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The Higher Order Modal Characteristics of
Circular—Rectangular Coaxial Waveguides

Haiyin Wang, Ke-Li Wu,Senior Member, IEEEand John Litva Senior Member, IEEE

Abstract—A rigorous analysis combining the orthogonal ex- problem by Tham [2]. The solutions of these basic waveguide
pansion method and Galerkin method for the higher order configurations have been widely used in characterizing various
eigenmodes in a circular—rectangular (C-R) waveguide is pre- complicated microwave systems. For example, they have been
sented in this paper. The Bessel-Fourier series is employed to . . .
merge the circular and rectangular coordinate systems used in applied .to integrated antenna beamforming netvyorks [3] and
the analysis. The cutoff frequencies of the higher order modes Waveguide dual mode filters [4]. Nevertheless, since all these
are determined with the singular value decomposition (SVD) configurations can be described using a rectangular coordinate
technique. The computed results are in excellent agreement with gsystem, it is difficult to extend the solutions to the case of C-
results obtained using the finite element method. Because of its g ¢oaxial waveguide, where one must introduce a cylindrical
analytic form, the solution will be useful in the rigorous analysis .
of many practical microwave components and circuits. coordinate system. In 1991’ Omar and ﬁi@mann developed_

an approach to characterize the EM field in the C-R waveguide
using summation of the eigenfunctions [5]. The eigenmode
functions in the Cartesian coordinate system are transformed
HE circular—rectangular (C-R) coaxial waveguide hag the cylindrical coordinate system for integration along
been widely used in various microwave components afge inner circular conductor. To ensure the computational
circuits due to its great Compatlblllty with both circular CoaXiaéccuracy, many modes (probab]y 50 or more) have to be
waveguide and rectangular waveguides. However, there lagkgculated in Omar's method. The previous work is based on a
a complete understanding of the electromagnetic charactefifono-coordinate system, either rectangular or cylindrical, and
tics involved. Many practical problems currently encounterqﬁereby improvement could be made by introducing a mixed
could be better investigated if a complete knowledge of the&:R coordinate system for the C-R waveguide structure.
eigenvalue spectrum of the C-R coaxial waveguide were|n this paper, a general mathematical expression of the
known. higher order modes in a C-R coaxial waveguide is given in

An example of a C-R coaxial waveguide transition is givein explicit analytic form. The modal functions obtained are in
by the input/output probe of coaxial waveguide combinge form of the Fourier series which can be conveniently used
filters or diplexer. Here, the TEM mode in a circular coaxigor further numerical manipulation. The Galerkin method is
transmission line is coupled with the evanescent modes drployed to formulate the problem. Because the formulation
a rectangular waveguide. Since all the higher order modggolves both rectangular and circular coordinate systems,
in a rectangular waveguide contribute to the coupling @he Bessel-Fourier series is used to merge the two different
evanescent modes, the effect of higher order modes in $%ordinate systems. In the proposed formulation, the scale
C-R coaxial waveguide transition must be taken into accouRkimholtz equations are converted into a generalized matrix
in a full electromagnetic analysis. In addition, informatiogigenvalue formulation. The singular value decomposition
on higher order modes is also important for predicting th&vp) technique is then used to determine the eigenvalue
electromagnetic compatibility (EMC) characteristics of thgpectrum, and subsequently the Fourier coefficients of the
C-R coaxial line-like structures (usually with multiple innefmode functions.
conductors) in high speed digital circuits. In particular, the
latter is an interesting problem, where solutions will contribute I
to the development of today's high speed computers and
switches in telecommunications. The purpose of our investigation is to characterize the

The previous work is proceeded by the work of Gruner [migher order m_odes in_ the waveguide shown in Fig. 1. _In this
who used the Galerkin method to solve for the modes of%gometry, the inner circular cond_uctor is concentric with the
rectangular coaxial waveguide. The Galerkin method has afgfer rectangular conductor. In Fig. 1, notations “a” and “b”
been successfully applied to the crossed rectangular wavegifi§gote the half width and the half height of the rectangular

enclosure, respectively, ang gives the radius of the inner
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y herek. is the cutoff wave number of the waveguide, which
is written as
T 2 2 2

/// b \\ kc = W 6//L — I{Z (3)

i / \

' ] 2b : : .

\ Hk J X and k, is the propagation coefficient.

\ . . . . .

[ N L/ Because cylindrical coordinates are used in Region I, we
E— expressE, in terms of the Bessel functions, i.e.,
2& o
Fig. 1. Cross section of the C-R coaxial waveguide. Er = Z Virm[Jm(kep)Yim(kero)
m=0,1, ---
TABLE | = Jim(ker0)Ym(kep)|@m(9),
EIGENMODES DEFINITIONS 3
0<p<h 7S — 4)

Mode X axis Y axis 2
TModd, odds TEodd, odd Magnetic wall Magnetic wall o _ )
TModd, cvens TEodd, cven Electric wall Magnetic wall The magnetic fields in Regions | and Il can therefore be
TMcven, odds TEcven, odd Magnetic wall Electric wall written as
TMeven, even, TEeven, cven | Electric wall Electric wall

Hyr =Hyr cos ¢ — Hyp sin ¢

have the same point of origin, which is located at the center of we = DPIn T+a
the inner conductor. The dashed line represents the imaginary ~~ ~7J 32 > 1/””{% cosh {pln % }
boundary consisting of a cylindrical surface with radiys ¢ =Lz,
which separates two regions. sin {”W(Wrb)} cos ¢+ T {pf x_ﬂ}
The fields in Regions | and Il are expressed in terms 2b 2b " 2a
of eigenmode functions. We choose trigonometric functions y+0ol| .
and hyperbola functions in Region |, Bessel functions and $eos {”W T} St (7)} (%)
trigonometric functions in Region Il to represent the field we 00
distribution. HqSII = _j ﬁ Z wIInl|kc|[‘]rln(kcp)yrn(kc7’0)
Since the structure of the waveguide is symmetrical with ¢ m=0,1,-
respect to ther andy axes, only one quadrant needs to be — T (kero) Y, (kep)] @ (6) (6)

analyzed. Based on various boundary conditions which are

assigned to ther and y axes for TM and TE modes, thenere

eigenvalue problem can be divided into four distinct groups

shown in Table I. By(6) = {C_OS (me) } 7)
In Table I, the first/second subscript of the mode corre- sin (m)

sponds to the boundary conditions, which have been applisgviously the upper case d,, corresponds 10 T oad

to they/x axis, rgspectlvely_. and TM.yen, oaa Modes and the lower case corresponds to
In the later sections, the eigenvalue spectrum and the m ’
odd, even and Tlvleven, even modes.

functions of _each group are solved separately. By separatmgl.he continuity of E. and H,, implies that
the modes into four groups, the mode spectrum becomes
sparse. Therefore, the eigenvalues of the problem are much
easier to locate. B =E.n
Hyr=Hgyrr (8)
A. Field Expression and Boundary Condition of TM Modes

In order to analyze the TM modes, the boundary conditioR¥ the Imaginary boundqry =b. ) _
require thez component of the electric field intensify, to _/After substituting the field expressions (1) and (4)—(6) into
vanish along the outer and inner conductor surfaces. Therefdfd; We multiply both sides with eigen functiod(¢) in

E. in Region | of the third quadrant can be expressed as Region Il and _then integrate fforﬂ to 37r/2.' BecaL_Jse of
the orthogonality between the trigonometric functions, the

z+al . [na(y+0b) following equations are obtained
PIn B sin 2% 3

Ex= Y . sinh

n=1,2, - N
—a<z<0, —b<y<0, r>b ) > bl =trmed”
n=1,3,
where N
Yo R+ T =Y ©)

nwa)Q

A

(2) e
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where Similarly, we can obtain the matrix equation for TM even
37 /2 b and TMeven, even Modes With®y(¢) = sin(¢), wherem =
bl :/ sinh |:p[n M} 1,3,3, -, n = 2,4,6, --- for TMygd,even Modes, and
T _2“ m=2,4,6,---andn =2, 4, 6, --- for TMeyen, even Modes.
. 1 et
- sin nn(sin ¢ + 1) cos (ko) deb (10) The other_components of electric fields,, By, E,, Ey,
i 2 | and magnetic field components can be derived frBgby
37/2 g, beos p+a using Maxwell's equations.
= [ [
a
T . - B. Field Expression and Cutoff Frequencies of TE Modes
. [nm(sin ¢4+ 1) o
* S - 9 cos (¢) cos (k¢)dp (11) For TE modesH,. # 0 and E, = 0. The magnetic field
37/2 i H. for TE modes is given by
dm = / 7 sinh beosg+a
ckn . 2% Pin %

o oo I na:—i-a} {mr(y—i—b)}7
- Ccos {w} sin (¢) cos (kp) dep (12) ! nzoz; Yim €8 [pl 20 | " 2b
b

—a<z<0, -b<y<O, 19
M = [T (keb)Yi(kero) — Ji(kero) Y (k)] Ak (13) h=rs Y (19)
i = kel [T (keb)Yalkero) = Ji(kero)Y{(keb)] A, (14) - Harr= Y $rzmlJm(kep)Yo, (kero)

|
z E=0 m=0,1, .-
JANEE 72r (15) — I (ker0) Yo (kep)| 2 (9),
3 k#0 0<p<b, 7<$<3n/2 (20)
when @4 (¢) = cos (k¢), and where
- [ sin(me)
fe=t (16) Bue) = {0 ). @)
when ‘h((/)) = sin (k¢). In these equationsy = 1, ---, N, The upper case is for Ty, oda and TEyen, caqa Modes. The
m=1,---, M, N, and M are the numbers of modes usedower case is for TR, cven @Nd TEyen, even MoOdeS.
in the Reglons | and IL. Using ¢,(¢) for the inner product withH.; = H.;; and
After eliminating#;,, from (9), the above equations resultsEM = Eyr1, and eliminatingy;, from the equations, we
in have the matrix (17) again with
Ay =0 (17) A =E" - Bl (C - D) 'F* (22)
where where
A=E"-BMCI+D)TET. (18) /:w? [ bcos ¢+ }
smn — cosh Din 2
The superscript—-1 means the inverse of the matrix. The T . @
elements of each matrix are given by (11)—(16). To insure the . nr(sin ¢+ 1)1 P do 23
. ; : cos m(¢) do (23)
existence of the inverse of the matrix, the numbers of modes L 2 i
used in Regions | and Il should be the same, thatf/is= V. /2 b b cos (/) +a
To search for the nontrivial solution of (17), the determinafitnn = 24 sinh | prn ——F——
of matrix A has to be equal to zero. A group of eigenvalues N Cn(sin ¢+ 1)
that satisfy the characteristic equatidat [A] = 0 can be ~cos | ————=| cos ()P, (¢p)d (24)
obtained. Each eigenvalue corresponds to a cutoff wavenumber L 2 -

(
for a higher order TM mode in the C-R waveguide. Consg: _ [*™/* nx oy b cos </)+a
quently, the eigenmodes can be obtained from the solution &t 2b Prn =0,

¢rrn and ¢py,. . [nm(sin ¢4+ 1)] .
The boundary conditions for TM modes on thandy axes " Sln {#} sin (¢) @ (¢) dep (25)
include: the tangential components of a magnetic field shou{gl — [T (kb)Y! (k ro) — 7 (hero)Yin (Eb)] (26)
— |Ym 0 m 0/)Imve k

be zero on the magnetic wall and the tangential componeﬁt@"
of a electric field should be zero on the electric wall. &hd

means that)E,/dn needs to be zero along the and y [, = |k.|[J, (kb)Y (kero) = J) (kero) Y, (keb)]| Ak, (27)

axes for TMqq,0aa modes. We choseb,(¢) = cos (ko)

with m =0, 2,4, ---andn =1, 3, 5, - - -. These satisfy the We use &,(¢) = sin(k¢) for TEsqq,oaa modes and
boundary conditions of the perfect magnetic wall alongthe TE.ven, oaa Modes. In addition,m = 2,4,6, .-, n =

andy axes. FOr TNyen,oqa Modes, we use the samdg,(¢) 1,3, 5, .- for TEqqq,0aa Modes, andm = 1, 3,
with m =1,3,5,--,n=1,3,5,---. n=1,3,5, - for TEeven,odda Modes.
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Fig. 2. Typical TM mode characteristics of C-R coaxial waveguid&ig. 3. Typical TE mode characteristics of C-R coaxial waveguide

(b/a = 0.5).

Similarly, ®x(¢) = cos(k¢) is used for TEyd,even

®/a = 0.3).

BT+ S0 ) o con s

COs
modes and TEen even Modes, withm = 1,3,5, .-, 2b
n=0,2,4, - for TEd even Modes, andn = 2, 4, 6, - - -, = nm
n=0,2 4, for TEeyen, even Modes. =D cos (7 + k¢)
The values ofA\; are also given by (15) and (16). e )
( Jk[T(p)] exp [Fik arctan (2b]vas|/m/7)];
i ) ~Z. <0
C. Bessel-Fourier Series e 4 Oy, T2
nw Vi
Using sh(z) = (¢* — ¢=*)/2, (10) can be rewritten as Ji[T(p)] {m} 0
Tt 30
tm 3/2 1 Ppin(b cos ¢t+a/2a) n7r(sin d) + 1) mm > 2b|’y|7 7727” >0 /2
bekn = 3¢ sin | = (ML (T()] {mr + 2b%1} Tk/
™ - k T o1 )
-cos (k) — g e7Prollb o ote)/a | m<2h) 2 ?r>_02brywz
. [nw(sin ¢+ 1 7 "
. sin {%} cos(k¢)}d¢ (28) where
T 2
We use the Bessel-Fourier series to calculate the above V2, = %) — k? (31)
integrals analytically. The Bessel-Fourier series is given by p 5 21/2
= pkc (32)

nr(b+ p sin ¢)
2b

= i sin (% +kd))

sin eFreip cos ¢

J[T(p)] exp [Fik arctan (2b|yzq|/m/7)],
,772712‘ < 0
n7 + 2bvg; Fh/2
Al |
mm > 2b|7|7 772712 > 0
Wryps 1TH/2
_1\k/2], T A+ 207z
SRR [Paas=
L mr <2b}y|, 42 >0

By using the Bessel-Fourier series, numerical integrations
are eliminated from the inner products at the imaginary bound-
ary. To ensure the accuracy of the summation, the number of
the terms that are used must be at least as large as

K=15+3n (33)

I1l. NUMERICAL RESULTS AND DISCUSSION

In order to verify the modeling approach and demonstrate
its application, a C-R waveguide is investigated in detail. The
waveguide has dimensions of= 2.54 cm andb = 1.27 cm.

The cutoff frequencies are obtained by mapping the complete
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: TABLE I
% COMPARATIVE ANALYSIS WITH RELATIVE DIFFERENCES FORK. VALUES
Modes k. (1/cm) ke (1/cm) relative method
by present method by finite element

! TEio 0.51124951 0.51147162 4.34 %104
(a) (b) TEo1 1.0637058 1.06394546 2.25 % 10—4
TE20 1.3253987 1.32524321 1.17 %104
%J“l & M1  TEL 1.3535700 1.35370480 9.95 % 10—5
TE2 1.6493145 1.6493224 4.78 106
) (((( TEso 1.7379933 1.7379533 2.30% 105
H TEs4 2.1282537 2.1285580 1.42%10~*
ﬁ ﬁ L : il TE4o 2.3222497 2.3226796 1.85%10—%
© (d) TEi2 2.5335094 2.5335731 251 %105
TEp2 2.5892876 2.5892433 1.71% 105
TM11 1.9948099 1.9935818 6.16 % 104
TMaoy 1.9953650 1.9946881 3.39 %104
TM12 2.8694867 2.8691664 1.11%10~%
TMao 2.8721777 2.8718947 9.85%x 104
TM31 3.3197216 3.3178141 574 %104
TMy, 3.3264943 3.3247878 513 %104
TM3o 3.7715987 3.7705847 268 %104
TMy2 3.7941012 3.7933216 2.05% 104
TMs, 3.9728472 3.9723368 1.28 %102
TMag 3.9843494 3.9838875 1.15 %104

() (h)

Fig. 4. Field configuration of TE and TM modes in a C-R coaxial waveguide:
(a) TEy1 mode, (b) TEo mode, (c) TRy mode, (d) Teg mode, (e) TM; . . .
mode, (f) TMi> mode, (g) TM; mode, and (h) TM> mode. and TE modes in the waveguide, whetg/a = 0.225. It is

noted that the field distribution of each mode seems to be
. a modification of the corresponding mode field in a hollow

y-axis becomes shorter and shorter until eventually, the two
modes become one.
In Fig. 4, is plotted the contours of the eight typical TM

frequency range of interest for each mode. The SVD teChn'q\'ﬁ/%veguide
is used to determine the image points that satisfy the equatioqn order to further verify the validity of this analytical

det (A) = 0 [7]. The advantage of the SVD technique is thaf,ethqq, we compared the results with the values calculated

it is able to improve the efficiency and reliability in the zerqy;y, 5 finjte element numerical technique. The waveguide size

point searching procedure. isa = 254 cm, b = 1.27 cm, andr, = 0.635 cm. The
Figs. 2 and 3 show the cutoff wavenumbets versus ayerage element size in the finite element method is 0.1016 cm.

the normalized inner conductor radiug/a. It can be seen rape || gives the comparison for each mode in the waveguide,

that thek. of each TE or TM mode in the C-R waveguideyng the relative error between the two method is less than
approaches the value of a hollow waveguide of the sam&s . 109—4.

dimensions as, approaches a value of zero. Therefore, the
hollow rectangular waveguide may be viewed as a special IV. CONCLUSION

case in the C-R waveguide modeling. There are a number ofs general analysis has been presented for a C-R coaxial
degenerate modes that share the same cutoff frequenciesyfaeguide. The mathematical expressions for the higher order
ro = 0. The degenerate modes split as the inner conduct@bdes in the waveguide are derived using the Galerkin method
radius is increased (T, TExo, and Ty, TEy in Fig. 2, based on two different coordinate systems. It is easy to
TMy;1, TM2, in Fig. 3). determine the eigenvalue spectrum of the higher order modes
Another interesting phenomenon of the C-R waveguide iging the formula given in the paper. The cutoff frequencies
that when the inner conductor dimensianincreases, pairs of and the eigenmodes in the waveguide are solved through SVD.
cutoff wavenumbers related to different TM modes convergghe numerical results agree with the results of finite element
(Fig. 3). This phenomenon implies a possibility that two TMnethod.
modes can be combined or a single mode can be split in twoThe method can be extended to the case of an off-centered
by adjusting therg/a ratio. A possible explanation for thiscircular conductor by using the addition theorems of Bessel
is that the two TM modes sharing the same second subscfiptctions. The further extension is under developing.
are under the same-axis boundary conditions but different
y-axis conditions. Furthermore, one of the modes takes the
y-axis as the electric wall while the other takes thaxis as  The authors would like to thank Dr. X.-P. Liang of Allen
the magnetic wall. Asy increases, the boundary along thdelecom Group for his valuable discussions.
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