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Abstract—This paper presents an iterative and analytical ap-
proach to optimal synthesis of a multiplexer with a star-junction.
Two types of commonly used lumped-element junction models,
namely, nonresonant node (NRN) type and resonant type, are
considered and treated in a uniform way. A new circuit equiv-
alence called phased-inverter to frequency-invariant reactance
inverter transformation is introduced. It allows direct adoption of
the optimal synthesis theory of a bandpass filter for synthesizing
channel filters connected to a star-junction by converting the
synthesized phase shift to the susceptance compensation at the
junction. Since each channel filter is dealt with individually and
alternately, when synthesizing a multiplexer with a high number
of channels, good accuracy can still be maintained. Therefore, the
approach can be used to synthesize a wide range of multiplexers.
Illustrative examples of synthesizing a diplexer with a common
resonant type of junction and a triplexer with an NRN type of
junction are given to demonstrate the effectiveness of the proposed
approach. A prototype of a coaxial resonator diplexer according
to the synthesized circuit model is fabricated to validate the
synthesized result. Excellent agreement is obtained.

Index Terms—Circuit synthesis, coupling matrix, diplexers, mi-
crowave filters, multiplexers.

I. INTRODUCTION

M ICROWAVE diplexers and multiplexers are extensively
employed in wireless and satellite communication sys-

tems to combine RF signals of different frequency bands into
one channel with specified frequency selectivity and isolation
requirements. A very common and simple way to combine the
multiple channel signals is to directly connect all the channel
filters to a star-junction with one common port. Such a con-
necting scheme makes the multiplexing network simple while
maintaining a good microwave performance. The most critical
issue in synthesizing such a multiplexer is how to take the inter-
action among all the channels into account, especially when the
frequency bands are spaced close to each other. An analytical
approach to synthesis of such a multiplexer is highly desirable
in the industry.
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The research efforts to analytically synthesize a multiplexer
with a star-junction have never rested over the past three
decades. In the early years, the classical circuit synthesis ap-
proach was adopted [1], [2]. To compensate for the interaction
among the channel filters, the parameters of separately designed
channel filters are subject to an appropriate adjustment, but the
number of channels and coupling topologies of channel filters
are limited and the synthesis result deteriorates as the frequency
bands get closer to each other.
In recent years, a more effective and flexible way to synthe-

size diplexers is proposed in [3]. The relationship between the
overall diplexer -parameters and those of separate channel fil-
ters is derived by circuit analysis first. Suitable polynomials de-
scribing the characteristics of the diplexer are evaluated by in-
sisting on reflection zeroes assigned a priori, and the transfer
and reflection functions of each channel filter are derived ac-
cordingly. At last the channel filters are synthesized separately
by using a well-known coupling matrix synthesis approach [4].
The nonresonant node (NRN) type of junction and the resonant
node type of junction are analyzed separately and treated differ-
ently in the synthesis approach. In [5], the method for a diplexer
with a resonant junction is extended to the synthesis of star-
junction multiplexers. In such a type of approach, the roots of
high-order polynomials need to be identified. The root-finding
process will be a decisive factor that affects the accuracy of the
method, and thus the applicable aggregate number of system
poles of a multiplexer system becomes limited.
Another existing approach to the diplexer and multiplexer

synthesis is to directly apply the multiport coupling matrix syn-
thesis technique, as proposed in [6]. A special class of diplexer
polynomials are synthesized analytically in [7] by a similar ap-
proach for filter synthesis. The common port of such a diplexer
is matched at all frequencies, which simplifies the necessary
conditions for the polynomials to be lossless and realizable, but
for the most commonly used diplexers and multiplexers, how
to analytically synthesize the multiport characteristic functions
remains a difficult problem to be solved.
In this paper, a different point of view is taken, which fo-

cuses on the synthesis of each channel filter rather than the
whole multi-port network. All the channel filters are synthe-
sized separately and alternately in an iterative way. Once the
iteration procedure converges, all the channel filters are opti-
mally matched in the sense that when they are placed in the
context of a multiplexer, all the reflection zeroes are located
along the imaginary axis of the complex low-pass frequency
domain. Different from the method used for the synthesis of a
diplexer with a lumped-element junction [8], a new phased-in-
verter to frequency-invariant reactance (FIR) inverter transfor-
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Fig. 1. Circuit model of a multiplexer with a star-junction, where the loading
effect of a channel filter at the junction port is represented by complex
impedance .

mation is introduced. The approach presented in this paper is
general in that a multiplexer with an arbitrary number of chan-
nels can be synthesized. Using the alternate and iterative ap-
proach, the problem of evaluating high-order polynomials is cir-
cumvented while maintaining the highest flexibility of the cou-
pling topology in a channel filter. Additionally, the two types of
junction models, namely, the NRN type and the resonant node
type, are treated in a uniform way in the proposed synthesis pro-
cedure.
Two synthesis examples are presented in the paper: one is a

diplexer with a common resonant type of junction and one is a
triplexer with an NRN type of star-junction. A coaxial resonator
diplexer with a common resonant star-junction is fabricated and
tuned according to the synthesized circuit model in the first ex-
ample. Excellent agreement between the experiment and theory
is achieved, which validates the practical value of the synthe-
sized circuit model.

II. OPTIMALLY MATCHED CHANNEL FILTERS

A direct coupled resonator circuit model for a multiplexer
with a star-junction is shown in Fig. 1. For a channel filter, the
loading effect of the other channel filters at the junction port
can be represented by a complex-impedance load . The di-
agram suggests that in order to design a well-matched channel
filter, one must be able to synthesize a bandpass filter that is
matched to a frequency-dependent complex load within a given
frequency band at one port and a real unitary load at the other
port.
To clarify the theory of a filter with optimal matching to

complex impedance, the three filtering systems as shown in
Fig. 2(a)–(c) are considered. The system shown in Fig. 2(a) is
the target channel filter in a multiplexer expressed in terms of
general Chebyshev filter characteristic polynomials. The -pa-
rameter of the filter is denoted by and has an equiripple
in-band reflection coefficient with reflection zeroes located on
the imaginary axis. The system shown in Fig. 2(b) is the same
filter of that in Fig. 2(a), but detached from the multiplexer and
measured with a matched load at the two ports. The detached
filter responses are denoted by and are associated to by
power wave renormalization theory [9] as

(1)

Fig. 2. Systems of interest. (a) Target system. (b) Detached target system.
(c) Approximated detached system.

where

(2)

From (1), a set of legitimate relations between the character-
istic polynomials defining and can be found as [10]

(3)

The three equations in (3) are named transference, matcha-
bility, and conservativeness, respectively. If and

are polynomials characterizing a general Chebyshev filter
and is arbitrary frequency-variant complex impedance,
the right-hand side of (3) needs to be approximated by polyno-
mials, which may not necessarily be monic. However, it is well
known that the characteristic polynomials defining the transfer
and reflection characteristics of an coupled-resonator
network must be monic polynomials. That is to say, in general,
the system in Fig. 2(b) may not be realized as a coupled-res-
onator network. It can be shown that the system in Fig. 2(b)
can be best approximated by a system that is realizable by
a coupled-resonator network plus an optimal phase shift , as
shown in Fig. 2(c) such that

(4)

in which polynomials and aremonic and the phase
length is optimally selected in order to best satisfy the con-
servativeness condition.
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The procedure of synthesizing the polynomials
and the coefficient , as well as has

been well described in [10] and is not repeated here.

III. PHASED-INVERTER TO FIR-INVERTER TRANSFORMATION

By following the procedure of synthesizing a general Cheby-
shev filter with a complex load discussed in Section II, the -pa-
rameters of a channel filter are described in the following form:

(5)

where and are monic polynomials, and the
highest degree coefficient of is 1 or , which depends on
the filter order and the order of .
The channel filter described by (5) can be split into two parts:

a fixed phase shift followed by a coupled resonator network
that is described by and . In waveguide or
microstrip type of diplexers or multiplexers, a phase shift can
be introduced by adding a piece of transmission line between
the junction and a channel filter. However, for a star-junction
multiplexer where coaxial cavities are coupled directly to the
common junction, a suitable circuit model is a multiport direct
coupled-resonator network.
This paper presents the mathematic foundation for the

method proposed in [8] for synthesizing the channel filter in
a diplexer with a lumped-element junction, which is based
on a new circuit equivalence called the phased-inverter to
FIR-inverter transformation. The transformation converts the
phase shift necessary for optimal matching a channel filter to
an FIR that compensate to the susceptance of the star-junction.
The matrix of the frequency-invariant phase shift

cascaded with a -inverter can be evaluated as

(6)

Converting the matrix in (6) to the matrix, and
taking the FIR of the first resonator into account, the overall
matrix of the circuit in the dashed line box in Fig. 3(a) is

(7)

It is obvious that the matrix for the circuit in the dashed line
box in Fig. 3(b) is

(8)

Comparing (7) and (8), one can find the equivalence of a phased-
inverter and an FIR-inverter by

(9)

Fig. 3. Equivalent-circuit models for a channel filter. (a) Phased-inverter form.
(b) FIR-inverter form.

Fig. 4. Star-junctions used for multiplexer synthesis. (a) NRN type of junction.
(b) Resonant type of junction.

The circuit in the form of Fig. 3(b) with the leading FIR
is a very useful form for a channel filter because when it is con-
nected to a star-junction as the FIR, can be combined with
the star-junction model to derive the final multiplexer circuit
model.

IV. MULTIPLEXER SYNTHESIS PROCEDURE

Two types of lossless and reciprocal star-junctions are con-
sidered here, they are the NRN type of junction and the reso-
nant type of junction. The low-pass domain models of these two
types of junctions are shown in Fig. 4(a) and (b), respectively.
Both of them can be used as the junction in a multiplexer cir-
cuit model and will be treated in a uniform way in the synthesis
procedure.
Before the synthesis starts, the specifications are translated

into the low-pass prototype frequency domain with the well-
known frequency mapping

(10)
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Fig. 5. Final stage to combine channel filters with the star-junction. The leading
FIRs and the junction FIR are connected in parallel with each other as shown in
the dashed line box.

where is the center frequency and is the total bandwidth
of the multiplexer, as is the same with the frequency mapping
used for multiplexer synthesis in [5].
At the initial stage, doubly terminated general Chebyshev fil-

ters are employed as the channel filters and are connected to the
star-junction of either type. The preset parameter and ini-
tial parameter of the junction model are assigned. The value
for parameter should be set to be realizable and appropriate
so that each channel filter can be easily matched within its band.
For each channel filter, the load impedance seen toward the

junction can then be found numerically. The impedance is com-
plex and frequency variant. By applying the synthesis procedure
given in [10] to a channel filter with the calculated complex load,
channel by channel and repeatedly until the response converges,
the characteristics of each channel filter can be found in the form
of (5). Each channel filter is synthesized separately and then re-
configured to the target coupling topology individually. With
the phased-inverter to FIR-inverter transformation introduced
in Section III, the phase shift coupled channel filter is converted
to the form of an FIR followed by a coupled-resonator network.
Since the leading FIRs of all the channel filters are in parallel
with the junction’s , they are combined together to compen-
sate the initial shunt admittance. The final FIR of the synthe-
sized optimal junction is then obtained. This combining process
is illustrated in Fig. 5. The synthesized multiplexer is a direct
coupled resonator network, which can be fully described by a
multiport coupling matrix.

V. ILLUSTRATIVE EXAMPLES

In this section, two synthesis examples are given to demon-
strate how to apply the proposed approach in designing a coaxial
resonator diplexer and a multiplexer.

A. Diplexer With a Common Resonant Node

Consider the following specifications of a diplexer.
• Channel 1: Passband: 2.478–2.568 GHz; Order: 5; Return-
loss level: 22 dB; TZ: 2.622 GHz.

• Channel 2: Passband: 2.620–2.718 GHz; Order: 5; Return-
loss level: 22 dB; TZ: 2.574 GHz.

Fig. 6. Target diplexer realization. (a) Routing diagram of the resonators.
(b) Layout of the coaxial resonators.

Junction model: a resonant type of junction with
and initial .

is the normalized common port I/O coupling. A too
small or large value for will set the junction difficult to
be matched in a diplexer. An appropriate value is proven to be
around 1.4 through many case studies. Since it is a normalized
low-pass domain circuit component, its value is independent of
the total bandwidth of the device. For a diplexer with a resonant
type of junction, the value is viable for a wide range of guard
band and the ratio of two channel bandwidths. The FIR is re-
lated to the offset of the resonant frequency of the common res-
onator with respect to the center frequency of the diplexer. In-
tuitively the junction should resonate near the center frequency
of the device. Therefore, is initially set to be zero.
The coupling topology and resonator layout of the diplexer

are depicted in Fig. 6, where each channel filter contains a triplet
to realize the prescribed TZ.
The center frequency and the bandwidth of the

diplexer are calculated as GHz
and GHz, respectively.
With frequency mapping relation (10), the passbands of

channel 1 and channel 2 are mapped to the normalized low-pass
frequency domain as and , respec-
tively. At the beginning, two Chebyshev filters that are matched
to real unitary loads are synthesized using the procedure given
in [4]. The low and high channels are renormalized to the two
passbands in the low-pass domain, respectively.
When the two bandpass filters are connected to the junction,

the complex impedance seen by channel filter 1 toward the
junction is calculated and is plotted in Fig. 7, where the two
passbands are marked by shaded areas, and the overall diplexer
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Fig. 7. Complex impedance seen by channel filter 1 toward the junction
before iteration begins. The shaded areas indicate the passbands of the two chan-
nels.

response appears to be the one shown in Fig. 8(a).With the com-
plex load impedance known, channel filter 1 is resynthe-
sized by following the synthesis procedure of a filter with one
port loaded by . Having had channel filter 1 updated in the
diplexer circuit model, the overall diplexer response is also up-
dated and is shown in Fig. 8(b). It is seen that the matching of
channel filter 1 is significantly improved. By the same token, the
complex impedance seen by channel filter 2 is calculated
using newly updated channel filter 1. With the circuit model of
channel filter 2 updated, the diplexer response is updated again
and is shown in Fig. 8(c). This updating process is repeated alter-
nately between the two channel filters until the result converges.
In fact, this iterative process converges very quickly. For this
example, having had each channel filter updated twice, a satis-
factory diplexer response is obtained. The following two updat-
ings of the diplexer response are plotted in Fig. 8(d) and (e), re-
spectively. The coefficients for , the th exponent of complex
frequency , of the characteristic polynomials during the itera-
tive procedure are listed in Table I, where one iteration means
updating both channels once.
With the characteristic polynomials for the two channel fil-

ters, the coupling matrices of the channel filters are synthe-
sized separately and their phase shifts are transformed to the
FIR-inverter form by using the transformation introduced in
Section III. The final circuit model of the diplexer is represented
by a three-port coupling matrix given in Table II in which all the
mainline couplings are set to be positive, P1 is the common port,
and that P2 and P3 are the low- and high-frequency channel
ports, respectively. Resonators 1–5 constitute channel filter 1,
resonators 7–11 belong to channel filter 2, and the resonator
numbered 6 is the common resonant node. Initially the common
resonator has zero self-coupling, but the value has been modi-
fied by the synthesis approach to optimallymatch all the channel
filters.
A coaxial diplexer prototype is designed based on the

synthesized three-port coupling matrix. The diplexer is fabri-
cated and tuned according to the synthesized coupling matrix
using a sort of computer-aided tuning (CAT) scheme devel-
oped in-house. The photograph of the prototype hardware
is shown in Fig. 9. The dimension of the diplexer body is
95 mm 58 mm 25 mm. The negative coupling is realized

Fig. 8. Iterative process of the diplexer synthesis example. (a) Initial response
by connecting two separately synthesized bandpass filters to the junction.
(b) First time update of channel filter 1. (c) First time update of channel filter
2. (d) Second update of channel filter 1. (e) Second update of channel filter 2.

by a dumbbell-shape probe, and all the positive couplings are
achieved by opening windows between adjacent resonators.
The tapped I/O ports are used at the three ports.
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TABLE I
SYNTHESIZED POLYNOMIALS IN EACH ITERATION OF FIG. 8

TABLE II
FINALLY SYNTHESIZED THREE-PORT COUPLING MATRIX

The synthesized response is superimposed on the measure-
ment result of the prototype in Fig. 10. The insertion losses
at center frequencies of both channels are about 0.6 dB and
the average quality factor is estimated to be 2000. Although
the response of the synthesized circuit model is lossless, good
agreement is achieved, which validates of the synthesized cir-
cuit model.

B. Triplexer With an NRN Type of Star-Junction

In [5], multiplexers are synthesized with a resonant type of
star-junction with excellent quasi-equiripple response. In this
synthesis example using the proposed approach, an NRN type
of star-junction will be used for multiplexer synthesis.
The coupling topology of each channel filter and the connec-

tion with an NRN star-junction node in the triplexer are shown

in Fig. 12. The specifications for each channel filter are as fol-
lows.
• Channel 1: Passband: 697–717 MHz; Order: 6; Return-
loss level: 22 dB; TZ: 728 MHz.

• Channel 2: Passband: 733–760 MHz; Order: 8; Return-
loss level: 22 dB; TZ: 717 MHz, 778 MHz.

• Channel 3: Passband: 776–799 MHz; Order: 7; Return-
loss level: 22 dB; TZ: 765 MHz.

Initial junction model: an NRN type of junction with
and .
In an NRN type of junction, basically functions as an

admittance inverter and the FIR represents a shunt reactive
element. A good initial value of can be flexible in this type
of junction. Any value from 1 to 2 for this triplexer case can be
used and good matching for all channel filters can be achieved.
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Fig. 9. Photograph of the diplexer prototype with top lid removed.

Fig. 10. Measured and synthesized responses of the diplexer example. (a)Mag-
nitude of and . (b) Magnitude of and .

The three channel filters are synthesized, alternately and re-
peatedly, as a general Chebyshev filter with a frequency variant
complex load. Having had each channel filter updated three
times, the overall triplexer response is found well converged, as
shown in Fig. 11. The synthesized coupling values are marked
on the coupling topology shown in Fig. 12. It should be men-
tioned that the second channel filter has two TZs, which is real-
ized as a cascaded-triplets topology, the matrix transformation

Fig. 11. Synthesized transfer and reflection characteristics of the triplexer.

Fig. 12. Coupling topology of channel filters and their connections to an NRN
type of star-junction in a triplexer. Solid circles represent resonators. The hollow
circle is the NRN. Solid lines represent J-inverters.

technique reported in [11] is used to obtain the coupling matrix.
An NRN junction can be realized by a wired T-junction or a de-
tuned resonator. An experimental validation to realize an NRN
by a nonresonant coaxial resonator has been reported in [12].

VI. CONCLUSION

A general approach to the synthesis of a multiplexer circuit
model with a common star-junction has been proposed. A key
contribution of this work is the creation of the “phased-inverter
to FIR-inverter” transformation, which allows a direct adoption
of the synthesis theory of a bandpass filter with a complex load
to synthesis of a multiplexer with a star-junction. Two types of
most commonly used star-junctions have been considered.
Since each channel filter is dealt with individually and al-

ternately, the new method can handle multiplexers with a high
channel number with good accuracy. The synthesis approach
not only provides the coupling matrix for each channel filter,
but also an optimal admittance component associated to the star-
junction in the sense that the reflection zeroes of each channel
filter are located on the imaginary axis.
The proposed approach has been demonstrated by two syn-

thesis examples, including a diplexer with a resonant type of
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star-junction and a triplexer with an NRN type of star-junction.
A prototype diplexer is built and tuned according to the syn-
thesis result for validating the synthesized circuit model.
It is observed that for contiguous channel multiplexers, the

proposed approach can still offer a good starting point for fur-
ther optimization.

ACKNOWLEDGMENT

The authors would like to thank SDP Telecom for providing
hardware support to this work.

REFERENCES

[1] J. D. Rhodes and R. Levy, “A generalized multiplexer theory,” IEEE
Trans. Microw. Theory Techn., vol. MTT-27, no. 2, pp. 99–111, Feb.
1979.

[2] J. D. Rhodes and R. Levy, “Design of general manifold multiplexers,”
IEEE Trans. Microw. Theory Techn., vol. MTT-27, no. 2, pp. 111–123,
Feb. 1979.

[3] G. Macchiarella and S. Tamiazzo, “Novel approach to the synthesis of
microwave diplexers,” IEEE Trans. Microw. Theory Techn., vol. 54,
no. 12, pp. 4281–4290, Dec. 2006.

[4] R. J. Cameron, C.M.Kudsia, and R. R.Mansour, Microwave Filters for
Communication Systems: Fundamentals, Design and Applications.
Hoboken, NJ, USA: Wiley, 2007.

[5] G. Macchiarella and S. Tamiazzo, “Synthesis of star-junction mul-
tiplexers,” IEEE Trans. Microw. Theory Techn., vol. 58, no. 12, pp.
3732–3741, Dec. 2010.

[6] A. Garcia-Lamperez, M. Salazar-Palma, and T. K. Sarkar, “Analytical
synthesis of microwave multiport networks,” in IEEE MTT-S Int. Mi-
crow. Symp. Dig., Fort Worth, TX, USA, Jun. 2004, pp. 455–458.

[7] S. Tamiazzo and G. Macchiarella, “Synthesis of diplexers with the
common port matched at all frequencies,” IEEE Trans. Microw. Theory
Techn., vol. 62, no. 1, pp. 46–54, Jan. 2014.

[8] P. Zhao and K.-L. Wu, “An analytical approach to synthesis of
diplexers with an optimal lumped-element junction model,” in IEEE
MTT-S Int. Microw. Symp. Dig., Tampa, FL, USA, Jun. 2014.

[9] K. Kurokawa, “Power waves and the scattering matrix,” IEEE Trans.
Microw. Theory Techn., vol. MTT-13, no. 3, pp. 194–202, Mar. 1965.

[10] H. Meng and K.-L. Wu, “Direct optimal synthesis of a microwave
bandpass filter with general loading effect,” IEEE Trans. Microw.
Theory Techn., vol. 61, no. 7, pp. 2566–2573, Jul. 2013.

[11] S. Tamiazzo and G.Macchiarella, “An analytical technique for the syn-
thesis of cascaded -tuplets cross-coupled resonators microwave fil-
ters using matrix rotations,” IEEE Trans. Microw. Theory Techn., vol.
53, no. 5, pp. 1693–1698, May 2005.

[12] S. Amari and G. Macchiarella, “Synthesis of inline filters with arbi-
trarily placed attenuation poles by using nonresonating nodes,” IEEE
Trans. Microw. Theory Techn., vol. 53, no. 10, pp. 3075–3081, Oct.
2005.

Ping Zhao (S’14) received the B.Sc. degree from
Nanjing University, Nanjing, China, in 2012, and is
currently working toward the Ph.D. degree at The
Chinese University of Hong Kong, Shatin, Hong
Kong.
His current research is focused on synthesis

and computer-aided tuning (CAT) algorithms for
multiport microwave coupled-resonator networks,
especially for diplexers and multiplexers with
applications in cellular base station and satellite.

Ke-Li Wu (M’90–SM’96–F’11) received the B.S.
and M.Eng. degrees from the Nanjing University of
Science and Technology, Nanjing, China, in 1982
and 1985, respectively, and the Ph.D. degree from
Laval University, Quebec, QC, Canada, in 1989.
From 1989 to 1993, he was with the Communica-

tions Research Laboratory, McMaster University, as
a Research Engineer and a GroupManager. In March
1993, he joined the Corporate Research and Develop-
ment Division, COM DEV International, the largest
Canadian space equipment manufacturer, where he

was a Principal Member of Technical Staff. Since October 1999, he has been
with The Chinese University of Hong Kong, Shatin, Hong Kong, where he is
currently a Professor and the Director of the Radiaofrequency Radiation Re-
search Laboratory (R3L). He has authored or coauthored numerous publica-
tions in the areas of electromagnetic (EM) modeling and microwave passive
components, microwave filters, and antenna engineering. His current research
interests include partial element equivalent circuit (PEEC) and derived physi-
cally expressive circuit (DPEC) EM modeling of high-speed circuits, RF and
microwave passive circuits and systems, synthesis theory and practices of mi-
crowave filters, antennas for wireless terminals, low-temperature co-fired ce-
ramic (LTCC)-based multichip modules (MCMs), and RF identification (RFID)
technologies.
Prof. Wu is a member of the IEEE MTT-8 Subcommittee (Filters and Pas-

sive Components). He serves as a Technical ProgramCommittee (TPC)member
for many prestigious international conferences including the IEEE Microwave
Theory and Techniques Society (IEEE MTT-S) International Microwave Sym-
posium (IMS). He was an associate editor for the IEEE TRANSACTIONS ON
MICROWAVE THEORY AND TECHNIQUES (2006–2009). He was the recipient of
the 1998 COM DEV Achievement Award for the development of exact EM
design software of microwave filters and multiplexers and the Asia–Pacific Mi-
crowave Conference Prize in 2008 and 2012, respectively.


