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Direct Mesh-Based Model Order Reduction of
PEEC Model for Quasi-Static Circuit Problems
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Abstract— In this paper, a new concept of matrix-inversion-
less derived physically expressive circuit method of model order
reduction for large-scale high-speed/microwave circuit problems
is proposed. It is the first model that is derived based on the mesh
information of partial element equivalent circuit modeling. This
new proposed method absorbs insignificant nodes and parallel
branches while retaining the physical meaning of all the inductive
and capacitive elements. This method does not involve any matrix
inversions or decompositions and its computational overhead is
dominated by outer products that can be simply accelerated by
the massive GPU acceleration technique. The resultant order-
reduced circuit is very useful for not only speeding up the analysis
of a large-scale high-speed/microwave circuit but also interpreting
the physical insight of the circuit layout from the circuit domain
point of view. Three numerical examples are given, demonstrating
the versatility, scalability, accuracy, and simplicity of the method.

Index Terms— Electromagnetic (EM), equivalent circuit,
model order reduction (MOR), partial element equivalent
circuit (PEEC).

I. INTRODUCTION

THE partial element equivalent circuit (PEEC) model [1]
is the only physical meaningful method that converts an

electromagnetic (EM) problem into a circuit domain problem,
which has been widely adopted in signal integrity analysis,
electronic packaging design, EM radiation, EM compatibil-
ity, and power electronics problems [2]–[6]. Nevertheless,
the PEEC model for a multiconductor structure is a mesh-
dependent circuit model, which consists of a large number
of RLC elements, especially for a practical high-speed or
high-frequency circuit. Usually, it is prohibitively time con-
suming if not possible to directly solve such a large-scale
circuit problem because some large-scale matrix inversions
are involved. Besides, it is difficult to acquire any physical
insight by directly examining the lumped element circuit itself.
In recent years, the PEEC model has been used to serve
as a good starting point to derive a much more concise
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and physically meaningful equivalent circuit by the physics-
based model order reduction (MOR) technique called derived
physically expressive circuit (DPEC) method [7], [8].

A number of mathematics-based MOR techniques have been
proposed in the past to generate a low ordered approxima-
tion of a large-scale circuit problem, among which are the
Lanczos and Arnoldi algorithms that are the subclass of the
so-called Krylov subspace iteration methods which constitute
the main framework of modern MOR research [9]–[13].
These techniques approximate the system responses by using
some matrix operations, such as QR decompositions, LU
decompositions, and matrix inversions. These techniques have
a good performance for moderate-sized problems. However,
the scalability issue is a limiting factor in the applications as
they all involve matrix inversions or decompositions. Since
the order-reduced macro model involves full matrices in its
modified nodal analysis (MNA) state equation, there is no
direct physics interpretation from the model.

In this paper, a new mesh-based MOR method that confronts
the two major issues faced by the DPEC method is fully
presented with extensive theoretical elaboration and practical
numerical details. The two issues are: 1) it involves two
large matrix inversions, one for obtaining the coefficients of
capacitance matrix from the coefficients of potential matrix
and the other for converting the mutual inductive couplings
into so-called nonphysical direct inductance and 2) the order-
reduced circuit model does not reflect physically meaningful
mutual inductance as the direct inductances are not reversible
to sensible mutual inductances. This first issue limits the
scalability of the method and the second issue causes loss
the physical meaning of the order-reduced micromodel.

This paper presents the first method that allows deriving
a concise and physically meaningful micromodel directly
from the mixed potential integral equation (MPIE) and the
mesh information on conductor surfaces. Instead of dealing
with the capacitances, which must be obtained by a matrix
inversion, the proposed method uses the potential coefficients
directly. A legitimate circuit transformation, which directly
involves mutual inductances and is inspirited from the mesh
information, is introduced. It will be shown that this new mesh-
based MOR technique neither requires any matrix operations
nor introduces any physically meaningless circuit components
throughout the MOR process. Recently, a preliminary result
of applying this MOR method on a small-size meander delay
line circuit was reported in a conference paper [14] with
validation by a comparison of results of this method and those
of PEEC model. Theories for the following indispensable
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Fig. 1. PEEC meshes together with partial inductances and capacitances.

components in the MOR process will be elaborated in this
paper: 1) the low-pass approximation and node selection crite-
rion; 2) combining of two shunt branches that are coupled with
all the rest of branches; and 3) the conversion of the mixed
coupling between a capacitor and an inductor to a sensible
inductive coupling. Three practical examples are investigated
in this paper, including a large-scale practical interconnection
problem. A comparative study of the proposed method and
the well-known Krylov iteration method [10] is conducted in
terms of computational complicity, efficiency, and stability in
example 3 of Section IV. The comparison further reveals the
unique features of this new method and its superiority over
the classical method. This paper will focus on the quasi-static
high-speed/microwave circuit problems.

II. OVERVIEW OF THE PEEC MODEL

A. PEEC Modeling for Static Problems

The PEEC model is based on the circuit representation
of the discretized MPIE [1]. For simplicity, considering an
infinitely thin conducting strip, the frequency-domain static
PEEC formulation starts from the MPIE

E(r) = − jω
∫

s ′
G A(r, r′) · J(r′)ds′ − ∇

∫
s ′

Gϕ(r, r′)ρ(r′)ds′

(1)

where ¯̄G A and Gϕ are the dyadic and scalar Green’s functions
for magnetic vector and electric scalar potentials, respectively,
and ρ and J are the surface charges and current densities,
respectively.

By dividing a conducting strip into capacitive meshes with
charges laid on and inductive meshes with currents flown
through, the charge and current densities are discretized.
Since these meshes are small enough, charge density of each
capacitive mesh and current density of each inductive mesh
will be assumed to be a constant. Fig. 1 illustrates that a
capacitive mesh needs to be introduced between two or more
connected inductive meshes to satisfy the current continuity
condition.

In addition, without loss of generality, only the x-component
in (1) is considered. By separately discretizing the current and
charge densities using rectangular pulse functions, applying
Galerkin’s matching procedure and having r reside on the
conducting strip, the discretized form of (1) is given by

ll
σwl

I x
l +

∑
m

jω

wlwm

(∫∫
Gx x

A (r, r′)ds′
mdsl

)
I x
m

+
∑

n

d

dx

1

wl an

(∫∫
Gϕ(r, r′)ds′

ndsl

)
Qn = 0 (2)

where mesh m is the inductive mesh and mesh n is the
capacitive mesh, wl and wm are the widths of inductive
meshes l and m, respectively, an is the area of capacitive
mesh n. Subscript l = 1, . . . , M and M is the total number
of inductive meshes. It is worth mentioning that (2) is in the
form of Kirchhoff’s voltage law (KVL). The terms on the
left-hand side represent, respectively, the resistive, inductive,
and capacitive voltage drops across inductive mesh l.
In a more circuit-oriented form, (2) can be represented as
(superscript x is dropped from now on)

Rl Il−l+ +
∑

m

jωMl−l+,m−m+ Im−m+

+
∑

n

(ppl+,n − ppl−,n)Qn = 0 (3)

where indices l− and l+ are associated with inductive
cell l with current Il−l+ flowing from node l− to node l+.
Constant Ml−l+,m−m+ is the partial (self or mutual) induc-
tance between inductive cells ended by nodes l± and m±,
respectively. Constant ppl±,n is the coefficient of electric
potential between capacitive cells l± and n. Constant Qn is
the total charge on the capacitive cell n. A finite-difference
approximation has been used for the derivative operator in the
third term of (2). For ease of analysis, conductor loss Rl is
conflated with the corresponding self-inductance Ml−l+,l−l+ ,
and (3) becomes∑

m

jωMl−l+,m−m+ Im−m+ +
∑

n

(ppl+,n − ppl−,n)Qn = 0.

(4)

B. Basic Circuit Element of PEEC

Conventionally, for a multiple conductor circuit, the self-
partial capacitance Ci,0 of capacitive mesh i and mutual
partial capacitance Ci, j between capacitive meshes i and j
can be obtained from coefficients of potential matrix [pp]
in (4). Inverting these coefficients of potential matrix, one
can get the coefficient of capacitance ci,i and coefficient of
induction ci, j by

[c]N×N = [pp]−1
N×N . (5)

The actual self-partial and mutual partial capacitances [15]
can be obtained by

Ci,0 =
N∑

j=1

ci, j and Ci, j = −ci, j (i �= j). (6)

Therefore, KVL equation (4) can be illustrated as circuit
in Fig. 1. A self-partial inductance Ml−l+,l−l+ of inductive
mesh l incorporates mutual inductive coupling Ml−l+,m−m+
with every self-partial inductance Mm−m+,m−m+ of inductive
mesh m. At its two end capacitive meshes l±, self-partial
capacitances Cl±,0 and mutual partial capacitances with every
capacitive mesh n, capacitances Cl±,n, exist.

C. Potances of Capacitive Couplings

As stated above, coefficients of potential for a multicon-
ductor system can fully represent the partial capacitances.
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Fig. 2. Illustration of potor current. (a) Currents of inductive meshes and
charges of capacitive meshes. (b) Self- and mutual partial inductances and
potances.

Therefore, it is not necessary to convert coefficients of poten-
tial to partial capacitances, which requires inverting a large
matrix for circuit analysis, or as required in a physics-based
MOR as done in [7] and [8]. Directly dealing with coeffi-
cients of potential can avoid inverting a large-scale matrix of
coefficients of potential.

As analogous to conventional definitions of self-inductance
of an inductor and mutual inductance of two inductors, for
convenience, quantity ppi,i is called self -potance of the circuit
element potor and ppi, j is called mutual potance of two
potors. As illustrated by the mesh schematic in Fig. 2(a),
the charge Qn of capacitive mesh n and the currents Ini

(i = 1, 2, 3) of its connected inductors Mni,ni follow the
current continuity equation

− jωQn =
3∑

i=1

Ini . (7)

The circuit representation of this example with inductances
and potances is shown in Fig. 2(b), where In0 is the current
flowing through potor ppn,n of node n to ground and satisfies
the following relation:

In0 = jωQn. (8)

By using (8) in (7), one can obtain a Kirchhoff’s current
law (KCL) equation for the circuit

3∑
i=0

Ini = 0. (9)

Using (9) in KVL equation (4) yields∑
m

jωMl−l+,m−m+ Im−m+

+
∑

n

(
ppl+,n

jω
In0 − ppl−,n

jω
In0

)
= 0. (10)

Equation (10) can be well interpreted by the circuit
shown in Fig. 3. The equation reveals that the voltage from
node l± to ground or Vl±0 , of inductive mesh l can be
expressed as

Vl±0 =
∑

n

ppl±,n

jω
In0 = ppl±,l±

jω
Il±0 +

∑
n �=l±

ppl±,n

jω
In0 (11)

which states that the voltage Vl±0 of capacitive mesh
l± is caused by both self-potance ppl±,l± and mutual
potance ppl±,n .

Fig. 3. Circuit interpretation of KVL equation using potors and inductors.

Fig. 4. Representative meshes prior and posterior to the transformation for
absorbing node k. (a) Meshes prior to transformation. (b) Equivalent meshes
posterior to transformation.

Although the PEEC model can be solved using a cir-
cuit solver, for a circuit that involves a large number of
circuit elements and branches, the computing time can be
prohibitively long. Therefore, it is highly desirable to have the
order of the circuit model reduced before finding the circuit
responses. This demand has impelled tremendous research
activities in searching for effective MOR techniques that
possess two desired attributes: 1) the order of the original
circuit model is reduced by a few orders of magnitude and
2) the order-reduced circuit model contains as much physical
essence of the original EM problem as possible.

III. THEORY

The main idea of the proposed method is to absorb the
contribution, based on a generalized Y-� circuit transforma-
tion, from all the insignificant internal nodes in a PEEC model
recursively while retaining the essence of its physical meaning
in the low-pass sense. The progressive process will be stopped
when a prescribed low-pass approximation criterion is no
longer satisfied.

A. Hypothesis of Mesh-Based Circuit Transformation

It is intuitive to explain the transformation by examining
the exemplary mesh arrangement shown in Fig. 4(a). Assume
that node k, which corresponds to capacitive mesh k, is an
insignificant node to be absorbed. The transformed circuit
together with its corresponding mesh arrangement, after node
k being absorbed, is hypothesized to be the one shown
in Fig. 4(b), in which capacitive contribution of mesh k is
uniformly distributed to the N capacitive meshes that are
originally adjacent to mesh k. It is believed that with the
following five updating rules in the transformation, the circuit
properties of the transformed circuit will be retained.

1) The original grounded potance ppk,k and the N induc-
tors that were originally connected to node k are
absorbed.
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2) An incremental grounded potor is added to the original
potor of each originally adjacent capacitive mesh to
reflect the newly added one-N th of portion of capacitive
mesh k.

3) A new inductor is introduced between each con-
secutive pair of newly updated adjacent capacitive
meshes.

4) All the mutual couplings between the absorbed elements
are transferred to the mutual couplings between the
newly introduced elements.

5) All the mutual couplings between the absorbed elements
and remaining circuit elements are transferred to the
mutual couplings between the newly introduced ele-
ments and the remaining circuit elements.

For clarity, hereinafter, inductive couplings are represented
by circular dots and capacitive couplings are represented by
square dots. The artificial mutual coupling between an inductor
and a capacitor, which is named as mixed coupling, will be
introduced for convenience and is represented by a triangular
dot.

In the following, the theory of the circuit transformation is
developed. For the convenience of mathematical description,
assuming that node k is to be absorbed, the notation assign-
ments are as follows.

1) Terminals of the remaining elements are numbered
1, 2, . . . , m, . . . , n, . . . , s, . . . , t, . . . , M .

2) Terminals of the removed elements and newly intro-
duced elements are numbered 1, 2, . . . , i, . . . , j, . . . , N
counted clockwise or counterclockwise along the con-
tour of mesh k.

3) Adjacent nodes of node k can be terminals of both
remaining and newly introduced elements. For example,
in Fig. 5, terminal i for newly introduced elements and
terminal s for remaining elements represent the same
node.

4) Index 0 represents the ground.
5) Superscript k represents the circuit updating related to

absorbing node k.
The above conventions can be well illustrated by the repre-

sentative circuit shown in Fig. 5.

B. Equivalence Conditions of Circuit Transformation

Traditionally, equivalent circuit transformation should sat-
isfy the conditions in which voltage–current relations related
to node k remain the same. Since the charge on original
mesh k needs to be divided into N equal parts, an incremental
current to ground, which is equal to N fraction of the current
through original potor k, needs to be introduced to each newly
added potor. Referring to Fig. 5(a) and (b), the equivalence
conditions for the circuit transformation are imposed, which
are as follows.

1) Voltages and currents for the newly introduced elements
must satisfy the following KVL equations:

V k
i0 = V k

ik + V k
k0 (i = 1, . . . , N) (12a)

V k
i(i+1) = V k

ik − V k
(i+1)k (12b)

Fig. 5. Equivalent circuit transformation of absorbing node k. (a) Circuit
prior to transformation. (b) Circuit posterior to transformation.

where

V k
(N+1)k = V k

1k, V k
0k = V k

Nk

and the KCL equation

I k
ik = I k

i(i+1) − I k
(i−1)i + I k

i0 (13)

where I k
i0 = I k

k0/N, I k
N(N+1) = I k

01 = I k
N1.

2) Voltages and currents for the remaining elements are
unchanged.

C. Mixed Coupling Elements

To update the elements related to newly added potor ppk
i,i

in Fig. 5(b), the voltage across the potor can be expressed
in terms of branch currents posterior to the transformation.
According to KVL equation (12a) and the linear superposition
principle, the voltage V k

i0 can be obtained from the circuit prior
to the transformation in Fig. 5(a) as

V k
i0 = ppk

k,k

jω
I k
k0 +

∑
s

ppk
k,s

jω
I k
s0 +

N∑
j=1

jωMk
ik, j k I k

jk

+
∑
(m,n)

jωMk
ik,mn I k

mn (14)
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where (m, n) is a combined index referring to the pair
of nodes at the two ends of inductor Mmn,mn . Using
KCL equation (13), (14) becomes

V k
i0 = ppk

k,k

jω
N I k

i0 +
∑

s

ppk
k,s

jω
I k
s0

+
N∑

j=1

jωMk
ik, j k

(
I k

j ( j+1) − I k
( j−1) j + I k

j0

)

+
∑
(m,n)

jωMk
ik,mn I k

mn

= ppk
i,i

jω
I k
i0 +

N∑
j=1, j �=i

ppk
i, j

jω
I k

j0 +
∑

s

ppk
i,s

jω
I k
s0

+
N∑

j=1

jωXk
i, j ( j+1)I

k
j ( j+1) +

∑
(m,n)

jωXk
i,mn I k

mn (15)

where

N∑
j=1

jωMk
ik, j k I k

( j−1) j

= jωMk
ik,1k I k

01 +
N∑

j=2

jωMk
ik, j k I k

( j−1) j

= jωMk
ik,(N+1)k I k

N(N+1) +
N−1∑
j=1

jωMk
ik,( j+1)k I k

j ( j+1)

=
N∑

j=1

jωMk
ik,( j+1)k I k

j ( j+1) (16)

and

ppk
i,i = N ppk

k,k − ω2 Mk
ik,ik , ppk

i, j = −ω2Mk
ik, j k

ppk
i,s = ppk

k,s

Xk
i, j ( j+1) = Mk

ik, j k − Mk
ik,( j+1)k , Xk

i,mn = Mk
ik,mn . (17)

It is seen that the voltage across a newly added potor is
contributed by five types of currents: 1) the current through
the new potor; 2) the currents through other newly added
potors; 3) the currents through the remaining potors; 4) the
currents flowing through the newly introduced inductors; and
5) the currents flowing through all the remaining inductors,
respectively, according to the order of the terms appearing
in the last expression in (15). For the convenience of a
general description, a mixed coupling Xk

i,mn , which is basically
a linear combination of inductive couplings, is temporally
introduced in (17) to represent the contribution to the voltage
across potor i from the inductor Mk

mn,mn after node k is
absorbed.

Similarly, to update the elements related to newly intro-
duced inductor Mk

i(i+1),i(i+1) in Fig. 5(b), applying KVL
equation (12b) and the linear superposition principle,

the voltage V k
i(i+1) can be obtained as

V k
i(i+1) = V k

ik − V k
(i+1)k

=
⎛
⎝ N∑

j=1

jωMk
ik, j k I k

jk +
∑
(m,n)

jωMk
ik,mn Imn

⎞
⎠

−
⎛
⎝ N∑

j=1

jωMk
(i+1)k, j k I k

jk +
∑
(m,n)

jωMk
(i+1)k,mn Imn

⎞
⎠.

(18)

Using KCL equation (13), (18) becomes

V k
i(i+1) =

N∑
j=1

jω
(
Mk

ik, j k − Mk
ik,( j+1)k − Mk

(i+1)k, j k

+ Mk
(i+1)k,( j+1)k

)
I k

j ( j+1)

+
N∑

j=1

jω
(
Mk

ik, j k − Mk
(i+1)k, j k

)
I k

j0

+
∑
(m,n)

jω
(
Mk

ik,mn − Mk
(i+1)k,mn

)
Imn

=
N∑

j=1

jωMk
i(i+1), j ( j+1) I k

j ( j+1) +
N∑

j=1

jωXk
j,i(i+1) I k

j0

+
∑
(m,n)

jωMk
i(i+1),mn Imn (19)

where

Mk
i(i+1), j ( j+1) = Mk

ik, j k − Mk
ik,( j+1)k − Mk

(i+1)k, j k

+ Mk
(i+1)k,( j+1)k

Xk
j,i(i+1) = Mk

ik, j k − Mk
(i+1)k, j k

Mk
i(i+1),mn = Mk

ik,mn − Mk
(i+1)k,mn . (20)

It is seen that the voltage across a newly introduced inductor
is contributed by three types of currents: 1) the currents
flowing through the newly introduced inductors; 2) the currents
flowing through newly added potors; and 3) the currents
flowing through all the remaining inductors, respectively,
according to the order of the terms appearing in the last
expression in (19). The mixed coupling Xk

j ,i(i+1) temporally
introduced in (20) represents the contribution to the voltage
across the inductor Mk

i(i+1),i(i+1) from potor j after node k is
absorbed.

D. General Y-Δ Circuit Transformation

With the same methodology as that used in the above
section, a general Y-� transformation of a PEEC circuit
containing inductive, capacitive, and mixed coupling elements
can be derived for absorbing node k. The detailed derivation
is given in Appendix I, but the complete element updating
formulas are given here.
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1) For newly added elements

ppk
i,i = N ppk

k,k − ω2(Mk
ik,ik + 2Xk

k,ik

)
(21)

ppk
i, j = −ω2(Mk

ik, j k + Xk
k,ik + Xk

k, j k

)
(22)

Mk
i(i+1), j ( j+1) = Mk

ik, j k − Mk
ik,( j+1)k − Mk

(i+1)k, j k

+ Mk
(i+1)k,( j+1)k (23)

Xk
i, j ( j+1) = Mk

ik, j k + Xk
k, j k − Mk

ik,( j+1)k

− Xk
k,( j+1)k. (24)

2) For couplings among newly added elements and the
remaining elements

ppk
i,s = ppk

k,s − ω2 Xk
s,ik (25)

Mk
i(i+1),mn = Mk

ik,mn − Mk
(i+1)k,mn (26)

Xk
i,mn = Mk

ik,mn + Xk
k,mn (27a)

Xk
s,i(i+1) = Xk

s,ik − Xk
s,(i+1)k . (27b)

3) Couplings among remaining elements remain the same.
The transformed circuit contains three nonconformities with

the basic PEEC circuit configuration.
1) The potances updated by (21), (22), and (25) are fre-

quency dependent.
2) Each newly added potor is in shunt with a remaining

potor, e.g., ppk
i,i is in shunt with ppk

s,s; and a newly
introduced inductor may be in shunt with a remaining
inductor, e.g., Mk

ij,i j and Mk
ms,ms are in shunt, as illus-

trated in Fig. 5(b).
3) Mixed couplings exist.
The first two nonconformities need to be remedied before

moving forward to absorbing the next insignificant node,
whereas the last nonconformity will be corrected after all the
insignificant nodes are absorbed.

E. Low-Pass Approximation

The frequency-dependent part of potances (21), (22),
and (25) is introduced in the general Y-� circuit transfor-
mation. Since the voltage across potor ppk

i,i is equal to the
sum of the voltage across the removed inductor Mk

ik,ik and
that of potor ppk

k,k , as illustrated in Fig. 5(a), the impedance
of the potor can be considered as an LC series resonator. For
most of the high-speed circuit problems, people are interested
in the characteristics of an equivalent circuit from dc to a
designated cutoff frequency. Therefore, applying a legitimate
low-pass approximation to the transformed circuit will lead
to a simplified circuit model containing the essence of the
original circuit in the low-pass sense.

For the self-potance given by (21), its impendence can be
expressed by

Zk
i,i = N ppk

k,k/jω + jω
(
Mk

ik,ik + 2Xk
k,ik

)
(28)

where the first term represents a capacitive contribution and
the second term represents an inductive contribution. With the
following low-pass condition satisfied:∣∣∣∣∣

jωmax
(
Mk

ik,ik + 2Xk
k,ik

)
N ppk

k,k/jωmax

∣∣∣∣∣ =
∣∣∣∣∣
ω2

max

(
Mk

ik,ik + 2Xk
k,ik

)
N ppk

k,k

∣∣∣∣∣ � 1

(29)

i

j

i

,
a
ij ijZ ,mn mnZ

j
,
ab
ij ijZ ,

b
ij mnZ

,
a
ij mnZ

,
b
ij ijZ ,st stZ

,
b
ij stZ

,
a
ij stZ

,mn stZ

m

n

s

t

i

,ij ijZ ,st stZ

j
,ij mnZ ,mn stZ

,ij stZ

,mn mnZ

s

t

m

n

Fig. 6. Combining process of two coupled shunt elements. (a) Circuit prior
to combining. (b) Circuit posterior to combining.

which means that the capacitive component is much more
dominant than the inductive component, the self-potance ppk

i,i
can be approximated by a frequency-independent potance with

ppk
i,i = N ppk

k,k (30)

where ωmax is the cutoff frequency of the low-pass approx-
imation. By the same token, with the low-pass conditions
specified by∣∣∣∣∣

ω2
max

(
Mk

ik, j k + Xk
k,ik + Xk

k, j k

)
N ppk

k,k

∣∣∣∣∣ � 1 and

∣∣∣∣∣
ω2

max Xk
s, j k

N ppk
k,k

∣∣∣∣∣ � 1

(31)

satisfied, mutual potance ppk
i, j and ppk

i,s can be approximated
by two constants

ppk
i, j = 0, ppk

i,s = ppk
k,s. (32)

Because self-inductance Mk
ik,ik is usually much larger than

mutual inductance and mixed couplings that are caused by
mutual inductances, when condition (29) is satisfied, con-
ditions in (31) will be automatically satisfied. Therefore,
it is assured that if a node meets the following condition,
it can be absorbed by the transformation with the low-pass
approximation:∣∣ω2

max

(
Mk

ik,ik + 2Xk
k,ik

)
/N ppk

k,k

∣∣ < δ. (33)

In other words, its contribution to the circuit attributes
in the specified low-pass frequency range is insignificant,
where criterion δ is specified to control the approximation
accuracy. With the low-pass approximation, the Y-� circuit
transformation can directly generate a frequency-independent
circuit model which is conformal to the basic PEEC circuit
configuration with a specified accuracy.

F. Combining Two Coupled Shunt Elements

It has been shown that having absorbed a node all the
newly generated circuit elements in the transformed circuit
may be shunt connected to surrounding elements. However,
these shunt connected elements incorporate mutual couplings
with all the circuit elements, which must be combined before
moving to absorbing next node.

Combining two shunt elements of the same type (inductors
or potors) will not only the couplings with combined element
themselves but also influence all the couplings among all other
circuit elements slightly. The general process of combining
two shunt elements between nodes i and j is illustrated
by Fig. 6.
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By the linear superposition principle, the currents flowing
through the two shunt connected elements can be solved as

(
I a
i j

I b
i j

)
=

(
Za

i j,i j Zab
i j,i j

Zab
i j,i j Zb

i j,i j

)−1

×

⎧⎪⎨
⎪⎩

(
V a

i j

V b
i j

)
−

⎛
⎜⎝

∑
(m,n)

Za
i j,mn Imn

∑
(m,n)

Zb
i j,mn Imn

⎞
⎟⎠

⎫⎪⎬
⎪⎭. (34)

Because Ii j = I a
i j + I b

i j and Vij = V a
i j = V b

i j , the relation

between Ii j and Vij can be found to be

Vij = 1

Yt
Ii j

+
∑
(m,n)

(
Y a

i j,i j +Y ab
i j,i j

)
Za

i j,mn +(
Y b

i j,i j +Y ab
i j,i j

)
Zb

i j,mn

Yt
Imn

(35)

where (
Y a

i j,i j Y ab
i j,i j

Y ab
i j,i j Y b

i j,i j

)
=

(
Za

i j,i j Zab
i j,i j

Zab
i j,i j Zb

i j,i j

)−1

and

Yt = Y a
i j,i j + Y b

i j,i j + 2Y ab
i j,i j . (36)

Hence, the self-impedance and the direct mutual impedance
can be obtained as

Zi j = 1/Yt (37)

Zi j,mn = [(
Y a

i j,i j + Y ab
i j,i j

)
Za

i j,mn + (
Y b

i j,i j + Y ab
i j,i j

)
Zb

i j,mn

]
/Yt .

(38)

Consequently, the other branch voltage Vmn across
nodes m and n is also related to branch currents I a

i j and I b
i j by

Vmn = Za
i j,mn I a

i j + Zb
i j,mn I b

i j +
∑
(s,t)

Zmn,st Ist . (39)

By using (34) and (35) in (39), as derived in (A-13), the
indirect self-impedance or mutual impedance Zmn,st will be
updated by

Zmn,st = Zmn,st − Y a
i j,i j Y b

i j,i j − (
Y ab

i j,i j

)2

Yt

× (
Za

i j,mn − Zb
i j,mn

)(
Za

i j,st − Zb
i j,st

)
. (40)

For different types of elements and different types of
mutual couplings, including the mixed type of mutual cou-
pling elements, the specific expressions for updating elements
are different. The detailed updating formulas are given
in Table I.

At this point, the PEEC model, consisting of frequency-
independent potances, inductances, as well as mixed cou-
plings, has been approximated by a new simplified
PEEC model with the same constitution but one insignificant
node absorbed, in the low-pass sense. This process can be
repeated until no more nodes satisfy the low-pass criterion.

Fig. 7. Progress of converting mixed couplings into inductive couplings.
(a) Potor k with mixed couplings. (b) Mixed couplings replaced by inductive
couplings. (c) Potor k′ without mixed couplings.

G. Mixed Coupling to Inductive Coupling Transformation

Mixed coupling is introduced to count the voltage across an
element which is contributed by the current flowing through
another type of element. It can be absorbed by the inductors
serially connected to this potor.

A typical mixed coupling circuit related to potor ppk,k is
illustrated in Fig. 7(a). A potor that has mixed couplings can
be equivalently replaced by a new potor that does not have
any mixed coupling in series with an inductor that is coupled
to the original potor’s mixed coupled inductors as illustrated
in Fig. 7(b). Potor ppk,k is replaced by potor ppk′,k′ in series
with an inductor Mkk′ ,kk′ . In this equivalence, inductor Mkk′ ,kk′
only has mutual inductive couplings with other inductors,
and potor ppk′,k′ only has mutual capacitive couplings with
other potors. Then the inductor Mkk′ ,kk′ can be merged with
inductors Mik,ik as Mik′ ,ik′ as shown in Fig. 7(c), where
i = 1, 2, . . . , N . Obviously, potor ppk′,k′ inherits the capaci-
tive part of potor ppk,k , that is,

ppk′,k′ = ppk,k, ppk′,s = ppk,s . (41)

For the new inductor Mkk′ ,kk′ , since

Vik′ = Vik + Vkk′

=
N∑

j=1

jω(Mik, j k + Xk,ik + Xk, j k)I jk

+
∑
(m,n)

jω(Mik,mn + Xk,mn)Imn +
∑

s

jωXs,ik Is0

(42)

the mutual inductive couplings with the new transformed
inductor Mkk′ ,kk′ can be found as follows.

1) For inductive couplings with transformed inductors

Mik′ , j k′ = Mik, j k + Xk,ik + Xk, j k . (43)

2) For inductive couplings with the rest of the inductors

Mik′ ,mn = Mik,mn + Xk,mn . (44)

It can be noted that nodes k ′ and k represent the same node
after the transformation. A circuit without mixed couplings
can be obtained after every potor being transformed.
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TABLE I

ELEMENTS UPDATING EQUATIONS FOR COMBINING TWO COUPLED POTORS AND INDUCTORS

Having reached the end of the MOR process, it is customary
that a physically meaningful circuit model will only contain
capacitances and inductances. It is straightforward to translate
the circuit consisting of potors into a physically meaning-
ful circuit model that only consists of capacitors, capacitive
couplings, inductors, and inductive couplings by inverting the
potance matrix (coefficients of potential matrix) as described
by (5) and (6). It can be noted that the size of the final
coefficients of potential matrix will be significantly smaller
compared with that of the original PEEC model. Certainly,
the potances can also be directly used in frequency domain
analysis or as controlled sources in time-domain simulation.

The pseudocode of the proposed direct mesh-based MOR
process is summarized in Table II.

H. Analysis of Computational Overhead

Three types of computation are involved in the pro-
posed MOR method: 1) node-absorbing circuit transformation;

2) conversion of the mixed couplings into inductive couplings;
and 3) combining coupled shunt elements.

Assuming that the total number of nodes and branches of
the original circuit is N , the number of nodes and the number
of inductors of the final order-reduced circuit are N f and Nl f ,
respectively, the total number of nodes and branches when
absorbing a node is n, and the number of nodes adjacent to
the node to be absorbed is m.

The computational overhead for the circuit transformations
is O(N2) and that for converting mixed couplings to inductive
coupling is 2N2

l f , both of which are small enough to be
ignored. However, the combining process of coupled shunt
elements updates all the mutual couplings of the circuit in
absorbing each node using (40). This process can be abstracted
as a special outer product as

A = A + cx · xT (45)

where the dimension of column vector x is n, A is
an n by n matrix, c is a scalar, and row vector xT is the
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TABLE II

PSEUDOCODE OF DIRECT PHYSICS-BASED MOR PROCESS

transpose of vector x. With a conventional vector-by-vector-
transpose multiplication scheme, the computational overhead
on the outer product for absorbing one node is on the order
of O(n2). Therefore, the total computational overhead of the
outer product for an MOR process is on the order of O(N3).

From the above discussion, it can be concluded that the
computational overhead is dominated by the outer products
in the combining processes, which takes more than 95% of
overall computing time according to many numerical case
studies. The good news is that the outer product calculation can
be significantly accelerated by multicore parallel computation
using a massive GPU acceleration technology.

IV. NUMERICAL EXAMPLES

The proposed direct mesh-based MOR method can com-
press the original PEEC circuit with lumped elements
into a concise circuit in the same circuit configuration.
Examples 1 and 2 will demonstrate that the resultant circuits
have a clear physical meaning. For a large-scale high-speed
circuit, the MOR method can reduce the order of the original
circuit by more than an order of magnitude. Consequently,
the computing time for circuit domain simulation can be
reduced by more than three orders of magnitude as shown
by example 3, in which both conductor and dielectric losses
are taken into account.

A. Example 1

The first example is a spiral inductor printed on a sub-
strate with εr = 4 as depicted in Fig. 8. The inner
radius R is 62 μm, the trace width Wm is 10 μm, and the trace
spacing Ws is 3 μm. The thickness of the substrate is 3 μm
and the height of the conductor bridge is also 3 μm. The
conductor is treated as an infinitely thin perfect conductor.

The meshing scheme of the structure for PEEC modeling
is superimposed in Fig. 8. The original PEEC model of this

Fig. 8. Spiral inductor layout of example 1 and its order-reduced circuit.

Fig. 9. Computed S-parameters by the PEEC model, this method, and ADS.
(a) Magnitude of S-parameters. (b) Phase of S-parameters.

RF inductor contains 190 nodes, 188 capacitors coupled with
each other, and 189 inductors coupled with each other.

This PEEC model is reduced to a concise circuit as depicted
in Fig. 8 in less than a second. With the low-pass criterion set
to 0.2 and cutoff frequency set to 10 GHz, the model-order
reduced circuit is with five nodes, three capacitors coupled
with each other, and four inductors coupled with each other.

S-parameters obtained from the PEEC model, this method,
and the commercial softwave ADS (RF momentum module)
are given in Fig. 9. As can be observed, both the magnitude
and phase of the S-parameters by the three methods agree well
in the frequency range of 0–10 GHz.

B. Example 2

The second example is a multilayer bandpass filter as
depicted in Fig. 10. This filter consists of three metal layers
in the substrate with a dielectric constant of 7.8. The height of
each layer is 91.44 μm. The other dimensions of this circuit
are marked in Fig. 10. In this case, the conductor is treated
as an infinitely thin perfect conductor. To create a quasi-static
PEEC circuit model of this layered media circuit problem, the
full-wave Green’s functions at 1 MHz are used for calculating
the capacitors and inductors.
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Fig. 10. Example of an LTCC bandpass filter. (a) LTCC bandpass filter layout.
(b) Lumped circuit after MOR by this method. (c) Computed S-parameters
of the PEEC, this method, and ADS.

The meshing scheme of this structure for the PEEC mod-
eling is shown in Fig. 10. The original PEEC model consists
of 243 nodes, 243 potors coupled with the rest of the potors,
and 363 inductors coupled with the rest of the inductors.

With the low-pass criterion as 0.02 and the cutoff frequency
set to 5 GHz, the PEEC model is reduced to the concise
circuit model shown in Fig. 10(b) in 5 s. The reduced circuit
consists of 26 nodes, 26 potors coupled with each other, and
29 inductors coupled with every inductor.

The S-parameters of the bandpass filter by PEEC model,
this method, and those from RF momentum module of ADS
are given in Fig. 10(c). Good agreement, especially between
those by the PEEC model and this method, can be observed.

It would be interesting to investigate the system poles of
the Y matrix of circuit change during the MOR process. The
Y matrix is defined to describe port voltage–current relation
obtained from system matrices related to all nodes’ voltages
and elements’ currents [10]. Table III lists the system poles
from the most significant pole (with the smallest value) to
the least significant pole (with the largest value). The poles
correspond to the imaginary part of the eigenvalues of the
Y matrix, whose values are the angular eigenfrequencies of
the system. Since the full-wave Green’s functions at a very

TABLE III

SYSTEM POLES OF Y MATRIX DURING MOR PROCESS

Fig. 11. Multilayer through via circuit with a differential signal line.
(a) Circuit layout of the through via problem. (b) Computed S-parameters
by the PEEC model, this method, PRIMA, and ADS.

low frequency are used, a very small real part of each pole
exists but is ommitted in the table. It is found, from Table III,
that the significant system poles are retained nearly unchanged
in the MOR process. During each recursive process, absorbing
the most insignificant node that satisfies the low-pass criterion
most is equivalent to redistributing the contribution of the least
important pole to the second or third least important poles.

C. Example 3

The last example is a typical multilayer interconnection
circuit with through via holes and a differential signal line. The
circuit’s overall size is 10 160 μm × 15 240 μm × 497.84 μm
as shown in Fig. 11(a). There are five layers of power plates
and two layers of signal traces which are connected by a pair of
vias in the substrate with a dielectric constant of 4.04 and loss
tangent of 0.022. In the PEEC model, the metal thickness is set
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TABLE IV

CIRCUIT SIZE AND COMPUTATION TIME OF PEEC MODEL
AND THIS METHOD

TABLE V

COMPUTATION OF PRIMA MODEL AND THIS METHOD

to 12 μm and its conductivity is set to 5.959 × 107 S · m−1.
The other dimensions are shown in Fig. 11(a). The values
of full-wave Green’s functions at 100 MHz are used in this
example.

In the original PEEC model, all the metal surfaces, including
via holes, are meshed by triangular and rectangular meshes
(not shown). In the PEEC model, there is a mutual capacitive
coupling between every pair of potors and mutual inductive
coupling between every pair of inductors. Although all the
conductor losses are frequency dependent in principle, in
this example, only the conductor loss at a high frequency
of f = 3 GHz is used in the original PEEC model.

As shown in Table IV, with the low-pass criterion set to
0.008 and cutoff frequency set to 3 GHz, the order of the
original PEEC model can be reduced by about one order of
magnitude and the S-parameter simulation time can be reduced
by three orders of magnitude.

Besides, this example is also analyzed by the PRIMA
model [10], a Krylov-based MOR technique. The preprocess-
ing time, MOR computing time, circuit simulation time, and
the average and maximum relative errors of S-parameters of
this method and the Krylov-based technique are compared
in Table V. The major attributes of the two models are
summarized as follows.

1) This proposed method directly uses the coefficients
of potential matrix and the inductance matrix of the
PEEC model, but the PRIMA method needs to use
the inductance matrix and the capacitance matrix which
are obtained by inverting large coefficients of potential
matrix.

2) The computed S-parameters by the PEEC model, this
method, the PRIMA model, and ADS momentum
RF module are compared in Fig. 11(b). It is seen that the
S-parameters by the PRIMA method do not converge to
those of the PEEC model in the high-frequency range.
This is because the vectors of Krylov subspace quickly
converge to an eigenvector corresponding to a dominant
eigenvalue of the moment matrix. This issue was also
stated in [16].

3) For lossless problems, the Krylov-based PRIMA tech-
nique suffers from the inversion of an ill-conditioned
MNA matrix. By introducing an artificial loss, the order-
reduced model is no longer lossless [9].

4) The order of the order-reduced model by this method
is automatically determined subject to the user-specified
low-pass criterion. But the order for a PRIMA model is
determined by trial and error.

5) The order-reduced PRIMA model is a full matrix so that
there is no clear correspondence between the macro-
model and a circuit model.

It is clearly shown through this example that the proposed
method is effective for a large-scale circuit problem with
superior convergence, better accuracy, and faster computing
time than those of the PRIMA model.

For this example, all the algorithms of the PEEC model,
the PRIMA model, and this proposed method are executed by
Fortran programs using one thread serially. The CPU of this
computer is Intel Core i7-3770 CPU at 3.4 GHz.

V. CONCLUSION

This paper presents a brand new MOR method for analyzing
a large-scale high-speed/microwave circuit. The method starts
with the traditional PEEC model. By introducing a general
circuit transformation that can be directly applied to the circuit
configuration of the PEEC model, the proposed MOR method
progressively reduces the order of the original problem by at
least one order of magnitude without involving any matrix
operations. This feature warrants that the method will not
suffer from the scalability problem as long as the storage space
is sufficient. Another attractive feature of this method is that
its computational overhead is dominated by the operation of
outer products in combining processes, which takes more than
95% of overall computing time. This feature allows the MOR
process to be significantly accelerated by multicore parallel
computation using a massive GPU acceleration technology.
In addition to its computational advantage, the proposed
method also provides a physically meaningful lumped circuit
model. Three practical examples are given to demonstrate the
effectiveness and the accuracy of the new method compared
with the PRIMA model, a traditional mathematics-based MOR
model. It has been shown that the proposed method is capable
of not only significantly reducing the order of a large-scale
circuit but also retaining its physical insight of the original
circuit.

APPENDIX I
GENERAL Y-� CIRCUIT TRANSFORMATION

In the node-absorbing process, a circuit model consists of
not only capacitive couplings between potors and inductive
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couplings between inductors but also mixed couplings between
potors and inductors. A general Y-� circuit transformation for
absorbing one node in such a circuit is derived in detail in this
appendix.

A. Updating Elements Associated With New Potors

Applying linear superposition principle and KVL
equation (12a), the voltage across ppk

i,i in the transformed
circuit can be written in terms of the original circuit shown
in Fig. 5 as

V k
i0 =

N∑
j=1

jωMk
ik, j k I k

jk + jωXk
k,ik I k

k0 +
∑
(m,n)

jωMk
ik,mn Imn

+
∑

s

jωXk
s,ik Is0 + ppk

k,k

jω
I k
k0 +

N∑
j=1

jωXk
k, j k I k

jk

+
∑
(m,n)

jωXk
k,mn Imn +

∑
s

ppk
k,s

jω
Is0. (A-1)

With KCL equation (13), the voltage can be expressed as

V k
i0 =

[
N ppk

k,k

jω
+ jω

(
Mk

ik,ik + 2Xk
k,ik

)]
I k
i0

+
∑
(m,n)

jω
(
Mk

ik,mn + Xk
k,mn

)
Imn

+
N∑

j=1, j �=i

jω
(
Mk

ik, j k + Xk
k,ik + Xk

k, j k

)
I k

j0

+
∑

s

(
ppk

k,s

jω
+ jωXk

s,ik

)
Is0

+
N∑

j=1

jω
(
Mk

ik, j k + Xk
k, j k − Mk

ik,( j+1)k − Xk
k,( j+1)k

)

× I k
j ( j+1). (A-2)

From (A-2), the transformed circuit elements related to the
newly added potor ppk

i,i can be updated by

ppk
i,i = N ppk

k,k − ω2(Mk
ik,ik + 2Xk

k,ik

)
ppk

i, j = −ω2(Mk
ik, j k + Xk

k,ik + Xk
k, j k

)
Xk

i, j ( j+1) = Mk
ik, j k + Xk

k, j k − Mk
ik,( j+1)k − Xk

k,( j+1)k

ppk
i,s = ppk

k,s − ω2 Xk
s,ik , Xk

i,mn = Mk
ik,mn + Xk

k,mn

(A-3)

which are, respectively, the self-potance, capacitive couplings
between newly added potors, mixed couplings between newly
added potors and newly introduced inductors, capacitive cou-
plings between newly added potors and the remaining potors,
and mixed couplings between newly added potors and the
remaining inductors.

B. Updating Elements Associated With New Inductors

Applying the linear superposition principle and KVL

equation (12b), the voltage across inductor Mk
i(i+1),i(i+1) can

be obtained by

V k
i(i+1) = V k

ik − V k
(i+1)k

= jωXk
k,ik I k

k0 +
N∑

j=1

jωMk
ik, j k I k

jk

+
∑

s

jωXk
s,ik Is0 − jωXk

k,(i+1)k I k
k0

−
N∑

j=1

jωMk
(i+1)k, j k I k

jk −
∑
(m,n)

jωMk
(i+1)k,mn Imn

−
∑

s

jωXk
s,(i+1)k Is0. (A-4)

With KCL equation (13), the voltage can be expressed as

V k
i(i+1) =

N∑
j=1

jω
(
Mk

ik, j k − Mk
ik,( j+1)k − Mk

(i+1)k, j k

+ Mk
(i+1)k,( j+1)k

)
I k

j ( j+1)

+
N∑

j=1

jω
(
Mk

ik, j k +Xk
k,ik −Mk

(i+1)k, j k −Xk
k,(i+1)k

)
I k

j0

+
∑
(m,n)

jω
(
Mk

ik,mn − Mk
(i+1)k,mn

)
Imn

+
∑

s

jω
(
Xk

s,ik − Xk
s,(i+1)k

)
Is0. (A-5)

From (A-5), the transformed circuit elements related to the
newly introduced inductor Mk

i(i+1),i(i+1) can be updated by

Mk
i(i+1), j ( j+1) = Mk

ik, j k − Mk
ik,( j+1)k − Mk

(i+1)k, j k

+ Mk
(i+1)k,( j+1)k

Xk
j,i(i+1) = Mk

ik, j k + Xk
k,ik − Mk

(i+1)k, j k − Xk
k,(i+1)k

Mk
i(i+1),mn = Mk

ik,mn − Mk
(i+1)k,mn

Xk
s,i(i+1) = Xk

s,ik − Xk
s,(i+1)k (A-6)

which are, respectively, inductive couplings (including self-
inductance) between newly introduced inductors, mixed cou-
plings between newly added potors and newly introduced
inductors, inductive couplings between newly introduced
inductors and the remaining inductors, and mixed couplings
between the remaining potors and newly introduced potors.

C. Updating Elements Associated With Remaining Potors

Applying the linear superposition principle, the voltage
across ppk

s,s can be obtained by

V k
s0 = ppk

s,k

jω
I k
k0 +

N∑
i=1

jωXk
s,ik I k

ik +
∑
(m,n)

jωXs,mn Imn

+
∑

t

pps,t

jω
It0. (A-7)
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With KCL equation (13), the voltage can be expressed as

V k
s0 =

N∑
i=1

(
ppk

s,k

jω
+ jωXk

s,ik

)
I k
i0

+
N∑

i=1

jω(Xk
s,ik − Xk

s,(i+1)k)I k
i(i+1)

+
∑

t

pps,t

jω
It0 +

∑
(m,n)

jωXs,mn Imn . (A-8)

It can be found from (A-8) that the transformed circuit
elements related to potor ppk

s,s can be updated as

ppk
s,i = ppk

s,k − ω2 Xk
s,ik , Xk

s,i(i+1) = Xk
s,ik − Xk

s,(i+1)k

pps,t = pps,t, Xs,mn = Xs,mn (A-9)

which are, respectively, capacitive couplings between remain-
ing potors and newly added potors, mixed couplings between
remaining potors and newly introduced inductors, capacitive
couplings between remaining potors, and mixed couplings
between remaining potors and inductors.

D. Updating Elements Associated With Remaining Inductors

Applying the linear superposition principle, the voltage
across the remaining inductor Mk

mn,mn can be obtained by

V k
mn = jωXk

k,mn I k
k0 +

N∑
i=1

jωMk
mn,ik I k

ik +
∑
(s,t)

jωMmn,st Ist

+
∑

s

jωXs,mn Is0. (A-10)

With KCL equation (12), the voltage can be expressed by

V k
mn =

N∑
i=1

jω
(
Mk

mn,ik − Mk
mn,(i+1)k

)
I k
i(i+1)

+
N∑

i=1

jω
(
Mk

mn,ik + Xk
k,mn

)
I k
i0 +

∑
(s,t)

jωMmn,st Ist

+
∑

s

jωXs,mn Is0. (A-11)

From (A-11), the transformed circuit elements related to the
remaining inductor Mk

mn,mn can be updated as

Mk
mn,i(i+1) = Mk

mn,ik − Mk
mn,(i+1)k

Xk
i,mn = Mk

mn,ik + Xk
k,mn

Mmn,st = Mmn,st , Xs,mn = Xs,mn (A-12)

which are, respectively, inductive couplings between remain-
ing inductors and newly introduced inductors, mixed cou-
plings between newly added potors and remaining inductors,
inductive couplings between remaining inductors, and mixed
couplings between remaining potors and inductors.

APPENDIX II
COMBINING TWO COUPLED SHUNT ELEMENTS

Using (34) and (35) in (39) yields

Vmn = Za
i j,mn I a

i j + Za
i j,mn I a

i j +
∑
(s,t)

Zmn,st Ist

=
⎧⎨
⎩Ii j /Yt +

∑
(s,t)

[(
Y a

i j + Y ab
i j

)
Za

i j,st + (
Y b

i j + Y ab
i j

)
Zb

i j,st

]

× Ist/Yt

⎫⎬
⎭× [(

Y a
i j + Y ab

i j

)
Za

i j,mn + (
Y b

i j + Y ab
i j

)
Zb

i j,mn

]

+
∑
(s,t)

Zmn,st Ist −
∑
(s,t)

(
Y a

i j Za
i j,st Za

i j,mn+Y ab
i j Za

i j,st Zb
i j,mn

+ Y ab
i j Zb

i j,st Za
i j,mn + Y b

i j Zb
i j,st Zb

i j,mn

)
Ist

= [(
Y a

i j + Y ab
i j

)
Za

i j,mn + (
Y b

i j + Y ab
i j

)
Zb

i j,mn

]
Ii j /Yt

+
∑
(s,t)

Zmn,st Ist

+
∑
(s,t)

{[(
Y ab

i j

)2 − Y a
i j Y b

i j

]
Za

i j,st Za
i j,mn

+ [
Y a

i j Y b
i j − (

Y ab
i j

)2]
Za

i j,st Zb
i j,mn

+ [
Y a

i j Y b
i j − (

Y ab
i j

)2]
Zb

i j,st Za
i j,mn

+ [(
Y ab

i j

)2 − Y a
i j Y b

i j

]
Zb

i j,st Zb
i j,mn

}
Ist/Yt

= [(
Y a

i j + Y ab
i j

)
Za

i j,mn + (
Y b

i j + Y ab
i j

)
Zb

i j,mn

]
Ii j /Yt

+
∑
(s,t)

[
Zmn,st − ((

Y ab
i j

)2 − Y a
i j Y b

i j

)(
Za

i j,mn − Zb
i j,mn

)

× (
Za

i j,st − Zb
i j,st

)]
Ist/Yt . (A-13)
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