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Several runs were made and the results of the convergence of two
runs are shown in Figs. 3 and 4. After the convergence is reached, the
simulated curve fo»; matched exactly with the experimental one of Abstract—A full-wave analysis of an inhomogeneous waveguide region

; e : . ith both planar and circular cylindrical boundaries is presented in this
Fig. 1, and the permittivity of the sample is reproduced with an acc aper. Circular cylindrical modal functions are used to represent the fields.

racy of 0.01%. Field matching on the planar walls and apertures is rigorously achieved by
the finite plane-wave series expansion of each modal field, whereas the ad-
dition theorem for cylindrical waves is used for rigorous field matching on
IV. CONCLUSION the circular cylindrical boundaries. Numerical results are given for rectan-
gular waveguides with 9¢ bends and rounded outer corners.
Based upon the FEM and a cavity resonance technique, an iterative . .
. . e . Index Terms—Full-wave modal analysis, inhomogeneous waveguide
method for exact estimation of complex permittivity of an arbitrary,  rions.
shaped dielectric has been presented. The measurements are done in a
frequency band around any resonance peak, preferably the fundamental

one. This paper also defined a number of error parameters used in the |. INTRODUCTION
process of optimization. The tephniqu_e can be ‘mp'em‘?r‘_ted very easiI){n a recent paper [1], MacPhie and Wu provided a full-wave modal
on a desktop computer for a quick estimation of permittivity of Sampkf’aﬁwalysis of waveguide discontinuities with piecewise planar bound-

on the production line. aries. Practical examples of such discontinuities are T-, Y-junctions
and E- and H -plane mitered 90bends. In this paper, this technique

is extended to discontinuities with both planar and circular cylindrical
boundaries. Such an inhomogeneous waveguide discontinuity is shown
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Bessel-Fourier modal functions are used to represent the M- (
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A. Translation Addition Theorem

)

We can expres@fl‘j( = (p,0,z) and\Ifﬁf <) (p, ®, z) interms of the

’ p(
coordinates of”;, i.e., (1, ¢1, z1) with Z; = z (no axial translation).
From Stratton [3, pp. 372-374], we can show that
‘ cos(ng) | _ = )  {yg—n -
In(kpp) { sin(no) } = q;oo Jq—n(kp R)(=1)""" Jq(kppi)
cos |:(](El - (iqn[]
. - ®)
Sin [q@bl - (I)qnl]
where
S, = (¢ — n)d,. (6)
B. Vector Modal Fields
The modalH -field of TM type is given by
w 2o (- =z - g (5 3 s
K | h"P(D(”“'b”Z‘) =V /"I’vzp<§>(p‘=¢”“) @)
s | ! A, Using (1) and (5) in (7), we can show that
I I oo
I 0 | (e . —n pT
| | hgw)(g) (Ph o1, zl> = Z Jq_,,,(k,,Rl)(—l)q cos <%Z1>
Fig. 1. Inhomogeneous waveguide discontinuity with planar and circular — . _ _
cylindrical boundaries (top and side views). Jo(kppr) | — 510 [qm - ‘quzl] .
¢ qg——— _ _ ]
pi cos [qq’)l — (Pqn[]
Il. BESSEL-FOURIER MODAL FUNCTIONS FORINHOMOGENEOUS o
WAVEGUIDE REGIONS WITH CIRCULAR CYLINDRICAL , ] cos [qéz—@qm] .
SECTIONAL BOUNDARIES —kpJq(kppi) @1

sin |:(](El _éqnl]
With reference to Fig. 1, the modal fields in the inhomogeneous re- @)

gion can be obtained from the scalar potentials ) ) o
From Maxwell's equations, we can then obtain the associatéiéld

g A n7 e _ T _
¥ (0. = i) { ) }COS<EZ> @) ey (P1-6070)

sin(ne) w
1

and = > JealkpR)(=1)""

[=S)

jWwe
J 0 g=—o0

‘1’53(3)(/)., 6. 2) = Jo(kpp) {cos(ntp) }sin <E3> @) e (e cos [q(,bl - <I>qnz} R
W )

sin(ne) w sin| —2z | _kac;<kpﬁl) ) o pi
w sin [ngl—(I),ml]
where the origir© of the circular cylindrical systemis located centrally . - =
. . . — sin [q(b, — @qnl] N
in the inhomogeneous region. N e
We now consider th&h circular cylindrical boundary. The center of cos [qzﬁz - <T>q“,]
thelth circular cylindrical boundary i€);. R; is the distance between -
O andO, and the angl@, is measured from the-axis. The boundary LR (ko) cos [qqﬁx—@qnt] o7 ).
extends from; to ;' in the local coordinate&g, ¢:) or (Z1, ) of the pda(kppi - [q&_@ml] cost A
{th circular cylindrical boundar¢’;. The radius of”; is R;, as shown ' !
in the figure forl = 2. In Cartesian coordinates, the two ends of the ©)
circular boundan(; are at The modalE-field of TE type is given by
Z; =R cos g}; 5‘(:;)( ©) (ﬁlq o1 51) =-Vx 2\1151};)( ) (ﬁl, o1, E[). (20)
y1 =Ry sin ¢’ (3a) We can use (2) and (5) in (10) to obtain
=1 D i
Z; =Rjcos ¢, oo
— — h - 7 = g—n pT_
J =Risind'". (30)  Fe) (1602 = = 3 Tk R)(=1)""sin | T55
g=—0o0
Moreover, in terms of the original coordinat , the two end . - =
. 9 €8 y) J (k) | —sin [qu,—@qnl]
points ofC; are at o { g2\ el i
’ ' = T Pt oS [q(;l_&’qnl]
x; =Ricos¢; + &; = Ricos o1 + Ry cos ¢
y; =Ry sin ¢; + 47 = Ry sin é; + Ry sin ¢y —kaé,(kpﬁl) cos [qi/)l —‘I)qnl] le

'r,?/ =Rjcos¢; + i‘;/ = Rycos ¢ + R; cos &;/ sin[gor _(iqnl]
yi =Rysiné; + 4 = Rysin ¢y + Ry sin @' (4) (112)
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Again, use of Maxwell’s curl equation gives 0 Jrmwstto e e et e e e Ml B M
OB .
hnp o\ (P1y 915 1) 5 4\
= Jy—n(kpRr) -10
Jwpo _Z g—n\Fpltl ( ) ’
g=— o
= 5 e [SUFEM
P cos [ PE5, = % [S21[FEM I
w w - 20 ~ I8 11 [Modat Anclysis |
........ 1 | Anal
, ) cos |:qu :| \'\‘\'\1 1S 21 |Modal Analysis i
o Qhpdo(kppi)g 25 N L
sin [q@l ] * 0 v
o | ~~——
T, (kp) sin [q(m (bqnl] 3 .30 | '
) Ceos [q@l_¢qvl,} . 8 e 10 11 12 13 14 15
- = Frequency (GHz)
2 cos [(N’l - <I>4‘"’] 2 T
+ k,Jq(kppt) _ _ sin| =2z |4 >. 400 T w T
sin [qc"ol — <I>qnl] w &  PSUFEM
(12) 350 B PS2IFEM e Ttay
' %
300 z PS 11 Modal Analysis "& .
2 EB PS 21 Modal Analysis \\
lll. FIELD MATCHING ON THE CIRCULAR CYLINDRICAL BOUNDARY g’ 250 ‘3*6 """"" 4 : <
=3 ; b
The total E-field in the inhomogeneous region is the weighted sum:= 200 ?“n‘ ;
of thee-type andr-type modal fields introduced in Section Il as fol- ‘ ‘ﬁ;a l
. Ay
lows: $ 150 - o,
Pio o (&) o) ) o) a \. e
E(ﬁh @1, Zl) = Z (O‘cfzp cnpl + a np 3npl> 2 100 Y . {
np {3% N
O OINOP 50 * oy :
+Z( cnp cnpl Snvpesnpl> . (13) ﬂ‘ﬂﬂ K
np 0 ‘q:ﬁ
On thelth circular cylindrical boundarg’;, we require that the tangen- 8 9 10 " 12 13 14 15
tial E-field vanish. Using the modal series (13), we obtain Frequency (GHz)

h h) (
Z (ngn)}) _‘n(:npl t + nS“P snpl t) +Z ( (CW)P _inpl t ¥

np np

wheret |nd|cates the tangential component whgre= R; and¢] <

¢ > ¢/, as indicated in Fig. 1.

If we take the outer product (cross product) of (14) V\hﬂ‘i

h) (k) ) Fig. 2. Magnitude and phase of scattering parameters for a WAR-plane

P snplt curved bend withradius = 0.75 in. The results denoted by dots are calculated
by Ansoft's finite-element software HFSS and the results denoted by lines are

=0 (14) calculated by the proposed modal analysis.

Likewise, if we take the outer product of (14) wWJﬁnp, and then with

, and hE',’fp, we obtain, after integration over;
P

hE';fp, then, after integration over the surfacg, we obtain the two o (0 (he) iy o () "
. e e h h h
Ilnear equatlons Z(Cnp np, [ ‘enp +an np,l" =”P+Cnp np,l Ul1)+an np,l g”P)
np
(ce) (@) (e€) (eh) () (eh) () -0 (18
Z(Cnp np, [ ‘enp an np, l b'llJ +Cnp np,l Ul1)+an np,l bﬂp) ( )
np
—0 (15) and
(he) (he) hh) h (hh) e
and Z(I np,np, IQL“P Snp np, labﬂp +IX fzp np, e E’L)P +Snp np, 1@ £71)11>
np
~(e€) (ee) (e ~(eh) (h (eh) () =0. (19
Z(Ixnp np,l” (‘71P+5np np, lnsn)]?—i—[ np, np[ Cn)P—i—Snp np,l” ‘TLP) ( )
P —0. (16) In matrix notation (15), (16), (18), and (19) can be written as
. C(EF)] [ (H)] [C(eh)] [ (eh):| /
In (15) and (16), i = h ore andj = h ore, then [ @ al®
|: (ce):| [S(((’)] |:I ch):| |: ch):| (e)
i w (h)
CY'(IJP )np’l TT . _‘(l) B O [C(m)] [Q(hg)] [ (hh ] [ (hh ] a(}
QU su oo (he) ghe) (hh glhm) al
ap,np,l np l |:IX € :| |: © :| |:IX ):| |: :|

h(L) (Rl, Q;l, 21) . 2Rldq§1dfl.

(Z)npl

= [Ril{a}=0. (20)

(17) The elements of all the matrices are given in detail in the Appendix.
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ittt iniiitid Unitikiie nk il IV. NUMERICAL RESULTS
A The scattering parameters over a wide frequency band for WR75
"";:,‘ - . rectangular waveguide df - and E-plane 90 bends with rounded
H ‘ | /._1,‘__:_—0 outer corners are gi\iern_ in Figs._Z anflf, respectively. The waveguide
2 .15 Sl 4__‘/;/0 3 dimensions are = 0.75in andb_ = 0.375 in. With a progressive con-
= T < A vergence test, itis found that eight modes for Hhgplane bend and six
= 20 P * . S FEM - modes for theE'-plane bend are sufficient in the inhomogeneous re-
— . gion for a convergent result. Very good agreement between the results
.25 / & [S21[FEM . of the FEM obtained using Ansoft's HFSS and that of the proposed
1S 11 |Modal Analysis modal analysis can be observed. The slight discrepancy at high fre-
30 e A OO 521 [Modal Analysis quencies of theT -plane bend may be contributed by the chamfers at
l T | the curved corner in the FEM model. The FEM results are based on the
-35 v , T ; FEM model with about 9000 tetrahedrons.
8 9 10 11 12 13 14 15
Frequency (GHz) V. CONCLUSIONS
400 A rigorous modal analysis formula for inhomogeneous waveguide
350 discontinuities containing both planar and circular cylindrical bound-
g T~ aries have been presented in this paper. The addition theorem for
- 300 ——'ﬁ.,ﬁ \\ Bessel-Fourier functions is used to generalize the formula to handle
> e \\ cylindrical boundaries with arbitrary offset centers. Field matching
g 250 Hm\ ! on the planar walls and apertures of the discontinuous region is
5 200 ﬁ“&ﬁ R rigorously achieved by the finite plane-wave series expansion. Very
S | e . good agreement is obtained between the results of the FEM and those
@ 150 ¢ PSnFEM m‘—m@ of the proposed analysis for rectangular waveguide t8hds with
E 100 B PS2IFEM ‘m% rounded outer corners. Since the generalized scattering matrix (GSM)
s PS 11Modal Andlysis “®., isobtained by modal analy_5|s_, the module_s developed by_the proposed
50 ™11 . PS 21 Modal Andiysis modal analysis can be easily mtegrateql with other key building blocks
0 é .‘ ! of modal analysis for large system design.
8 9 10 11 12 13 14 15

Frequency (GHz)

Fig. 3. Magnitude and phase of scattering parameters for a WRRp&ane

APPENDIX

The elements of the matricﬁé’,““], [Qgi”], [K,(m], and[S,(ij)] for
i = eorhandj = e orh are presented here.

curved bend withadius = 0.375 in. The results denoted by dots are calculated In evaluating the outer product integrals, as given by (17), we en-
by Ansoft’s finite-element software HFSS and the results denoted by lines gunter relatively simple integrals
calculated by the proposed modal analysis.

" T P
Having obtained thé&-field matching (20) for théth circular cylin- I{pp :/ cos <];;_/)Zl> cos <17721>d:z (A1)
drical boundary of the general inhomogeneous region, we can repeat 0 i '
the process for the remaining circular cylindrical boundaries and let w o -
Iépp —/sin (LE;) 'ill(—‘xﬁ)dfl (A2)
L
0
[R] = [R] (21) e
=1 - _ _ _ _ _
Lonn = / cos (q@, - <I>q,,,,) cos (qé; - @aﬁl)d@ (A3)
wherelL is the total number of circular boundaries. Likewise, for the Y,
planar boundaries, we let ';”
g
~ M R Iéqﬁ,qn = sin (q(r;I - éqnl) Cos (qQ;l - (iq@l)d&l (A4)
W= W] (22) J
m=1 {
¢/
where[W,,,] is the matrix for thenth planar boundary wall; the ele- | / sin(ad — & sin (qd, — &, Vd3,. A5
ments of[IV,,,] are given in detail in [1]. saman J (ml ! l> (q‘ o l> . (A5)
The total matrix equation for the conducting wall part of the inho- i
mogeneous region is then
We then let
W]+ [R] ){a}=[T]{a} =0. (23) - . _
([ ] [ ]>{ } [ ]{ } '](l)qnp :(_l)q ']qfn(kpRl)Jq (kpR[)
The field matching in the apertures of the inhomogeneous region is j{qnp =(—-1)""" Jq_n(kpR,)J; (kPR,> (AB)
done inthe same way as described in [1]. This, in conjunction with (23), o o
leads to the solution for the scattering parameters of the inhomogeneous {anp :qt{anp
region, as presented in a detailed fashion in [1]. Tsgnp =01 qnp (A7)
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from which we can define the following double summation: Analysis of Metallic Waveguides of a Large Class of
Cross Sections Using Polynomial Approximation
and Superquadric Functions

e q;m ﬁ;m T Sheng-Li Lin, Le-Wei Li, Tat-Soon Yeo, and Mook-Seng Leong
wherei = 1,2.3,7 =0,1,2,3,andk = 0,1,2, 3. Abstract—By using the polynomial approximation and superquadric

With the above definitions, the elements of the 16 submatrices fofictions in the Rayleigh-Ritz procedure, a unified method has been
[Ri], as given by (20), are then as follows, where, due to the Orthodggposed to analyze conducting hollow waveguides of a large class of cross

h g " . sections in our previous paper. Some useful and complicated cross-sectional
nality shown i1 pp and[?vm’ﬂ‘ by (A1) and (A2), respectively, we can waveguides in the microwave system, namely, eccentric annular, pentag-

for a givenp write onal, L-shaped, single-ridged, and double-ridged waveguides are analyzed
in this paper. Compared with other numerical methods, this method has
o the advantages of straightforward, accurate, and computational effective.

C«(""«) _LjBlLU

pliin =5 Sim,p,m(l ~+ 6p0) (A9) Index Terms—Polynomial approximation, Rayleigh-Ritz method,
-J“vf? superqaudric functions, waveguide analysis.
clem Fkﬁp ! — l
‘plyan — 2.2 { 220,pnn(1 + bp()) + Sgogvpnn(l + (Spo)}
0 (A10) I. INTRODUCTION
(hhy k) Riw g (146 ALl The analysis of a uniform metallic hollow waveguide can be carried
phan TG o + 8po) (A11) out by solving the Helmholtz equation and matching boundary condi-
(e KRuw tions on its cross section. A large number qf techniques ha_ve been pro-
plian = 2jweo 5501, prn (14 6p0) (A12) posedinthe literature for this purpose: one is the boundary integral—res-
2 onant mode expansion (BI-RME) [1]. By using superquadric functions
;(;7,]%)n __ 2;227 {Sézl,pnn(l + bp0) + 5502'%”(1 + 6po)} [2],[3]to de;cribe the bounplary of the wgvegu_ide in_the Rayleigh—Rit_z
0 method, various cross-sectional waveguides (including rectangular, cir-
o (A13) cular, elliptic, coaxial, triangular, etc.) have been analyzed successfully
(hh) _k;’,an g (14 6,0) (A14) in a unified manner [4]. In this paper, we extend the application of this
Y TR £0 method to analyze some waveguides with more complicated cross sec-
ey _KkpRaw ; tions that are commonly used in microwave systems. The cross sec-
plin =950 201 pnn (14 &p0) (A15) " tions of various hollow metallic waveguides to be analyzed are shown
o) k2P (o , ‘ in Fig. 1(a)—(f) for eccentric annular, pentagonal & 4 andN = 5),
K, 5 =- 2152 {Sszo,pﬁn(l = 6p0) — S102,pan (1 + épo)} L-shaped, single-ridged, and double-ridged waveguides.
0 (A16) Analysis of eccentric annular waveguides has been a subject of
5= numerous investigations [5], [6]. In [5], combined with conformal
(hny _FpRuw S0 man (1= 850) (A17) transformation, the method of intermediate problems was used to
i 2w ? find the lower bounds and the Rayleigh—-Ritz method to find the
ngn :kanu 5@01,,3;”1(1 +6,0) (A18) upper bounds of the cutoff frequency, both for TE and TM modes.

2jweg A family of new waveguides, pentagonal waveguides [described
) k2p by ABCDEin Figs. 1(b) and 1(c)], has been proposed in [7]. The
(eh) _ Fpl 1 s 1 - S .
Qpit an _2%3 {Slsl,pﬁn(l — 0p0) = S302,pan (1 + ‘5770)} conformal-mapping finite-difference (CMFD) method was used to
(A19) analyze its propagation characteristics, and the computed data were
compared to some measurement results. L-shaped, single-ridged, and

i k,R , i ; o

pr’;fgn :#Sémepm(l — 6p0) (A20) double-ridged waveguides are formed from variations of the rectan-
(he) (J,:flo ~(he) (he) gular waveguide. They can be used in satellite communication systems

Cotin =Sptan = Bpan = Qpran = 0- (A21)  for wide-bandwidth operations [8], [9]. The surface integral-equation

method (SIE) [10], the finite-element method (FEM) [11]-[13], and
the finite-difference method (FDM) [14], [15] have been used to study
these structures.

The method in this paper does not need a complex mathematical ma-
nipulation (such as conformal mapping) and discretization procedure
in the above methods. In Section Il, a brief description of the algorithm
is given. In Section Ill, numerical results obtained here are compared
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