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Abstract— This paper presents a quasi-static surface-based
partial element equivalent circuit (PEEC) model for electro-
magnetic problems consisting of coupled conductors and het-
erogeneous dielectrics of finite size. The PEEC model is based
on the surface equivalent principle. Unlike the traditional
surface-based PEEC models, in which the integral equations are
set up by enforcing the field continuity in the true field region,
the homogeneous integral equations in this model are obtained
by enforcing the tangential null field condition in the null field
regions. Simplified integral equations are obtained under the
quasi-static assumption, in which the circuit elements carrying
electric currents and magnetic charges on the dielectric surfaces
are vanished. Consequently, the size of the subcircuit describing
dielectrics is reduced significantly compared to the full-wave
surface-PEEC (S-PEEC) model. Since the quasi-static S-PEEC
model only contains frequency-independent circuit elements,
it can be conveniently used for time-domain simulation. Three
numerical examples are presented to validate the new PEEC
model for typical embedded RF passive components, packaging
and interconnection problems in both the frequency domain and
the time domain. Excellent agreement is observed between the
results of the proposed PEEC model, S-PEEC model, and those
of commercial software within the quasi-static frequency range.

Index Terms— Dielectrics, embedded passives, integral equa-
tions, interconnection, partial element equivalent circuit (PEEC)
method.

I. INTRODUCTION

MODERN electronic packaging for high-speed and high-
frequency systems involves high density conductor

routings and heterogeneous dielectrics of finite size. An accu-
rate and effective modeling of the complex electromag-
netic (EM) phenomena involved in the packaging structures
is critical in the design stage of a high-performance package
and circuit. It is highly desirable that the modeling can not
only predicate the frequency domain but also the time-domain
responses effectively.

Among various modeling methods, the partial element
equivalent circuit (PEEC) method [1]–[6] is the only method
that can convert an EM problem into a circuit domain represen-
tation that can be analyzed in both frequency and time domains
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using a circuit solver. In recent years, the PEEC model also
serves as a starting point to derive a concise physically
meaningful circuit [7]–[10] that can accelerate signal integrity
analysis of a layered media problem significantly.

To model an EM problem involving heterogeneous
dielectrics of finite size based on the concept of PEEC model-
ing, the volume and surface equivalence principles have been
adopted in developing a volume-PEEC (or V-PEEC) [2] and a
surface-PEEC (or S-PEEC) [3], respectively. Compared with
the V-PEEC in [2], the S-PEEC is more efficient and accurate
when handling a problem involving heterogeneous dielectrics,
which is the most commonly seen scenario in electronic
packaging. The S-PEEC introduces two sets subcircuits on
dielectric surfaces, one comes from the electric field integral
equation (EFIE) and the other is derived from the magnetic
field integral equation (MFIE). Each subcircuit consists of a
mesh-dependent circuit involving inductors, capacitors, and
mutual couplings among the inductive elements and capacitive
elements. The basic configuration of each subcircuit is the
same as that for a multiple conductor problem [1]. In addition,
mixed types of couplings among the two sets of subcircuits
reflect the electric field generated by the magnetic current and
the magnetic field generated by the electric current. All the
currents are assumed to flow on the surfaces of the dielectrics
and conductors.

In fact, for most of electronic packaging problems, their
electrical size is very small and the radiation effect is negli-
gible, to which the effectiveness of the quasi-static approxi-
mation can be easily justified. The approximation has been
successfully used in modeling of embedded passives and
signal integrity analysis [11]–[14]. To handle heterogeneous
dielectrics of finite size, a PEEC method based on the volume
equivalence principle under quasi-static approximation was
proposed in [13]. However, for the problem with arbitrary
shape finite heterogeneous dielectrics a quasi-static S-PEEC
model would be very effective but is not available. Concep-
tually, in such quasi-static model, the contributions from the
insignificant equivalent current and charge, namely, the electric
current and magnetic charge on the surfaces of dielectrics,
can be naturally ignored. This paper is an attempt toward this
direction, aiming at a much simpler but more efficient S-PEEC
model under quasi-static approximation.

In the proposed new PEEC model, the surface equivalence
principle is utilized to establish the essential EFIE and MFIE
equations. The quasi-static approximation is applied to the
two sets of equations before they are merged in a legitimate
way. Three general integral equations, namely, an EFIE for
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Fig. 1. Conductors and dielectrics under consideration.

conductors, an MFIE, and an EFIE for dielectrics, are obtained
by analytic derivation. The three equations lead to the new
PEEC model with the following three attractive features.

1) The circuit elements carrying the equivalent electric cur-
rent and magnetic charge on the dielectric surfaces are
eliminated. As a result, the number of circuit elements
related to dielectric surfaces is reduced nearly by half
compared to the existing full-wave S-PEEC model.

2) Only capacitive circuit elements on the dielectric sur-
faces exist, reflecting the nature of the induced charge
on dielectric surfaces in a quasi-statistic field. The
capacitive elements are turned to be open circuited when
the permittivity of the dielectric approaches that of the
surrounding background. This feature ensures that the
new PEEC model works well when the permittivity of
the dielectric is close to that of free space.

3) All the circuit elements are frequency independent so
that the S-PEEC model can be conveniently used for
the time-domain simulation.

The aforementioned features can significantly reduce the
modeling time and required memory usage because the num-
ber of unknowns is reduced and the circuit coupling matrix is
sparser compared to the traditional S-PEEC.

This paper is organized as follows. In Section II, the integral
equations based on the surface equivalence principle are
developed. Section III presents three new integral equations
that are formulated based on the surface equivalence princi-
ple under quasi-static approximation. Section IV shows that
having applied the discretization and matching processes to
the three integral equations a clear circuit interpretation of
the EM problem can be given. Three numerical examples
are given to validate the proposed new S-PEEC model. The
numerical results obtained by the model are compared with
those obtained by commercial EM software and the existing
PEEC models in Section V, followed by discussions and
conclusions in Section VI.

II. SURFACE EQUIVALENCE PRINCIPLE

The surface equivalence principle states that an EM
problem can be modeled by interior and exterior region
problems by introducing surface equivalent sources. Con-
sidering an EM problem that comprises N dielectrics
and N + 1 conductors, as illustrated in Fig. 1, where
{c0, c1, . . . ck, . . . , cN } are conductors embedded in back-
ground d0 and dielectrics {d1, . . . dk, . . . , dN }, which are with
permittivity ε0 and {ε1, . . . , εk, . . . εN }, respectively. Surfaces

Fig. 2. N + 1 equivalent subproblems.

{Sd0, Sd1 , . . . Sdk , . . . , SdN } refer to the N + 1 closed surfaces
of the background and dielectrics {d1, . . . dk, . . . , dN }, respec-
tively. Surfaces {Sc0 , Sc1 , . . . Sck , . . . , ScN } refer to the surfaces
of the N + 1 conductors, respectively. Applying the surface
equivalence principle to the background region and each
homogeneous dielectric region one by one by retaining the true
field inside each region and setting the null field elsewhere,
the original EM problem is divided into N + 1 subproblems,
as shown in Fig. 2. In the i th subproblem, the whole space
is filled up by the dielectric with permittivity εi . The EM
field inside surface Sdi is the true field but outside of the
surface is null. According to the surface equivalence principle,
such a field arrangement is supported by the equivalent surface
sources

�J di
i = �ndi

i × �H �Mdi
i = �E × �ndi

i (1)

on Sdi , and

�J ci
i = �nci

i × �H (2)

on Sci , where �ndi ,ci
i is the normal unit vector pointing to the

true field region. Obviously, the equivalent sources on the two
sides of the same dielectric surafce are related by

�J di
0 = − �J di

i , �Mdi
0 = − �Mdi

i . (3)

The EM fields ( �Ei , �Hi) in the i th subproblem (i =
0, 1, . . . , N) can be expressed by potential functions in a
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homogeneous space filled with dielectric (εi , μ0) by

�Ei (r) = − jω �Ai(r) − ∇�i (r) − ∇ × 1

εi

�Fi (r) (4)

�Hi(r) = − jω �Fi(r) − ∇ϕi (r) + ∇ × 1

μ0

�Ai(r) (5)

in which ω is the angular frequency. The electric vector
potential function �Ai , the magnetic vector potential function
�Fi , the electric scalar potential function φi , and the magnetic

scalar potential function ϕi for the i th subproblem can be
found by

�Ai (r) = μ0

∫
Gi (r, r ′) �Ji (r

′)ds′ (6a)

�Fi (r) = εi

∫
Gi (r, r ′) �Mi (r

′)ds′ (6b)

�i (r) = 1

εi

∫
Gi (r, r ′)ρi (r

′)ds′ (6c)

ϕi (r) = 1

μ0

∫
Gi (r, r ′)σi (r

′)ds′ (6d)

where �Ji , �Mi , ρi , and σi are the equivalent surface density
functions of electric current, magnetic current, electric charge,
and magnetic charge in the i th subproblem, respectively.
G(r, r ′) is Green’s function of a homogeneous medium

Gi (r, r ′) = exp(− jω
√

εiμ0|r − r ′|)
4π |r − r ′| . (7)

Under quasi-static assumptation, Green’s function in (7) can
be approximated by

GQ(r, r ′) = 1

4π |r − r ′| . (8)

III. INTEGRAL EQUATIONS FOR QUASI-STATIC

PEEC MODEL

Define surfaces {S+
d0

, . . . , S+
dN

} and {S−
d0

, . . . , S−
dN

} as the
inner surfaces located in the true field region and the
outer surfaces located in the null field region of surfaces
{Sd0, . . . , SdN } in the respective subproblems. Obviously,
S±

d0
= {S∓

d1
, . . . , S∓

dN
}. Surfaces {S+

c0
, . . . , S+

cN
} are the surfaces

infinitely close to conductor surfaces {Sc0 , . . . , ScN } in the
true field region. In each subproblem, two sets of boundary
conditions are utilized to set up required integral equations.
One is boundary conditions (9) applied on dielectric surfaces,
and the other is (10) applied on conductor surfaces.

On dielectric surfaces, unlike the traditional approach to set
up integral equations using the surface equivalent principle,
in which the field continuity relation in the true field region is
used, the approach in this paper enforces the tangential fields
in the null field region to be zero. In the 0th subproblem,
the tangential components of �E0(r) and �H0(r) on the surface
S−

d0
are enforced to be zero. For the rest of subproblems, taking

the i th subproblem as an example, the tangential components
of �Ei (r) and �Hi(r) on the surface of every dielectric in the
null field region, S−

d j
( j = 1, . . . , N), are set to zero, i.e.,

�Ei (r)|tan = 0, �Hi(r)|tan = 0

r ∈
{

S−
d0

, if i = 0

S−
d j

( j = 1, . . . , N ), if i �= 0.
(9)

In addition, in each subproblem, the tangential component
of the electric field on surfaces S+

c j
( j = 0, . . . , N) vanishes

in each subproblem, or

�Ei (r)|tan + �E inc
i (r)

∣∣
tan = 0, r ∈ S+

c j
, j = 0, . . . , N (10)

where i = 0, . . . , N , �E inc
i is the incident field in region i . The

field expressions for �Ei (r) and �Hi(r) are given by (4) and (5).
The N +1 subproblems introduce N +1 integral equations.

A set of dedicated integral equations for a quasi-static PEEC
model can be acquired by summing up the integral equations
for all the N +1 subproblems for the same observation point r ,
including the case in which the observation point is defined by
point r+ or r− that approach r from either side of the same
surface. This summing process leads to

�E0(r
+)|tan +

N∑
i=1

�Ei (r
−)|tan = 0

(
r± ∈ S±

d j
, j = 1, . . . , N

)

(11)

�H0(r
+)|tan +

N∑
i=1

�Hi(r
−)|tan = 0

(
r± ∈ S±

d j
, j = 1, . . . , N

)

(12)
N∑

i=0

�Ei (r)|tan = − �E inc
i (r)

∣∣
tan

(
r ∈ S+

c j
, j = 0, . . . , N

)
. (13)

The superscripts “+” and “−” of observation point r in (11)
and (12) represent the two points that approach r from the
two sides of the same dielectric surface. Reminded that S−

d0
=

{S+
d1

, . . . , S+
dN

}, r+ in (11) and (12) is the same as r defined
in (9) in the 0th subproblem. Substituting (6) into (11)–(13)
leads to the following integral equations, respectively,

[
− jω �A0(r

+) − ∇�0(r
+) − ∇ × 1

ε0

�F0(r
+)

− jω
N∑

i=1

�Ai (r
−)−∇

N∑
i=1

�i (r
−) − ∇×

N∑
i=1

1

εi

�Fi (r
−)

]

tan
= 0 (14)[

− jω �F0(r
+) − ∇ϕ0(r

+) + ∇ × 1

μ0
�A0(r

+)

− jω
N∑

i=1

�Fi (r
−)−∇

N∑
i=1

ϕi (r
−) + ∇ ×

N∑
i=1

1

μi

�Ai (r
−)

]

tan
= 0 (15)[

− jω
N∑

i=0

�Ai (r) − ∇
N∑

i=0

�i (r) − ∇ ×
N∑

i=0

1

εi

�Fi (r)

]

tan

= − �E inc
i (r)

∣∣
tan. (16)

The summations of potential functions in (14)–(16) can be
simplified under quasi-static assumption in Section III-A,
III-B, and III-C.
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A. Summations of Vector Potential Functions

The summation of the electric vector potentials �A0 + 
 �Ai

can be simplified by replacing Green’s function in (6a) by its
quasi-static approximation (8), i.e.,

�A0(r
+) +

N∑
i=1

�Ai (r
−)

= μ0

∫
Sd0 ,Sc0

GQ(r+, r ′) �J0(r
′)ds′

+ μ0

N∑
i=1

∫
Sdi ,Sci

GQ(r−, r ′) �Ji (r
′)ds′. (17)

Since the vector potentials under quasi-static approximation
are continues across a dielectric surface and that the field
points r+ and r− are infinitely close to r , (17) can be
rewritten as

μ0

∫
Sd0 ,Sc0

GQ(r+, r ′) �J0(r
′)ds′

+ μ0

N∑
i=1

∫
Sdi ,Sci

GQ(r−, r ′) �Ji (r
′)ds′

= μ0

∫
Sd0 ,Sc0

GQ(r, r ′) �J0(r
′)ds′

+ μ0

N∑
i=1

∫
Sdi ,Sci

GQ(r, r ′) �Ji (r
′)ds′. (18)

Notice that the electric current exists on the surfaces of
both conductors and dielectrics. According to (1), �J0 can be
reexpressed in terms of the currents on dielectric surfaces Sdi

(i = 1, . . . , N) and on conductor surface Sc0 . The electric
current for the i th subproblem �Ji consists of two parts: the
electric current on the surface of dielectric di and on the
surface of conductor ci . That is to say

�J0(r
′) =

N∑
i=1

�J di
0 (r ′) + �J c0

0 (r ′), �Ji (r
′) = �J di

i (r ′) + �J ci
i (r ′)

(19)

where the subscript “0” or “i” refers to the case in which the
field in region 0 or i is the true field. Replacing the electric
current density in (18) by (19) leads to

�A0(r
+) +

N∑
i=1

�Ai (r
−)

= μ0

∫
Sd0

GQ(r, r ′)
N∑

i=1

�J di
0 (r ′)ds′

+ μ0

∫
Sc0

GQ(r, r ′) �J c0
0 (r ′)ds′

+
N∑

i=1

μ0

∫
Sdi

GQ(r, r ′) �J di
i (r ′)ds′

+
N∑

i=1

μ0

∫
Sci

GQ(r, r ′) �J ci
i (r ′)ds′. (20)

Noted that Sd0 = {Sd1, . . . , SdN }. By rearranging the summa-
tion in (20), the following equation can be obtained:

�A0(r
+) +

N∑
i=1

�Ai (r
−)

=
N∑

i=1

μ0

∫
Sdi

GQ(r, r ′)
[ �J di

0 (r ′) + �J di
i (r ′)

]
ds′

+
N∑

i=0

μ0

∫
Sci

GQ(r, r ′) �J ci
i (r ′)ds′. (21)

Using (3), the first term on the right-hand side (RHS) of (21)
equals to zero, which means that the summation of the electric
vector potential only depends on the electric current on the
surfaces of conductors, such that

�A0(r
+) +

N∑
i=1

�Ai (r
−) =

N∑
i=0

μ0

∫
Sci

GQ(r, r ′) �J ci
i (r ′)ds′

= μ0

∫
Sc

GQ(r, r ′) �J (r ′)ds′ (22)

where Sc = {Sc0 , Sc1
, . . . , ScN }. Similarly, the summation of

magnetic vector potential �F0 + 
 �Fi can be simplified as

�F0(r
+) +

N∑
i=1

�Fi (r
−)

= ε0

∫
Sd0

GQ(r+, r ′)
N∑

i=1

�Mdi
0 (r ′)ds

+
N∑

i=1

εi

∫
Sdi

GQ(r−, r ′) �Mdi
i (r ′)ds′

=
N∑

i=1

∫
Sdi

GQ(r, r ′)
[
ε0 �Mdi

0 (r ′) + εi �Mdi
i (r ′)

]
ds′

=
∫

Sd

[ε0 − ε(r ′)]GQ(r, r ′) �M(r ′)ds′ (23)

in which Sd = {Sd1, . . . , SdN }, ε(r ′) is the permittivity of the
dielectric on whose surface the sources are introduced, and ε0
is the permittivity of the background.

B. Gradient of Summations of Scalar Potential Functions

Using the current continuity equation and (3), it can be
shown that the equivalent charge densities on the both sides
of a dielectric surface satisfy the following properties:

ρ
di
0 = −ρ

di
i σ

di
0 = −σ

di
i (24)

in which i = {1, . . . , N}.
Considering the gradient of summation of the scalar poten-

tials on the left-hand side (LHS) of (14)–(16), ∇φ0 + ∇
φi

and ∇ϕ0 + ∇
ϕi , the summation can be separated into two
terms, the singular and nonsingular terms. The singular term
appears when observation point is infinitely close to a source
point. As r in (14)–(16) is situated on a conductor or dielectric
surface, assuming r+ and r− approach a source point that is
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located at the center of Sδ , an infinitely small circular disk on
Sd j , the gradient can be written as

∇�0(r
+) + ∇

N∑
i=1

�i (r
−)

= 1

ε0

∫
Sδ

∇GQ(r+, r ′)ρd j
0 (r ′)ds′

+ 1

ε j

∫
Sδ

∇GQ(r−, r ′)ρd j
j (r ′)ds′

+
∫

Sc0 ,Sd0−Sδ

∇GQ(r+, r ′)ρd j
0 (r ′)ds′

+
N∑

i=1

1

εi

∫
Sci ,Sdi −Sδ

∇GQ(r−, r ′)ρi (r
′)ds′. (25)

The first and second terms on the RHS of (25) are the sin-
gular integrals. It can be proved that the tangential component
of the singular integrals approaches zero [15]. With (24), it can
be shown that the tangential components of the nonsingular
terms in (25) can be combined in a similar way as that in (23),
such that

1

ε0

∫
Sc0 ,Sd0−Sδ

∇GQ(r+, r ′)ρ0(r
′)ds′

+
N∑

i=1

1

εi

∫
Sdi ,Sci −Sδ

∇GQ(r−, r ′)ρi (r
′)ds′

=
N∑

i=0

∫
Sci

1

εi
∇GQ(r, r ′)ρci

i (r ′)ds′

+
N∑

i=1

∫
Sdi −Sδ

∇GQ(r, r ′)
[

ρ
di
0 (r ′)
ε0

+ ρ
di
i (r ′)
εi

]
ds′

=
∫

Sc

1

ε(r ′)
∇GQ(r, r ′)ρ(r ′)ds′

+
∫

Sd−Sδ

∇GQ(r, r ′)
[

1

ε0
− 1

ε(r ′)

]
ρ(r ′)ds′. (26)

In summary, the tangential component of the gradient of the
summation of the electric scalar potential can be written as

[
∇�0(r

+) + ∇
N∑

i=1

�i (r
−)

]

tan

=
{∫

Sc

∇GQ(r, r ′)
ρ(r ′)
ε(r ′)

ds′+
∫

Sd

∇GQ(r, r ′)

×
[

1

ε0
− 1

ε(r ′)

]
ρ(r ′)ds′

}
tan

= ∇
{∫

Sc

GQ(r, r ′)ρ(r ′)
ε(r ′)

ds′+
∫

Sd

GQ(r, r ′)

×
[

1

ε0
− 1

ε(r ′)

]
ρ(r ′)ds′

}
tan

. (27)

The tangential component of ∇�0 + ∇
�i can be proved to
be zero because[
∇ϕ0(r

+) + ∇
N∑

i=1

ϕi (r
−)

]

tan

Fig. 3. Observation point in subproblems 0 and j in a singular integral.

= 1

μ0

N∑
i=1

∫
Sd

∇GQ(r, r ′)
[
σ di

0 (r ′) + σ di
i (r ′)

]
ds′
∣∣∣∣∣
tan

= 0.

(28)

The above discussion shows that under the quasi-static
approximation the electric charge densities on conductor and
dielectric surfaces contribute to the EFIE, whereas the contri-
bution of magnetic charge on dielectric surfaces is null.

C. Curl of Summations of Vector Potential Functions

The third term on the LHS of (14)–(16) involves ∇ ×
�A0/μ0 + ∇ × 
 �Ai/μ0 and ∇ × �F0/ε0 + ∇ × 
 �Fi/εi . Taking
∇× �F0/ε0+∇×
 �Fi/εi as an example, as r+ and r− approach
a source point located at the center of Sδ on surface Sd j ,
considering �M0 =∑ �Mdi

0 , one can find that

∇ × 1

ε0
�F0(r

+) + ∇ ×
N∑

i=0

1

εi

�Fi (r
−)

=
∫

Sd0

∇GQ(r+, r ′) × �M0(r
′)ds′

+
N∑

i=0

∫
Sdi

∇GQ(r−, r ′) × �Mi (r
′)ds′

=
∫

Sδ

∇GQ(r+, r ′) × �Md j
0 (r ′)ds′

+
∫

Sδ

∇GQ(r−, r ′) × �Md j
j (r ′)ds′

+
∫

Sd0−Sδ

∇GQ(r+, r ′) × �M0(r
′)ds′

+
N∑

i=0

∫
Sdi −Sδ

∇GQ(r−, r ′) × �Mi (r
′)ds′ (29)

in which the first and second terms on the RHS are singular
and the remaining terms are nonsingular. As shown in Fig. 3,
when r+ and r− approach Sδ from the both sides of surface
Sd j , referring to [15], the singular integrals can be written in
the following form:∫

Sδ

∇GQ(r+, r ′) × �Md j
0 (r ′)ds′

+
∫

Sδ

∇GQ(r−, r ′) × �Md j
j (r ′)ds′

= �nd j
0 (r)

2
× �Md j

0 (r)+ �nd j
j (r)

2
× �Md j

j (r) = �n(r) × �M(r) (30)
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where �n is the normal unit vector defined in subproblem 0.
The nonsingular terms in (29) are continues across a dielectric
surface and can be proved to be zero because∫

Sd0−Sδ

∇GQ(r+, r ′) × �M0(r
′)ds′

+
N∑

i=1

∫
Sdi −Sδ

∇GQ(r−, r ′) × �Mi (r
′)ds′

=
∫

Sd0−Sδ

∇GQ(r, r ′) ×
N∑

i=1

�Mdi
0 (r ′)ds′

+
N∑

i=1

∫
Sdi −Sδ

∇GQ(r, r ′) × �Mdi
i (r ′)ds′

=
N∑

i=1

∫
Sdi −Sδ

∇GQ(r, r ′) × [ �Mdi
0 (r ′) + �Mdi

i (r ′)
]
ds′ = 0.

(31)

In conclusion, combining (30) and (31) into (29) leads to

∇ × 1

ε0
�F0(r

+) + ∇ ×
N∑

i=0

1

εi

�Fi (r
−) = �n(r) × �M(r). (32)

Similarly, the curl of the summation of electric vector potential
function in (15) can be found as

∇ × 1

μ0
�A0(r

+) + ∇ ×
N∑

i=0

1

μ0
�Ai (r

−)

=
∫

Sc

∇GQ(r, r ′) × �J(r ′)ds′ + �n(r) × �J (r). (33)

Equations (32) and (33) indicate that the electric current on
conductors contributes to the MFIE, whereas the contribution
of the magnetic current to the electric field only exists at the
location where the source is.

Substituting (22), (23), (27), (28), (32), and (33) into
(14)–(16) one can find three dedicated integral equations.
Specifically, they are the EFIE on dielectric surfaces{

∇
∫

Sc

GQ 1

ε(r ′)
ρ(r ′)ds′ + ∇

∫
Sd

GQ
[

1

ε0
− 1

ε(r ′)

]
ρ(r ′)ds′

+ jωμ0

∫
Sc

GQ �J (r ′)ds′ + �n(r) × �M(r)

}
tan

= 0 (34)

the MFIE on dielectric surfaces{
jω
∫

Sd

[ε(r ′) − ε0]GQ �M(r ′)ds′

+
∫

Sc

∇GQ × �J (r ′)ds′ + �n(r) × �J(r)

}
tan

= 0 (35)

and the EFIE on conductor surfaces{
∇
∫

Sc

GQ 1

ε(r ′)
ρ(r ′)ds′ + ∇

∫
Sd

GQ
[

1

ε0
− 1

ε(r ′)

]
ρ(r ′)ds′

+ jωμ0

∫
Sc

GQ �J(r ′)ds′ + �E inc
i (r)

}
tan

= 0. (36)

For simplicity, symbol GQ represents a short form of quasi-
static Green’s functions defined in (8). From (34)–(36), one

Fig. 4. Surface current and charge cells. (a) Charge cells. (b) ith and j th
current cells.

can find that the contributions of magnetic charge density and
that of the equivalent electric current on dielectric surfaces are
vanished in the integrals under quasi-static assumption. Only
the electric current on the surfaces of conductors, the magnetic
current on dielectrics surfaces and electric charges take part
in the integrals.

IV. CIRCUIT DOMAIN INTERPRETATION

In this section, a circuit domain interpretation of integral
equations (34)–(36) will be given after discretizing and match-
ing procedures. In the same time, the equivalent circuit and
corresponding elements are also obtained.

A. Discretization

Even though triangular or quadrilateral mesh cells can be
applied to discretize the surfaces, for the clarity, rectangular
mesh cells and pulse basis functions are used in this discus-
sion.

Having divided all the dielectric and conductor surfaces by
rectangular charge cells, every connected pair of charge cells
form a current cell, as shown in Fig. 4, where the width and
length of the i th current cell are wi and li , respectively. The
distributions of electric and magnetic currents, as well as the
electric charge on the surfaces of conductors and dielectrics
are discretized by

�J(r) =
Mc∑
i=1

�bi (r)J C
i +

Md∑
j=1

�b j (r)J D
j (37)

�M(r) =
Md∑
j=1

�c j (r)M D
j (38)

ρ(r) =
Nc∑

k=1

fk(r)ρC
k +

Nd∑
l=1

fl(r)ρD
l (39)

in which Mc , Md , Nc , and Nd denote the total numbers of cur-
rent cells on conductors and dielectrics, number of charge cells
on conductors and dielectrics, respectively. The super-script
“C” and “D” of the discretized sources denote the source
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TABLE I

DEFINITION OF EQUIVALENT VARIABLES

location on conductor and dielectric surfaces, respectively. The
basis functions �bi , �c j , and fk are defined as

�bi (r) =
{

�vi , r ∈ i th current cell

0, otherwise
(40)

�c j (r) =
{

�v j × �n, r ∈ j th current cell

0, otherwise
(41)

fk(r) =
{

1, r ∈ kth charge cell

0, otherwise
(42)

where �vi is a unit vector that defines the direction of the
tangential current on current cell i , as shown in Fig. 4, and �n
is a unit vector normal to the surface pointing outwards.

For the convenience of discussion, the field domain vari-
ables in (37)–(39) are replaced by their corresponding circuit
domain variables listed in Table I, where Ak is the area
of charge cell k. The current density J C(D)

i are expressed
by current I C(D)

i on the i th current mesh on conductors
or dielectrics. The charge density ρ

C(D)
k is regarded as the

displacement current on conductors or dielectrics flows from
the kth charge cell to the ground. Considering the unit of
magnetic current M D

j is V/m, a voltage V D
j is introduced

by V D
j = l j M D

j on the j th current mesh on the surfaces
of dielectrics. The dedicated integral equations (34)–(36) after
discretizing lead to the following discretized integral equations
by replacing the sources in the field domain with discretized
sources in the circuit domain:

1) Discretized EFIE and MFIE on Dielectrics:

{
∇�(r) + jω

Mc∑
i=1

μ0

wi

∫
Si

GQ �bi (r
′)I C

i ds′

+�n ×
Md∑
j=1

�c j (r)
V D

j

l j

⎫⎬
⎭

tan

= 0 (43)

⎧⎨
⎩ jω

Md∑
j=1

1

l j

∫
S j

[ε(r ′) − ε0]GQ �c j (r
′)V D

j ds′

+
Mc∑
i=1

1

wi

∫
Si

∇GQ × �bi(r
′)I C

i ds′+�n×
Md∑
j=1

�b j (r)
I D

j

w j

⎫⎬
⎭

tan

= 0.

(44)

2) Discretized EFIE on Conductors:{
∇�(r) + jω

Mc∑
i=1

μ0

wi

∫
Si

GQ �bi(r
′)I C

i ds′
}

tan

= 0 (45)

in which the first term on the LHS of (43) and (45) is the
gradient of summation of electric scalar potentials in (27) after
discretizing. The discretized electric scalar potential φ(r) is
given by

�(r) =
N∑

i=0

�i (r)

= 1

jω

Nc∑
k=1

[
1

Ak

∫
Sk

1

ε(r ′)
GQds′

]
I CDis
k

+ 1

jω

Nd∑
l=1

[
1

Al

∫
Sl

ε(r ′) − ε0

ε(r ′)ε0
GQds′

]
I DDis
l . (46)

B. Matching Procedure
Having had discretization of the coupled integral equations,

a matching procedure is applied to (43)–(45) to enforce the
coupled equations on each of the current cells with the
following projection:

〈�t, �f 〉 =
∫

St

�t · �f ds (47)

where integration domain St is the surface of the testing cell,
�t is the testing function, and �f is the discretized integral equa-
tions to be matched. The three discretized integral equations
to be matched are: 1) EFIE (43) with the observation point on
the surfaces of dielectrics; 2) MFIE (44) with the observation
point on the surfaces of dielectrics; and 3) EFIE (45) with
the observation point on the surfaces of conductors. Taking
the pth current cell on dielectric and the qth current cell on
conductors as examples in the following discussions.

1) EFIE on Dielectric Surfaces: Applying the matching
procedure on (43) with �t = �bp/wp on the pth dielectric
current mesh leads to

1

wp

∫
Sp

�bp(r) · ∇�(r)ds

+ jω
Mc∑
i=1

[
μ0

wpwi

∫
Sp

∫
Si

�bp(r) · �bi (r
′)GQds′ds

]
I C
i

+ 1

wp

∫
Sp

�bp(r) ·
⎡
⎣�n ×

Md∑
j=1

�c j (r)
V D

j

l j

⎤
⎦ ds = 0. (48)

2) MFIE on Dielectric Surfaces: Applying the matching
procedure on (44) with �t = �cp/ l p leads to

jω
Md∑
j=1

{
1

l pl j

∫
Sp

∫
Si

[ε(r ′) − ε0]�cp(r) · �c j (r
′)GQds′ds

}
V D

j

+
Mc∑
i=1

{
1

l pwi

∫
Sp

∫
Si

[�cp(r) × �bi(r
′)
] · ∇GQds′ds

}
I C
i
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+ 1

l p

∫
Sp

�cp(r) ·
Md∑
j=1

[
�n × �b j (r)

I D
j

w j

]
ds = 0. (49)

3) EFIE on Conductor Surfaces: Similar to (48), by setting
�t = �bq/wq , after applying the matching process on the qth
conductor current mesh, (45) becomes

1

wq

∫
Sq

�bq(r) · ∇�(r)ds

+ jω
Mc∑
i=1

{
μ0

wqwi

∫
Sq

∫
Si

�bq(r) · �bi (r
′)GQds′ds

}
I C
i = 0.

(50)

The gradient of potential function φ(r) in (48) and (50) can
be approximated by finite difference [1]. By applying vector
identify of �b · ∇φ = ∇ · (�bφ) − (∇ · �b)φ, the first term on the
LHS of (48) and (50) becomes

1

wp

∫
Sp

�bp(r) · ∇�(r)ds

≈ −
(

1

A p+

∫
Sp+

�(r)ds − 1

A p−

∫
Sp−

�(r)ds

)

= −(�p+ − �p−) (51)

where the integration domain Sp± spans two charge cells
associated with current cell p. With (46), the potentials φp±
can be evaluated by

�p± = 1

jω

⎛
⎝ Nc∑

k=1

1

A
p± Ak

∫
Sp±

∫
Sk

1

ε(r ′)
GQds′ds I CDis

k

+
Nd∑

l=1

1

A
p± Al

∫
Sp±

∫
Sl

ε(r ′) − ε0

ε(r ′)ε0
GQds′ds I DDis

l

⎞
⎠.

(52)

C. Circuit Domain Interpretation

It is obvious that (48) and (50) can be regarded as two
KVL equations and (49) as a KCL equation. The circuit
interpretation of each of the equations will be given in the
following.

1) EFIE and MFIE on Dielectric Surfaces: Each of the
three terms on the LHS of (48) represents a voltage drop across
a circuit element. The first term represents potential difference
between two adjacent charge cells p+ and p− as explained
by (51) and (52), in which the node potential φp± can be
defined by potential coefficients PC

p±k and P D
p±l [16] alone

with displacement currents I Cdis
k and I Ddis

l such that

�p± = 1

jω

⎛
⎝ Nc∑

k=1

PC
p±k I CDis

k +
Nd∑

l=1

P D
p±l I DDis

l

⎞
⎠ (53)

where

PC
p±k = 1

A
p± Ak

∫
Sp±

∫
Sk

1

ε(r ′)
GQds′ds (54)

Fig. 5. Circuit interpretation of discretized integral equations. (a) KVL
circuit for EFIE on dielectric surfaces. (b) KCL circuit for MFIE on dielectric
surfaces. (c) Aggregated circuit on the surface of dielectrics. (d) Circuit on
surfaces of conductors.

P D
p±l = 1

A
p± Al

∫
Sp±

∫
Sl

ε(r ′) − ε0

ε(r ′)ε0
GQds′ds. (55)

The second term is the voltage drop of a current controlled
voltage source (CCVS), which can be expressed in terms of
circuit domain variables by

VCCVS = jω
Mc∑
i=1

K CV
pi I C

i (56)

where the scaling factor K CV
pi is given by

K CV
pi = μ0

wpwi

∫
Sp

∫
Si

�bp(r) · �bi (r
′)GQds′ds (57)

and the third term on the LHS of (48) actually is a local
voltage V D

p introduced by the equivalent magnetic current on
a dielectric surface, as defined in Table I. Replacing the basis
functions by (40) and (41), one can find that

1

wp

∫
Sp

�bp(r) ·
⎡
⎣�n ×

Md∑
j=1

�c j (r)
V D

j

l j

⎤
⎦ ds

= 1

wpl p

∫
Sp

�v p · [�n × (�v p × �n)]dsV D
p

=
(

A p

wpl p

)
V D

p

= V D
p . (58)

As shown in Fig. 5(a), (48) can be represented by the
voltage loop equation −(φp+ − φp−) + VCCVS + V D

p = 0.
In contrast, (49) can be interpreted as the current node

equation IC + ICCCS − I D
p = 0 from the KCL point of view,

as illustrated in Fig. 5(b). The first term on the LHS of (49)
stands for the currents through self- and mutual-capacitive
couplings, or

IC = jω
Md∑
j=1

Cpj V
D
j (59)

with

Cpj = 1

l pl j

∫
Sp

∫
Si

[ε(r ′) − ε0]�cp(r) · �c j (r
′)GQds′ds (60)
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where Cpp is defined as the self-capacitance on the pth current
cell and V D

p is the voltage across a self-capacitor. The second
term on the LHS of (49) is the current induced by a current
controlled current source (CCCS), namely, K CC

pi , which can
be expressed as

ICCCS =
Mc∑
i=1

K CC
pi I C

i (61)

with scaling factor

K CC
pi = 1

l pwi

∫
Sp

∫
Si

[�cp(r) × �bi (r
′)] · ∇GQds′ds. (62)

The third term is regarded as an equivalent current I D
p because

1

l p

∫
Sp

�cp(r) ·
Md∑
j=1

[
�n × �b j (r)

I D
j

w j

]
ds

= 1

wpl p

∫
Sp

[�v p × �n] · [�n × �v p]ds I D
p = −I D

p . (63)

Considering the partial element circuits shown
in Fig. 5(a) and (b), on pth dielectric current cell, the current
through the branch, as stated by (49), equals to the current
through the self-capacitance alone with other couplings. The
voltage across the self-capacitance defined in (60) equals to
the voltage between the two ends of the box in Fig. 5(a).
Consequently, the whole picture of the PEEC can be obtained
by replacing the box in Fig. 5(a) by the circuit in Fig. 5(b),
as shown in Fig. 5(c). It should be noticed that when the
permittivity of a dielectric approach that of the surrounding
background, the value of capacitances given by (60) and the
potential coefficient (55), which are the dominant elements
on dielectrics, approach zero. In other words, the PEECs on
dielectrics naturally become open circuited.

2) EFIE on Conductor Surface: Similar to the EFIE on
dielectric surfaces, (50) is regarded as the voltage loop equa-
tion −(φq+ − φq−) + VL = 0 on the qth current mesh [1],
in which

�q± = 1

jω

⎛
⎝ Nc∑

k=1

PC
q±k I CDis

k +
Nd∑
l=1

P D
q±l I DDis

l

⎞
⎠ (64)

VL = jω
Mc∑
i=1

Lqi I C
i (65)

where the self- and mutual-inductances Lqi between current
elements q and i are defined by

Lqi = μ0

wqwi

∫
Sq

∫
Si

�bq(r) · �bi (r
′)GQds′ds. (66)

D. Circuit Matrices

Having derived the S-PEEC model, the circuit matrix of the
model can be expressed as follows.

1) For the circuit on conductor surfaces

[VS] + [δV C ] = jω[L][I C]. (67)

2) For the circuit on dielectric surfaces

[δV D] = jω[K CV][I C ] + [V D] (68)

Fig. 6. Quasi-static S-PEEC model for EM problems with conductors and
dielectrics.

[I D] = jω[C][V D] + [K CC][I C ] (69)

and the node potentials are related to displacement
currents by

[�] = 1

jω
[PC ][I CDis] + 1

jω
[P D][I DDis] (70)

where [L] is the inductance matrix defined by (66),
[C] is the capacitance matrix defined by (60), [K CC]
is the CCCS matrix defined by (62), [K CV] is the
CCVS matrix defined by (57), [PC(D)] is the potential
coefficient matrices defined by (54) and (55), [I C(D)]
is the vectors of surface currents, [φ] is the vector of
node potentials, [δV C(D)] is the vectors of voltages
between two adjacent nodes, [I C(D)Dis] is the vectors
of displacement currents, [V D] is the vector of surface
voltage on dielectric surfaces, and [VS] is the voltage
excitation vector.

The superscripts of C and D of the coupling matrices in
(67)–(70) stand for conductors and dielectrics, respectively.
The vector of displacement current [I C(D)Dis] is related to
surface current vector [I C(D)] by KCL equation

[I C(D)Dis] = [AC(D)][I C(D)] (71)

where [AC(D)] is connectivity matrix. Entry Aij in matrix
[AC(D)] is 1 or −1 if the current on the j th current mesh
flows into or out of the i th charge mesh, otherwise is 0.

In summary, the proposed S-PEEC model for a general
quasi-static EM problem involving dielectrics and conductors
can be obtained in the circuit form shown in Fig. 6. The
PEEC representing conductors is in consistent with that of
the conventional S-PEEC model and that for dielectrics the
dominant circuit element is the self-capacitance. In the PEEC
model shown in Fig. 6, couplings among different types
of circuit elements are represented by different symbols: a
triangular dot stands for inductive coupling among conductor
current cells, a circular dot refers to capacitive coupling among
all the charge cells, and capacitive coupling between dielectric
surface current cells is represented by a square dot. The
influence of electric current on conductor surfaces to dielectric
surfaces is represented by controlled sources. In conclusion,
the circuit for the conductors couples to that for dielectrics
through two mechanisms: 1) the controlled voltage and current
sources on dielectric surfaces by the current on conductor
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Fig. 7. Geometry of transmission line structure.

surfaces and 2) the capacitive coupling among the displace-
ment currents on the surfaces of conductors and dielectrics.
Since the number of circuit elements on dielectric surfaces
in the proposed PEEC model is M2

d + N2
d , compared with

4M2
d + 2N 2

d elements in the conventional S-PEEC model,
the simulation time and required memory of the proposed
PEEC model is reduced significantly.

V. NUMERICAL EXAMPLES

To validate the accuracy and effectiveness of the proposed
PEEC model, three numerical examples are investigated. Tri-
angular meshes and RWG basis functions [17] are adopted
in all the examples. modified node analysis [18] is used to
analyze the PEEC models for obtaining the S-parameters.
A transmission line [3], an LTCC component and a multilayer
interconnection circuit are given in this section. The results in
the frequency domain by the proposed model are compared
with those by S-PEEC and commercial software. Same mesh
scheme is used by the proposed PEEC and the S-PEEC in each
of the examples. A time-domain transient analysis is given in
example 1 to demonstrate the applicability of the proposed
PEEC model for time-domain analysis.

A. Example 1: Transmission Line of Finite Dielectric

A transmission-line structure as shown in Fig. 7, which is
an example in [3], is first analyzed using the proposed PEEC
model. The thickness of the conductor traces are set to be
0.1μm. The dielectric block is 18 μm thick, 20 μm wide,
and 300 μm long. The transmission line is excited by a 1-V
voltage source at one end. The frequency-domain responses
of the imaginary part of input current Iin through the voltage
source are shown in Fig. 8(a). Compared with the results of
HFSS and the S-PEEC model in [3] for relative dielectric
constants (εr ) of 10 and 20, good agreement is observed.
It can also be seen that the resonance frequency shifts with
the change in dielectric constant. A comparison between the
attributes and computational overhead of the conventional
S-PEEC and the proposed PEEC is given in Table II. It is
noticed that the numbers of branches and nodes are reduced
nearly by half in the proposed PEEC model. The number of
coupling elements is also reduced significantly. As the problem
under the quasi-static assumption, the radiation effect is not
considered in the proposed PEEC mode. Therefore, the real
part of Iin is constantly equals to zero.

To valid the proposed model for time-domain simulation,
the transmission line structure with εr = 10 is excited by

Fig. 8. (a) Imaginary part of current through voltage source for relative
permittivity of 10 and 20. (b) Time-domain responses of VAB and VCD for
relative permittivity of 10.

TABLE II

CIRCUIT SIZE AND COMPUTING TIME OF THE PROPOSED PEEC MODEL

AND THE CONVENTIONAL S-PEEC MODEL

voltage source Vs with a sin-square waveform, whose magni-
tude is 1 V and raise time is 9.5 ps. As shown in Fig. 7, Vs

is connected in series with a 10-� source resistor ZS between
points A and B. The other end is left open. The simulated
voltages VAB and VCD, which are the potential differences
between points A and B and points C and D, respectively, are
plotted in Fig. 8(b). The results are validated by those obtained
in [3] by S-PEEC model, showing very good agreement.

B. Example 2: LTCC Filter Component

The second example is a typical LTCC bandpass filter
component shown in Fig. 9. The filter is embedded in an
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Fig. 9. LTCC bandpass filter. (a) Isometric view. (b) Side view in the yz plane.
(c) Top view of each layer in the xy plane and its brief physical dimensions.

Fig. 10. Mesh scheme of the LTCC filter and port definition.

Fig. 11. Comparison of the numerical results by the proposed PEEC model,
S-PEEC, and agilent ADS momentum.

electrically small dielectric block with relative permittivity
εr = 7.8 and thickness of each layer is 91.44 μm. The resis-
tivity of conductor strips is set to 10−8 � ·m. The definition of
the differential ports is illustrated in Fig. 10. Since the bottom
surface is the ground plane, two electrode pads are added
to each port with a small gap in the middle for applying a
delta-gap voltage source [19]. In the circuit domain, the nodes
on the two charge meshes besides the gap are connected by a
voltage source in series with a reference resistor whose value
equals to the port impedance as shown in Fig. 10. The surfaces
of the conductor and dielectrics are divided into 1339 meshes.
The number of nodes in the circuit domain of the proposed
PEEC and S-PEEC is 1339 and 2071, respectively. In Fig. 11,
the magnitude of S-parameters calculated by the proposed
PEEC model, commercial EM software ADS momentum [9],
and the traditional S-PEEC model are compared. Good agree-
ment is observed.

Fig. 12. (a) Circuit layout of a multilayer interconnection circuit with through
vias and a pair of differential signal lines (with port excitation enlarged).
(b) Mesh scheme (with meshes around a via are enlarged).

Fig. 13. Magnitude of S-parameters calculated by HFSS, S-PEEC, and the
proposed PEEC model.

C. Example 3: Multilayer Interconnection Circuit

To valid the ability of the proposed method to model an
interconnection problem, a typical multilayer interconnection
circuit with through via holes and a pair of differential signal
lines is studied. The physical geometry and the excitation
method of the circuit board are shown in Fig. 12(a). In the
circuit, there is a layer of power plate and two layers of
signal traces, which are connected by a pair of via holes
embedded in the substrate with dielectric constant of 4.04.
The conductor strips are treated as a 3-D perfect conductor
block with thickness of 1 μm. The thickness of the dielectric
substrate is 396.2 μm and the traces are located at the top



576 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 67, NO. 2, FEBRUARY 2019

and bottom surfaces of the substrate. Two delta-gap voltage
sources are applied at the ports of the traces. The other
dimensions are given in Fig. 12(a). As shown in Fig. 12(b),
2774 meshes are employed to construct the conductor and
dielectric surfaces. It also can be observed that the triangular
meshes fit the via hole structures well. The number of nodes in
the circuit domain of proposed PEEC and S-PEEC is 2774 and
4306, respectively. As shown in Fig. 13, good agreement is
observed in the frequency range below the second resonance
compared with the results of HFSS and traditional S-PEEC.
Above the second resonance frequency, the response deviates
from HFSS’s result slightly due to the quasi-static assumption.

VI. CONCLUSION

In this paper, a quasi-static S-PEEC model is presented for
modeling EM problems involving conductors and heteroge-
neous dielectrics of finite size. The new PEEC model is based
on three integral equations, namely, EFIE for conductors,
MFIE, and EFIE for dielectrics, under quasi-static assumption.
The new set of integral equations allow the PEEC model
describing dielectric surfaces only contains capacitive coupling
and controlled sources that reflect the coupling with the sub-
circuit for conductors, leading to a significant size reduction
of the subcircuit for describing dielectrics compared to the
full-wave S-PEEC model. The new PEEC model provides a
frequency-invariant lumped element circuit for a general EM
problem under quasi-static assumption. The proposed PEEC
model is proved to be suitable for both the frequency- and
time-domain analysis. The model will be particularly useful
for practical packaging and interconnection problems in which
the electrical size is relative small.
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