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Abstract—This paper presents a novel approach for deriving
a physically meaningful circuit model for integrated RF lossy
passives such as spiral inductors on a silicon substrate. The
approach starts from a quasi-static partial element equivalent
circuit (PEEC) model. The concept of complex inductance and
capacitance is introduced to uniformly deal with the conductor
and dielectric losses. Basic � network transformation is
used to “absorb” the insignificant internal nodes of the original
PEEC network and to reduce the order of the circuit model. The
physically expressive circuit model given here can be very concise
while preserving the major physical meanings and attributes of
the original circuit layout. A low-temperature co-fired ceramic
bandpass filter and two practical inductors fabricated using a
0.18- m CMOS process are studied by the model to demonstrate
the validity of this new approach. Furthermore, the stability
condition of the model is also discussed.

Index Terms—Equivalent circuits, low-temperature co-fired ce-
ramic (LTCC), microwave circuits, model-order reduction, RF in-
tegrated circuit (RFIC).

I. INTRODUCTION

I NTEGRATED RF passive components, either in sil-
icon-based system-on-chip (SoC) or in ceramic/organic

substrate-based system-in-package (SiP), are the key building
elements that construct a single-chip monolithic functional
system. New configurations and modeling techniques for the
passives in an RF integrated system have been drawing a great
deal of attention [1]–[4]. Needless to say, the characteristics
of integrated RF passive components, e.g., the value of an
inductor, will decisively determine the overall performance
of the system. With the increase of the operating frequency,
how to represent the inevitable parasitic effects and the loss
properties of both substrate and conductors becomes one of
the major challenges to the designers. Even though the modern
full-wave electromagnetic simulation software packages are
more powerful than ever before, they still could not provide
good intuitive insights of those parasitic effects and a good
physically expressive circuit representation, not to mention the
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long computation time for a large-scale system. In fact, a lot
of efforts have been devoted to the electromagnetic simulation
and model extraction methodologies for the integrated passives
in various of substrates. The studies worth mentioning include
[5] and [6], which intend to provide a simple computer-aided
design (CAD) tool for extracting either capacitance or induc-
tance values, respectively.

It is well understood that the performance of integrated
RF passives, such as the inductors integrated on a silicon
substrate, severely suffer from the losses associated with the
conductor and the substrate in the gigahertz frequency range.
Several previous studies have addressed these loss effects. In
[7], Niknejad and Meyer analyzed electrical substrate loss,
and presented a computationally efficient algorithm for de-
signing and optimizing spiral inductors [8]. Cao et al. studied
the loss effect at the high-frequency range and proposed a
frequency-independent ladder RLC circuit to model the RF
spiral inductors in [9]. Reference [10] classified the lossy
parasitics into different mechanisms, such as the skin effect and
eddy current, and suggested the use of finer mesh segments in
modeling the loss. In addition, Weisshaar et al. proposed the
idea of the “complex current image” in [11], which allows an
image current located at a complex distance to account for the
eddy-current effect. All these measures are effective to a certain
extent; they were attempting to use a simple and predefined
circuit to model the loss effects or to use a complicated RLC
network to represent an RF circuit layout. Nevertheless, there
are no efficient and generic methods that can derive a succinct
physically meaningful circuit model from the given layout of a
lossy RF integrated passive circuit.

The partial element equivalent circuit (PEEC) [12] technique
is based on the mixed-potential integral equation (MPIE). The
PEEC, which converts a circuit layout into a lumped RLC ele-
ment coupled network, has been widely used in the modeling
of integrated passives. For example, [13] proposed a scalable
model for a spiral inductor on a lossy silicon substrate using an
enhanced PEEC method. Unfortunately, the number of nodes
and the number of components in the generated network are
usually excessively large, which make the traditional SPICE-
like circuit solvers extremely slow in running and is prohibi-
tively difficult in revealing the physical insights. Therefore, re-
searchers have been searching for more effective means that
can reduce the circuit model order to accelerate circuit anal-
ysis [14]–[16] from the system transfer function point of view.
Frequently, one also needs to find an appropriate circuit repre-
sentation of a passive circuit from both physical intuition and
system response [17], [18]. Recently, a systematic approach to
derive a quasi-static physically meaningful circuit model with a
specified order of accuracy for a lossless integrated passive was
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Fig. 1. Substrate of a typical CMOS IC.

proposed [19]. However, the quasi-static model is only for the
lossless case and cannot be directly applied to many practical
cases in which the losses are too significant to be ignored.

In this paper, the above derived physically expressive circuit
(DPEC) model is extended to the lossy integrated passive cir-
cuit case. This extension is based on a uniform treatment of
complex capacitances and inductances. The guideline of how
to ensure the passivity of the DPEC model is also discussed.
The case studies of a low-temperature co-fired ceramic (LTCC)
bandpass filter and two vertical spiral inductors built on a silicon
substrate are given to show the validity and effectiveness of the
extended DPEC model. It can be seen that, in all the examples,
the loss properties, such as values versus frequency, are very
well preserved in the DPEC model. It is demonstrated that the
extended DPEC model for lossy circuits can effectively retain
the essences of a lossy integrated passive circuit.

II. THEORY

A. Quasi-Static PEEC Circuit Model With Losses

The PEEC modeling starts by dividing a multilayer circuit
structure into a number of capacitive and inductive meshes. The
conductive loss is then incorporated in the complex numbered
self-inductors and the dielectric loss is included in the complex
numbered self capacitors.

The dielectric loss can be taken into account by including
the complex dielectric constant in the
Green’s functions that are associated to the substrate structure
under consideration. A brief description of PEEC modeling can
be found in [19].

Since the conductive loss is primarily determined by the skin-
depth effect in RF frequency, a similar surface impedance model
to that used in the method of moment [20] can be employed in
the quasi-static PEEC modeling.

Since the quasi-static simplification is well known to be ac-
curate enough for modeling RF integrated circuit (RFIC) and
monolithic microwave integrated circuit (MMIC) devices, the
quasi-static Green’s functions are employed in this study. Due
to the lossy nature of silicon, the potential Green’s functions are
complex. The vertical structure of a typical silicon-based inte-
grated circuit (IC) is shown in Fig. 1. The spectral-domain po-
tential Green’s functions can be derived using transmission line
theory [21].

An important step during the derivation of the DPEC model
is to carefully convert all the mutual inductances between the
inductive mesh elements in a PEEC model into a directly con-
nected inductor network. A simple demonstrative example is

Fig. 2. Converting mutual inductances into self-inductances.

shown in Fig. 2. The mutual inductance between the self-in-
ductor pair of and is equivalently transformed into four
directly connected inductances, namely, , , , and ,
whereas and are modified by and .

The values for , , , , , and can easily
be obtained from the values of , , and by circuit
analysis. and in Fig. 2 are called main inductances,
as they originate from the inductive meshes of a layout. ,

, , and are defined as inter-inductances, as they are
generated from mutual inductance , despite a similar nature to
self-inductances. In general, inter-inductances are substantially
larger than the main inductances.

A point that deserves mentioning here is that the conductive
loss will only be associated with main inductors. Thus, no resis-
tance should be associated to the inter-inductances after the mu-
tual inductance is transformed to inter-inductances. This point
is very important for preserving the passivity of a DPEC model.

B. DPEC Model

In order to incorporate the conductive loss and dielectric loss
in a uniform manner, the concept of complex capacitance and
complex inductance is introduced. The impedance of a complex
inductor is expressed as

(1)

where is conductive loss of an inductive mesh, which is ob-
tained by multiplying the surface impedance with the integra-
tion of the basis function over an inductive cell. Similarly, for a
complex capacitor, one can define

(2)

where accounts for the dielectric loss, which is included in
the Green’s functions. Since the lossy elements in (1) and (2)
are all frequency dependent, the resultant complex components
also depend on frequency. Having incorporated the above-de-
fined complex inductance and capacitance in a PEEC model, a
complex valued network representation of the original lossy cir-
cuit layout can be obtained. Therefore, the next task is to reduce
the order of the excessively large PEEC network and to derive
a concise DPEC model.

The basic principle of the DPEC model is based on the
Gaussian elimination or the transformation [19]. It says
an -node circuit can be transformed to an -node

circuit. For readers’ convenience, the basic formula for the
DPEC model is repeated here.
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The adjacent admittances in the circuit from the transfor-
mation can be calculated by

(3)

where and are the admittances in the circuit, and
is the total admittances connected to the node that has been re-
duced. Considering the generic case of and , which are in
the form of a complex LC tank, (3) can be specifically expressed
as

(4)

where

(5)

(6)

and and are the equivalent inductance and capacitance of
the total admittance connected to the node that has been reduced.

Apparently, (4) cannot be restored to an admittance in the
form of an LC tank without a legitimate treatment. In order to
develop a recursive process, the third term in (4) needs to be
converted to a complex capacitance before removing the next
“removable” node such that

(7)

The choice of the node that best satisfies the condition of
at each step of the process is critical for re-

taining the physical meanings of the circuit. That is to say, the
node that gives the smallest value of at an iteration
step will be “absorbed.” The recursive iteration process is
repeated until the values of for all the internal nodes
are larger than a prescribed threshold value. Setting a threshold
value, say, 0.15, is to ensure a smooth and nearly monotonous
change of the component values in the frequency range of
interest. Obviously, the DPEC topology is determined at the
highest frequency of interest.

It should be mentioned that similar equations to (3)–(7) have
been given in [19]. The differences are that here the inductance
and capacitance are complex numbers and are frequency depen-
dent in general.

C. Passivity of the DPEC Mode for Lossy Circuits

Since the original PEEC model network is passive, the
passivity property of a DPEC model must be retained. In
conducting circuit transformation, a positive imaginary
part of some complex capacitances can be found. Since
their values are substantially large, these positive imaginary
parts can be discarded without affecting the attributes of the
DPEC model. However, special attention needs to be paid to
the stability problem with inductance.

Fig. 3. Vector diagram of 1=~L . The angles for reciprocals of the complex
inductances have been exaggerated in order to give a clearer sketch.

Assuming uniform meshes are used, a vector diagram can be
employed to illustrate how the passivity of a DPEC model can
be guaranteed if the inductive meshes are fine enough. As the
main complex inductance can be written in an exponential form

(8)

where , the reciprocal of the total inductance
in (5) can be expressed by

(9)

The vector diagram for is shown in Fig. 3, where four
adjacent inductances are considered. If and are the
smallest and largest angles among , respectively,
we have . The new inductances between
nodes and after circuit transformation can be ex-
pressed by

(10)

whose complex angle can be rewritten as

(11)

where and are the differences between and ,
and between and , respectively. Thus, as long as

or , there will be no negative resistance
generated from and, therefore, no instability problem.

A special case is that there is no difference between angles of
all main complex inductances. Thus, all main complex induc-
tances share the same complex angle , which reduce inequality
(11) to

(12)

and thus, no instability problem should appear.
In ordinary cases, the inductive meshes need to be carefully

refined to avoid negative resistance. In section , skin depth
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Fig. 4. Main inductance versus aspect ratio of a mesh.

Fig. 5. Cross-sectional view of the fabricated stacked circular inductors.

is assumed to be uniform, which makes the conductive loss
proportional to the aspect ratio of a mesh, i.e.,

(13)

Fig. 4 shows some typical relations between the main induc-
tance and aspect ratio, which is associated to the conductive loss
as given in (13) for some illustrative mesh lengths. The main in-
ductance values are calculated using the formula given in [22].

From Fig. 4, the following can be observed.
• If is large, the inductance tends to be a linear function of

the mesh aspect ratio; hence, the angle differences and
in (11) must approach zero.

• If is small, the slope of the curve in Fig. 4 becomes smaller
as the aspect ratio increases, i.e., the angles of the com-
plex inductances approach , which also guarantees
that .

Once , the resistance from the imaginary part of
in (10) is guaranteed to be larger than zero, and hence, a physi-
cally meaningful DPEC model can be guaranteed. This conclu-
sion can also be further verified by the examples discussed in
Section III.

III. EXAMPLES

The first two examples presented in this paper are stacked
double circular spiral inductors fabricated using a 0.18- m
CMOS process. The cross-sectional view of the fabricated
inductor is shown in Fig. 5, where the vertical distance between
the double spirals is m. The upper and lower metal
strip thicknesses are m and m, respec-
tively; the height of the metal layer 6 in the oxide substrate is

m and m with the relative permittivity

Fig. 6. Geometry of the stacked single circular spiral inductor.

Fig. 7. (a) Capacitive meshes of the inductor shown in Fig. 6. (b) Segment of
the meshes. (c) PEEC model of the segment.

. The silicon substrate thickness is m
with the relative permittivity and the conductivity

S m .
The first example is a stacked single circular spiral inductor.

Its geometry is shown in Fig. 6, where the inner radius
m, the trace width m, and the trace spacing

m.
The meshing scheme of the structure for the PEEC modeling

is shown in Fig. 7(a), where the trapezoid surface cells are for
capacitive meshes. The solid inductive cells are half-cell-length
shifted from the capacitive cells and are not shown in Fig. 7(a).
In Fig. 7(b), , , and represent the capacitances to the
ground from the top, bottom, and side surfaces, respectively.
The representative PEEC model for a primary section of meshes
is shown in Fig. 7(c). All mutual inductance are suppressed in
Fig. 7(c) for the purpose of clarity.

Before a DPEC for the inductor was derived, the original
PEEC model of this RF inductor had 273 nodes and more than
4000 lumped components. The effective inductance and the
factor calculated by a DPEC model are compared with those
obtained from the measurement in Fig. 8. The threshold value
used in this example is 0.15. The result from the original PEEC
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Fig. 8. Characteristics of the stacked single circular spiral inductor by mea-
surement, PEEC and DPEC models. (a) Effective inductance. (b)Q factor.

Fig. 9. Geometry of a stacked double circular spiral inductor.

model is also superimposed as a reference. The definitions of
the effective inductance and the factor in this study are

(14)

(15)

The second example is a stacked double circular spiral in-
ductor, as shown in Fig. 9. The original PEEC model for this in-
ductor has 543 nodes and more than 10 000 lumped components.

The effective inductances, as well as the factors of the
double circular RF inductor from measurement, the original
PEEC model, and a DPEC model are shown in Fig. 10.

The final DPEC model for the above two integrated RF in-
ductors can be a three-node network, as shown in Fig. 11. As
the circuits are derived at frequencies of interest, there is no ap-
proximation error in deriving the DPEC models.

Fig. 10. Characteristics of the stacked double circular spiral inductor by mea-
surement, PEEC, and DPEC models. (a) Effective inductance. (b)Q factor.

Fig. 11. Obtained DPEC model of the RF inductors.

Although the quasi-static Green’s functions are used in the
PEEC modeling, the and values in the DPEC models
given here are frequency dependent. Table I lists all the compo-
nent values at sampled frequencies of each example.

The third example in this study is an LTCC bandpass filter, as
depicted in Fig. 12. The filter is with the overall size of 4.9 mm
2.36 mm 0.55 mm, and consists of four metal layers in the
substrate with a 7.8 dielectric constant and 0.002 loss tangent.
The metal thickness is 0.012 mm and its conductivity is set to
1 10 S m to mimic a real situation if the uneven surface
is taken into account. The original PEEC model consists of total
214 nodes. After setting the stopping criteria for to 0.15,
where is the average angular frequency of interest, a DPEC
model with only a few nodes can be achieved.

Although all the loss-component values are frequency depen-
dent in principle, in this example, only the loss parameters at the
center frequency GHz is used in the analysis and the
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TABLE I
COMPONENTS VALUES FOR THE RF INDUCTOR DPEC MODELS

Fig. 12. LTCC bandpass filter.

frequency-independent DPEC model is derived at the center fre-
quency. The DPEC model for the bandpass filter with six nodes
is shown in Fig. 13. Note that inductance represents the mu-
tual coupling between and . All the component values in
the DPEC model are given in Table II.

The -parameters of the bandpass filter by the DPEC models
with six and nine nodes and those from Zeland Software Inc.’s
IE3D [23] have been compared and given in Fig. 14. Good
agreement among these results, particularly the insertion loss
in the passband that is directly associated to the unloaded of
the filter, can be observed.

To view the mathematical properties of the circuit system at
each step in deriving the DPEC model of the bandpass filter,
the poles of the DPEC model at last seven steps for obtaining

Fig. 13. Obtained six-node DPEC model of the LTCC bandpass filter.

TABLE II
COMPONENTS VALUES FOR THE SIX-NODE DPEC MODEL

OF THE BANDPASS FILTER

Fig. 14. Magnitudes of S-parameters of the LTCC bandpass filter by IE3D
simulation, PEEC model, nine-node DPEC model, and six-node DPEC model.

the six-node DPEC model can be calculated using the modified
node analysis [16]. The calculated poles are listed in Table III.
For the sake of clarity, the pole’s values are normalized to 10 .
The first row of Table III indicates the number of internal nodes
that have been reduced, and each column lists the poles sorted
by their priority. It can be seen that the imaginary part of the
poles represents the loss effect. In a DPEC process, the least
important pole is absorbed by the less important poles one by
one, whereas the poles with higher priority only change slightly
to retain the main physical meanings of the DPEC model. It is
interesting to note that the last two reminding poles in Table III
represent the two fundamental poles of the two-pole bandpass
filter.

It is obvious that, in the above three examples, the DPEC
models are capable of retaining the physical properties of the
original circuits. Moreover, no negative valued elements are
found in the DPEC models, which further justify the rationality
of this approach.
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TABLE III
SYSTEM POLES OF THE Y -MATRIX FOR THE LTCC BANDPASS FILTER IN DPEC PROCESS. ALL THE NUMBERS ARE NORMALIZED TO 10

IV. CONCLUSION

In this paper, a new recursive scheme for deriving a succinct
DPEC model from a large-scale PEEC model with lossy el-
ements has been proposed. This study is a substantial exten-
sion of the original DPEC model for lossless cases proposed by
the same research group. In order to deal with the lossy circuit
components uniformly, the concept of complex inductance and
capacitance has been introduced. The obtained DPEC model
not only retains the physical properties of the original PEEC
quasi-static electromagnetic model, but also guarantees the pas-
sivity of the derived model. In addition to the applications in de-
signing integrated passive circuits on ceramic/organic substrates
with loss effects taken into account, this approach can also be
applied to the design of RFIC passive elements. Three practical
and representative examples have been given to demonstrate the
effectiveness and validity of the proposed model.
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