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An Efficient Volume Integral-Equation Approach for
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Abstract—An efficient volume integral-equation approach for
characterizing lossy dielectric materials in the Courtney holder
type of measurement environment is proposed. Utilizing the par-
allel-plate dyadic Green’s functions and the volume equivalence
theorem, an effective electric-field integral equation is developed
for azimuthally invariant mode analysis of a parallel-plate di-
electric resonator. Volumetric cylindrical pulse basis functions
and a point-matching moment-method procedure are used to
formulate an eigenvalue problem. A novel singularity treatment,
which uses a Bessel function identity, is presented. In an iterative
permittivity searching process, perturbation of the eigenmatrix
equation involves solely recomputing a diagonal matrix, which
is a function of permittivity only. Therefore, the efficiency of the
searching process is greatly increased. Two numerical examples
are provided to illustrate the applicability and validity of the
proposed approach to the evaluation of dielectric constant, loss
tangent, and surface resistance of the parallel plates.

Index Terms—Complex permittivity, dielectric resonator (DR),
dyadic Green’s functions, method of moments (MoM), volume
integral equation (VIE).

I. INTRODUCTION

CHARACTERIZATION of lossy dielectric materials is
widely performed in the Courtney holder type of mea-

surement environment where a precisely machined dielectric
specimen is placed within a pair of parallel metal plates [1]–[4].
Dielectric material properties (dielectric constant and loss
tangent) can then be evaluated via numerical analysis in which
input parameters are the measured resonant frequency ,
the extracted unloaded quality factor from the measured
loaded quality factor , and the measured physical dimen-
sions of the entire resonator system. Different numerical ap-
proaches such as the finite-element method (FEM), frequency-
domain finite-difference (FDFD) method, and mode-matching
(MM) method can be used to carry out such analysis [1].
For the volumetric-discretization-based techniques such as
FEM and FDFD approaches, re-solving a large sparse matrix
equation repeatedly is always needed when the permittivity
value is the search parameter. This is a very time-consuming
process. Unlike the FDFD and FEM approaches, the MM
approach does not generate a large matrix system. However,
the permittivity searching routine also requires re-solving the
entire eigenvalue problem repeatedly. Therefore, a lookup table
is usually prepared by performing sufficient pre-calculations.

In this paper, an efficient volume integral-equation (VIE)
approach is presented for characterizing lossy dielectric mate-
rials in the Courtney holder type of measurement environment,
in which neither a large matrix system, nor an entire eigen-
value problem needs to be resolved in an iterative permittivity
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searching process. Utilizing the parallel-plate dyadic Green’s
functions (PP DGFs) [5] and the volume equivalence theorem
(VET) [6], an effective volume electric field integral equation
(EFIE) is developed for characterizing a parallel-plate dielec-
tric resonator (DR). The volumetric cylindrical pulse basis
functions (VCPBFs) and a point-matching method-of-moments
(PM MoM) procedure are used to formulate the eigenvalue
problem. The formulated eigenvalue matrix, in general, consists
of a moderately sparse impedance matrix and diagonal matrix.
While the impedance matrix is a function of frequency and
physical dimensions of the resonator system, the diagonal ma-
trix is a function of the DR’s permittivity only. As the filling of
the impedance matrix is required only once for a given resonant
frequency, the workload of the search is mainly contributed
by computing the matrix’s determinant using the singular-
value-decomposition (SVD) algorithm [7] after the diagonal
matrix is updated for each permittivity trial. This feature makes
the proposed VIE approach very efficient for dielectric material
characterization using the Courtney method [1]–[4].

Despite the merits of employing the PP DGF in the VIE formu-
lation, much attention must be paid to the singularity treatments,
as they are vital in the VIE implementation. The formulated
volume EFIE is simplified solely for the analysis of rotationally
symmetric modes due to their practicality in the Courtney’s
measurement procedure [1]–[4]. Hence, the consideration in the
treatments of the singular integral equations is down to five dyad
components only, namely, the , , , , and compo-
nents. In general, the singularity treatments for the five singular
integrals are different; however, only the novel treatment for
the dyad component is discussed, in which a Bessel function
identity is used to facilitate the singularity extraction. With the
extracted logarithmic singularity being properly addressed,
the inherited slow convergence behavior (oscillatory in nature)
associated with the self-coupling term in the impedance matrix
is removed. The final expressions after applying the singularity
treatments for all singular integral equations are given in the
Appendix. The numerical analysis of rod- and ring-shaped
parallel-plate lossy DRs shows the validation of the singularity
treatments. Two numerical examples are given to demonstrate
the applicability and validity of the proposed approach: one is
the evaluation of the dielectric constant , which is based on
experimental results and the other one is the characterization of
dielectric post and the surface resistance of the parallel plates,
which is based on the measurement data available in the litera-
ture [8] using so-called “two-resonator method.” The computed
characteristics agree well with those obtained by the commercial
software Ansoft High Frequency Structure Simulator (HFSS)
or the analytical solutions available from literature. In the
following discussion, the complex number is used
and the time dependence of is assumed and suppressed.

0018-9480/04$20.00 © 2004 IEEE
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Fig. 1. Parallel-plate DR configuration.

II. VIE FORMULATION

Consider a boundary value problem, in which a linear, homo-
geneous, and isotropic DR specimen is placed between a par-
allel-plate waveguide, as depicted in Fig. 1. The VIE formula-
tion begins with the employment of VET [6, p. 224] that the
electric-field intensity within the DR can be expressed as

(1)

where is the relative permittivity of the DR specimen and can
be complex for a lossy case. The formulated volume EFIE with

the PP-DGF kernel [5] for the described problem is

(2)

where denotes the principal value portion of the PP DGF.
For the analysis of rotationally symmetric modes, the inner

product for the with the equivalent current

density in (2) is

(3)

where each dyad component is an eigenfunction series summa-
tion, e.g.,

for (4)

In the above, subscript 0 for the five nonzero Green’s func-
tion dyad components in (3) signifies that the resonant modes
under consideration are independent. is the free-space
wavenumber, is the wavenumber in the axial di-
rection, and is the wavenumber in the radial direction, which
is equal to for propagation modes and

for evanescent modes. Both and in (4)
are spatial derivatives with respect to the argument . As
can be seen from (3), both the - and -directed electric-field
intensities are independent of the -directed current density,
while the -directed electric-field intensity depends only on the

-directed current density.

The equivalent current density in (2) can be approx-
imated by a set of finite series using VCPBFs, i.e.,

(5)

where is the th unknown coefficient array to be deter-

mined by a set of simultaneous linear equations.
represents the th VCPBF term and is defined as

for or

elsewhere

(6)

where , , or . Generally, is a doughnut-shaped
volume cell. However, can be zero in the case of
a solid DR.

In order to extract the singularity, can be written
as

(7)

In (7), is the asymptotic form of in
which the Bessel functions are replaced by their corresponding
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large argument asymptotic expressions. Defining the -invariant
weighting function array as

(8)

where and are the observation location index and transpose
operator, respectively. Substituting (5) into (2) and applying the
point-matching procedure give the following eigenmatrix equa-
tion:

(9)

where

(10)

( 11)

and

(12)

In (10), is the Kronecker delta function. Obviously, is
a diagonal matrix and is the only matrix that is a function of
among the three matrices in (9). In (11) and (12), associated
with the PP DGF is dropped for simplicity. With the subtraction

of in (11), the eigenfunction summations associated
with the Green’s function series in the evaluation of the self-
coupling terms of the impedance matrix now converges. In order
to handle the integrable singular integrand in the component
of (12), the inherited logarithmic singularity must be treated as
discussed in Section III.

III. SINGULARITY TREATMENT FOR THE DYAD [9]

In order to facilitate the singularity extraction for the dyad
component, the following Bessel function identity is used:

(13)

where can be or . Having replaced
the Bessel functions and in (4) with their
corresponding Bessel function identity in (13), the th term of
(4) ( ) becomes

for

(14)

and its corresponding asymptotic expression form becomes

for (15)

Expressing all the cosine terms with the and variables in
(15) into their exponential equivalence gives

(16)

where

for

(17)

Now, can be represented as a continuous expression
in which

(18)

In the algebraic manipulation from (17) to (18), the products
of cosine and sine functions with variables and have been
expressed in terms of sine functions only. This is done so that the
closed-form sum of (18) can be found after performing an ana-
lytical integration with respect to the variable in the PM-MoM
procedure.

Having introduced the Bessel function identity in the singu-
larity extraction, the strong type singular Green’s
function is now split into two terms in which its singularity can
be easily handled by the classical technique. On the right-hand
side of (16), the first term is of a weaker type
singularity because of the term introduced in the Bessel
function identity. Hence, the volume integration can ensure
the convergence of the series summation. The second term is
of a strong type singularity because of the derivative.
Nevertheless, the singularity can be dealt with by rearranging
the order of derivative and integration in the integro-differential
equation with the assumption of satisfaction of the Hölder con-

dition [6, p. 231] for the equivalent current density . Despite
some tedious algebraic manipulation, the following volume
integral expression (before carrying out the inner product with
the weighting function) can be obtained:
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(19)

where

(20)

or

(21)

In (21), ,
, , ,

and . The summation expression

is also used in deriving (21) from (20). Although only
the treatment for the component is fully described here, the
other four nonzero dyad components ( , , , and ) can
be handled in a similar or classical manner. The expressions of
all five dyad components for the self-coupling term evaluations
are presented in the Appendix.

IV. NUMERICAL CONVERGENCE

In general, the parameters that affect the convergence rate of
the MoM solution are the step size of the numerical in-
tegration with respect to the source variable , the mesh (or
grid) size ( and ) of the discretized dielectric specimen,
and the truncated number of summation terms in approx-
imating the Green’s function. In the actual numerical imple-
mentation, all the spatial integrations in their final forms with
respect to the source variable are numerically evaluated, as
the closed-form integral cannot be obtained at the moment. In

Fig. 2. Typical convergence behavior for the self-coupling term evaluation of
the ẑr̂ dyad element “before” and “after” applying the singularity treatment for
a ring-shaped DR.

general, computation of the double integral in (11) and (12) for
each dyad component is a three-dimensional (3-D) summation
process. While two are due to the numerical integrations with
respect to the and variables, one is due to the series sum-
mation of the Green’s function. However, analytical integration
with respect to the variable can always be found for all five
dyad components. Hence, the summation process is usually of
two-dimensional (2-D) and sometimes even one-dimensional
(1-D) only, in which closed-form expression for the infinite se-
ries can be found. For the sake of simplicity in the numerical
implementation, the number of meshes in the radial direction
is set equal to that in the axial direction (i.e., ).
Also, the number of finite summation terms for the five compo-
nents are all set to equal.

To validate the proposed singularity treatment, a lossy
ring-shaped DR structure ( mm, mm,

mm, mm, , and
) is considered. Fig. 2 illustrates a typical

convergence behavior regarding the difference between “be-
fore” and “after” applying the singularity treatments for the
self-coupling term evaluation of the dyad element. The
“before” treatment case was computed by splitting the inte-
gration into two parts (one for the condition and the
other for the condition ). Hence, the integration (with
respect to the source variable ) has never been carried across
the observation point. The “after” treatment employs (21) in
which only approximately ten terms are required to remove
the oscillatory slow convergence behavior. A typical con-
vergence for various number of Green’s function summation
terms and the number of meshes for the DR

is shown in Table I. With the same set
of dimensions (except for the case of a rod-shaped DR),
both ring- and rod-shaped DRs are analyzed for their
and modes. For a given range of dielectric constants

, the computed and are illustrated in
Figs. 3 and 4, respectively. While is determined via the SVD
technique [7], is obtained using the complex resonant fre-
quency formula [1, p. 276]. Good agreement
is observed, as the results are compared with those obtained
using Ansoft HFSS.
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TABLE I
CONVERGENCE FOR THE f OF RING-SHAPED DR (TE MODE) WITH

" = 36, ra = 2 mm, rb = 3:015 mm, L1 = L3 = 3:4112 mm,
AND L2 = 4:16 mm

Fig. 3. Resonant frequencies ofTE (mode 1) andTE (mode 2) for
rod and ring DRs for various dielectric constants.

Fig. 4. Unloaded quality factors ofTE (mode 1) andTE (mode 2)
for rod and ring DRs for various dielectric constants.

V. NUMERICAL EXAMPLES

The first example illustrates the applicability of the proposed
VIE approach in the evaluation of . An in-house Courtney fix-
ture is built for the measurement. The parallel-plate fixture is
made of copper (Cu) with a diameter of approximately 180 mm
and is large enough for an infinite parallel-plate waveguide mod-
eling for practical purposes. An alumina DR specimen with

, , mm, and
mm is used in the measurement. To obtain multiple

samples for the use of a single dielectric specimen, two types of
parallel-plate DR configurations are considered in which type
I has and type II has mm and

Fig. 5. Measured S21 response for type-I configuration.

Fig. 6. Measured S21 response for type-II configuration.

Fig. 7. Electric-field distributions on the rz-plane for the TE mode of a
type-I configuration.

mm. The measured (in decibels) responses are
obtained via an HP8510C network analyzer and are illustrated
in Figs. 5 and 6. To confirm the identity of resonant modes, the
corresponding modal field distributions can be obtained from
the VIE analysis, and the -mode electric-field distribu-
tion for the -plane is shown in Fig. 7.

Despite the fact that an analytical solution is available for the
type-I configuration, a numerical solution must be sought for
the type-II configuration. With the measured and physical
dimensions, an eigenvalue search using the SVD [7] technique
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TABLE II
EVALUATED " USING THE PROPOSED VIE APPROACH FOR THE

PARALLEL-PLATE DR WITH ra = 0, rb = 6:23 mm, AND

L2 = 12:56 mm. L1 = L3 = 0 FOR TYPE-I CONFIGURATION

AND L1 = 0 AND L3 = 2:44 mm FOR TYPE-II CONFIGURATION

was carried out for searching the value. In the iterative permit-
tivity search using the or mode ,
and . For the use of the or
mode , and . The obtained
results and the measured are all presented in Table II. Ap-
proximately 0.025% difference is obtained as the averaged
value is compared to the value. A reverse check performed
via Ansoft HFSS, which used the physical dimensions and the
evaluated as input parameters to obtain the , is shown in
the third row of Table II. Again, good agreement is observed,
as comparison is made between the measured and simulated
results.

The second example presents the evaluation of the of
a dielectric specimen using the proposed VIE formulation. The
so-called “two-resonator method,” in which two resonators and
two different resonant modes are used, is employed in the eval-
uation process [8]. The DR configuration considered in [8] im-
plies that since the analytical solution is available.
However, [4] has indicated that much better accuracy can be ob-
tained for the conditions such that and , as the
influence of the conductor losses on the factor of the reso-
nant system can be reduced. Nevertheless, the parameters used
in this example adopt those presented in [8] where the evaluated

is known for the sake of validation.
The matrix equation, which uses and modes

in the evaluation of for the dielectric specimen of interest
and surface resistance for the parallel-plate fixture, can be
expressed as [2], [8]

(22)

where

(23)

and

(24)

for or . As can be seen from (22)–(24), the evalua-
tion of and requires the knowledge of , ,

, and at the resonant frequency
of the modes. While the can be extracted from
the measurable , the evaluation of from the mea-
sured can be easily obtained via the SVD technique. In the
permittivity search, and for the use
of and , respectively, while for

both resonant modes. With the employment of (1),
in the dielectric specimen is readily obtained from the eigen-
vector of the eigenmatrix equation in (9). For the computation

of in the free-space region, the required formula
is given in (A4). The space truncation boundary can be set ap-
proximately five times or even just three times the distance of

, by which a good approximation can be achieved as fields
decay exponentially away from the DR for those trapped reso-
nant modes.

Evaluation of requires the computation of tangential

at the top and bottom conducting plates; hence,

the magnetic PP DGF of the second kind , which

relates the magnetic-field intensity due to the equivalent

current density , is needed. The required equation is

(25)

Since in the analysis of the -mode

family, the only equation of interest is the component

due to the nonzero

(26)

where

for (27)
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TABLE III
COMPARISON OF VIE APPROACH WITH ANALYTICAL APPROACH [8] FOR

THE EVALUATION OF tan � AND R . THE DR CONFIGURATION HAS

ra = L1 = L3 = 0, rb = 4:25 mm, L2 = 3:572 mm,
AND L2 = 14:276 mm. THE EXTRACTED

Q = 2237, Q = 4040, AND THE

MEASURED f = f = 8:923 GHz

The singularity in the numerical integration of (27) is treated
in a similar manner as those five dyad components. The final
expression for the self-coupling term evaluation of (26) after
applying the singularity treatment is presented in (A7). With
(1), (A4), (A7), measured and , and of the
conducting plates can be easily obtained by solving the matrix
equation in (22). Table III presents the computed numerical
results in comparison with those using the analytical method
presented in [8]. Good agreement is observed.

VI. CONCLUSION

An efficient VIE approach utilizing the PP-DGF kernel and
VET has been presented for the characterization of the com-
plex permittivity of a DR in the Courtney holder type of mea-
surement environment. Computational efficiency for searching
the permittivity is significantly increased as perturbation of the

eigenvalue matrix requires only recomputing a diagonal ma-
trix that is a function of permittivity only. This attribute makes
the approach very attractive for the evaluation of the complex
permittivity from measured and values in an iteration
process. Thanks to the novel singularity treatment that has been
proposed in the paper, the inherent slow convergence behavior is
overcome. Lossy rod and ring DRs have been analyzed to vali-
date the correctness of the singularity treatments for all five dyad
components. The proposed approach has been validated by the
simulation results obtained from the FEM-based software An-
soft HFSS, the measurement conducted in-house, and the ana-
lytical solutions obtained from the literature. Good agreement
has been observed in all cases.

APPENDIX

In general, the first step in extracting the singularity is to
re-express the PP DGF as

(A1)

where is the large argument Bessel function asymp-

totic representation of . The final expressions (before
carrying out the inner product with the weighting function, i.e.,

-independent cylindrical Dirac delta function) for the self-cou-
pling element evaluation of the six Green’s function dyad com-
ponents are presented here. While five dyad components ( ,

, , , and ) are due to the EFIE, one dyad component
is due to (26).

For the dyad component, see (A2), shown at the bottom
of this page, where . , ,

, , and have been specified in Section III.

for

(A2)
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for

(A3)

for

(A5)

For the dyad component, see (A3), shown at the top of this
page.

For the dyad component

for (A4)

For the dyad component, see (A5), shown at the top of this
page.

For the dyad component, see (A6), shown at the top of the
following page.

For the dyad component of (26), see (A7), shown at the
top of the following page.
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for

(A6)

for

(A7)
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