMPACT CIRCUIT

that the accuracy of this method depends on the number of
subcircuits.

C. Multilayer Multiport Interconnection Circuit

The third example is a multilayer multiport interconnection
circuit, which is used to show the efficiency of this method
for computing eye-diagrams of a relatively large-scale inter-
connection circuit. As illustrated in Fig. 10, the circuit consists
of four signal traces on the top and bottom layers, which are
connected through holes. The overall dimensions of the circuit
are 70 × 28 × 0.5 mm3. The conductor thickness is set to
10 μm with conductivity 5.8×107 s · m−1 in the G-PEEC
model. The relative permittivity of the substrate is 4.04.

Similar to example II, the compact subcircuits that are
derived from the G-PEEC model by the micromodeling
method and direct subcircuits obtained from the G-PEEC
model directly are compared to validate the accuracy of
the proposed method. The compact subcircuit contains
1016 nodes, whereas the direct subcircuit contains 9785 nodes.
In generating the compact subcircuit, the accuracy criterion δc

is set to 0.01. For a fair comparison, the direct and compact
subcircuits are sampled at the same frequency points. The
details of the two subcircuits are listed in Table II.

The time-domain simulation of eye-diagrams is very time-
consuming because a long PRBS is applied as the input signal.
In this example, the 256-bit PRBS pulse signals are excited
at ports 1 and 2, respectively, while the other ports are set
as the output ports. The pulsewidth of the input signal is
1/2.4 ns, which leads to the maximum subcircuit sampling
frequency of 12 GHz. To obtain reliable transient responses,
14 subcircuits are generated from the full-wave micromodeling

Fig. 11. Time-domain response of the interconnection circuit. (a) Transient
response at port 5 of the first subcircuit. (b) Eye-diagram of output voltage
at port 5. (c) Eye-diagram of output voltage at port 6.

circuit with sampling frequencies of 1, 2.8, 4.3, 5.45, 6.4, 7.25,
8.0, 8.7, 9.35, 9.95, 10.5, 11, 11.5, and 12 GHz. Because the
simulation time using direct subcircuits is prohibitively long,
only the output response of the first direct subcircuit is calcu-
lated and is compared with that using the compact subcircuit in
Fig. 11(a), showing excellent agreement. The simulation time
for using one direct subcircuit and one compact subcircuit is
8463 min 44 s and 40 min 41, respectively. The eye-diagrams
of output voltages at ports 5 and 6 simulated by the proposed
method are shown in Fig. 11(b) and (c). It can be seen that
the proposed method is stable and importantly suitable for a
large-scale interconnection problem.

The proposed method computes the time-domain response
of compact subcircuits using the transient analysis method [30]
in time-domain directly, which can achieve high efficiency
when compared with the IFFT method. To demonstrate
the point, the eye-diagram of the circuit is also computed
by the IFFT method using the same compact subcircuits.
According to Nyquist sampling theorem, 21 335 frequency
response samples are needed by the IFFT method. As a result,
the total eye-diagram simulation time using the IFFT method
is 1685 min 4 s, whereas 569 min 34 s is taken using the
proposed method.

The simulation time for the eye-diagram using the compact
subcircuits is less than that of using the direct subcircuits by
more than two orders of magnitude and is much less than that
of the IFFT method using the same compact subcircuits, justi-
fying that the micromodeling circuit method can significantly
speed up the SI analysis without sacrificing the accuracy and
stability.

VI. CONCLUSION

This article presents a transient analysis method of a
full-wave G-PEEC model for high-speed packaging and
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interconnection problems. In the proposed transient analysis
method, a full-wave circuit model whose elements are fre-
quency variant is decomposed into a number of static, passive,
and compact subcircuits that are derived from the G-PEEC
model by the micromodeling method. Therefore, the transient
response of a full-wave circuit model can easily be obtained
by summing up the individual response of each compact
subcircuit. The output response of a passive subcircuit can be
simulated by a traditional transient analysis tool. By introduc-
ing a frequency compensation strategy and window functions,
the proposed method does not suffer from the truncation error
of an input signal or a frequency response of a finite frequency
band, nor the Gibbs phenomena. By adopting the compact
subcircuits, a transient simulation can not only be accelerated
by two orders of magnitude when compared with the direct use
of the full-wave G-PEEC model but also be with guaranteed
stability and causality. Three numerical examples are given
to demonstrate the efficiency, accuracy, and simplicity of
the proposed method. The comparison is made between the
proposed method using the compact subcircuits, the proposed
method using the direct subcircuits, and a convolution-based
method, showing the superiority of the proposed method and
a high potential for efficient simulation of the large-scale
high-speed interconnection and packaging problems.
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