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Part |I.: Complex Variables

Lecture #9
Taylor Series and Laurent Series



Taylor Series

Every analytic function f(z) can be represented by a power
series which is called Taylor series of f(z)

Taylor’s formula
We start with Cauchy’s integral formula

1 [ f(z9)
f@=2 § 777 dz*

o Z*
where z lies inside C. Take C to be
a circle of radius r, center

Z,, then z*ison C



Taylor Series

Next we can write: J1 o Z*
1 _ 1 1
z*-2  7%-74(z- Zo) (2*-20)(1-(z-20)/(z*-2,))
Since z* 1s on C while z is inside C we have:
(2-2p)/(2*-2y)| < 1

And remembering that

T—qg —1+0+...+0+ 1" q & letting q = (z-2,)/(2*-2)

n

Z)]

Hence: 1 1 Z-7
( 0)+ v (

Z-Zy\"
L&)

(continued on next slide)



Taylor Series

Hence: 1 1 Z- z0 (z zo) .

Z

+ Z*-Z (Z*-ZO-)

Substituting this into Cauchy’s Integral formula we get:
f(z*) f2) ..

f(z) = 2n|§; 2n| (%22 927+ .-

(z- Zo)ngg f(z*)

..... + o (Z* 7 )n+1 dz* + Rn(z)

Where R_(z) Is given by
(z-29)™! f(z*)
t &

Rn(z) = 2l ZO)”+1(Z* Z) dz*

(continued on next slide)



Taylor Series

Using the integral formula for derivatives of analytic functions

f(z)=1(zo) +—1 Z f( )"'( 2'0)2r//( Zo) *.. ( IO):C(”)(ZO)"'R (2)

This is known as Taylor’s Formula and R (z) is called the
remainder

If we let n approach infinity, we obtain:

@) =2 T2 ez

This is called the Taylor Series of f(z) with center z,

The particular case when z,=0 is called the Maclaurin series



Taylor Series

The Taylor series will converge and represent f(z) iff

limR (z) =0
N—0o0
Proof: from the definition of R (z)
[2-2|"*

f(z*) X
Rn(z) = 2T i (Z*_Zo)n+1(z*_z)d2

Since z* i1son C, z is Inside C we have:
1z*-zo| =71, |2*-2| > 0, |z-zZy|/r <1
Since f(z) i1s analytic inside and on C, |f(z)/(z*-z)| £ M (bounded)

therefore by the ML inequality
IR, (2)| £ [|z-zo|" 2R ]M27r /L = Mr|(z-2,)/r|™t — 0 as h—oo



Taylor Theorem

Taylor’s Theorem summarizes the preceding:

Let f(z) be analytic in a domain D and let z=z, be any point in
D. Then there exists precisely one power series with center z,
that represents f(z). This series is of the form:

f(z) = nZ:O a(z—1z,)" wherea,= (1/n!) f(z,)

This representation is valid In the largest open disk with center
Z, In which f(z) i1s analytic. The remainders R, (z) can be
represented as before.

The coefficients satisfy:  |a,| < M/r"
where M is the maximum of |f(z)| on the circle |z-zy|=r



Taylor Theorem

The Inequality |a,| < M/r" follows from Cauchy’s inequality
earlier.

The formula for derivatives of analytic functions gives the
coefficients
1 f(z)
2 :2nic~f: (z - 7,102
Integrated ccw around a simple closed path containing z,




Singular Points

Singular points of an analytic function f(z) are points at
which f(z) ceases to be analytic.

If f(z) Is not differentiable at the z=c, but every disk with
center ¢ contains points at which f(z) is differentiable then

that point Is called a singular point of f(z)

We say that f(z) has a singularity at z=c.

Egl/(l-z)atz=1
tan z at +nt/2, +371/2......



Important Special Taylor Series

Geometric Series
Let f(z) = 1/(1-2). Then we have f™(z)=n!/(1-z)"*1, fM(0)=n!

Taylor’s Theorem:
f(z) = ZO a(z—-z,)" wherea,= (1/n!) f(z,)
n=
Forz,=0 a, =(1/n)n! =1

So the Maclaurin expansion of 1/(1-z) is the geometric series

1/(1-2) = ZO "= 1+z+22+ ... (Iz| < 1)
n=
f(z) i1s singular at z=1; which lies on the circle of convergence.



Important Special Taylor Series 1

Exponential Function
ez is analytic for all z and (e?)/ = e?

Taylor’s Theorem:
f(z) = ZO a(z—1z,)" wherea,= (1/n!) f(z,)
n=

Forz,=0 a, =(1/n!)
So the Maclaurin expansion of e? Is the geometric series

o0

eZ:ZOz“/n! = 1+z+2722'+ ...
n=

If we let z =1y and separate the series into real and imaginary

ely = Z (|y)”/nI = Z ( 1)ky2K/(2k)! +|Z ( 1)ky2k+1/(2k+1)]
The two serles are S|mpr\y the series for sin and cos and we
rediscover the Euler formula e =cosy +isiny



Important Special Taylor Series |

Trigonometric & Hyperbolic Functions
By substituting series for ez in formula for cos and sin

COS Z = Y2(e'Z + e72)

COS Z = ZO(-l)”ZZ”/(Zn)! =1-272/2+ 744! —
n=

sin z = ¥(e'2 - e12)

sinz = ZO (-1)nz2*(2n+1)! = Z - Z3/3! + Z5/5! -......
n=

Similarly for the hyperbolic functions:
0 cosh z = %»(e? + e?)

cosh z =2 z20/(2n)! = 1 + z2/2 + 74/41 +....-.

n=0 sinh z = %(e? - e?)

sinh z = 2022”+1/(2n+1)! =z +23/3! + 25/5! +......
n=



Important Special Taylor Series 1V

Logarithm
From Taylor’s Theorem for z,=0:

f(z) = 02110 a.(z)" wherea,= (1/n!) f(0)

Ln(1+z2) = ZO(-l)”z”+1/(n+1) =z-7%2+733-...... (|z|<1)
n=

Replacing z by -z and multiply both sides by -1
Ln(1/(1-2)) = Zoz”+1/(n+1) =z+7%2+ 7233 +...... (]z|<1)
n=

adding both series:



Theorem 2

Every power series with a nonzero radius of convergence is
the Taylor series of the function represented by that series
or to put it another way Is the Taylor series of its sum
Proof: Consider any power series with positive radius of
convergence R and call its sum f(z); thus

f(z) = ayta,(z-z5)+a,(z-zy)*+....
And f/(z) = a, + 2a,(z-Zy)+.......
More generally

fW(z) = nla,+(n+1)n.....3X2X 1 a ,4(z-Zp)+.......
If we set z=z, we obtain:

f(zo) = 2, f(zp) = 3y, fN(zy) = nla,
This is identical to the terms in the Taylor Theorem.......



Finding Taylor Series of Functions

Example 1 Find the Maclaurin series of f(z)=1/(1+z2)
Solution: by substitution into 1/(1-z) = Xz"
1/(1422) = 2 1/(1-(-22)) = 2 (-z2)" = 2 (-1)nz2n
n=0 n=0 n=0

=1-722+7%-25+ ............. z|<1
Example 2 Find the Maclaurin series of f(z) = tan-1z
Solution: by integration of previous example term by term

filz)= U(1+z) =2 (A)ze

Integrating term by term and using f(0)=0

o0

= tan'lz = ZO[(-l)”/(2n+1)] 721 =7 - 7313+ 25/5- ........ |z|<1
n=



Example 3

Develop 1/(c-bz) in powers of z-a where c-ab=0 and b #0

Solution:
1/(c-bz) = 1/(c-ab-b(z-a)) = 1/[(c-ab)(1-b(z-a)/(c-ab))]

- 1/(c—ab)O§O_lgb(z-a)/(c—ab)]“ - Oi_gbn/(c-ab)nﬂ)(z-a)n
= 1/(c-ab) + b(z-a)/(c-ab)? + b2(z-a)?/(c-ab)3 +....

which converges for
Ib(z-a)/(c-ab)| < 1, 1.e. |z-a|] < |(c-ab)/b| =|(c/b)-a|



Example 4

Find the Taylor series of f(z) with center z,=1, where
27°+ 9z + 5

f(z)_23+22 87 -12
Solution: 1 5 1 5
@=22 * @3 ~ BFEDP 2@
1 1 1 .
— _ expressing f(z
9 [T+ @-DBP - I-@Diz |ohesngi
Note binomial series 1/(1+2)"=2 (")')z" partial fractions

= 1- mz+(2m( m- 1)22/2I +-m(-m-1)(-m-2)z3/3!+...

so that f(z) 1/92( ) ((z-1)/3)" - 2 ((z “1)/2)" [ ince 2=3 is neares
singularity to z=1

(- 2)( 3)....(-(n+ 1)) series converges

since ( n) 153 = (-1)n (n+1) Afor ez
f(2) = % [ - ] (1) = -5 -2i(2-1) - S (z-1)2




Example 5

Find the Maclaurin series f(z) = tan z

Solution:
fi(z) = sec?z = 1+tan? z =1 + f2(z); f(0)=0, f(0)=1

fil = 2ff,  f/(0)=0

fill = 2(f)2 + 2ff,  fI(0)=2, F(0)/3! = 1/3

f@) = 6 + 2ffl,  f@(0)=0

f6) = 6(f/)2 + 8 + 2ff4), §5)(0)=16, f ©(0)/5!=2/15

tanz =z +z3/3 + 22°/15 + 1727/315 +........ (|z|<w/2)



Example 6

Find the Maclaurin series of tan z by using those of cos & sin

Solution:
since tan z is odd, the desired expansion will be of the form

tanz=a,z +a;z3+az° + .........

Using sin z =tan z cos z
Z - 2331 + 2[5! -.... = (a,ztagz3+a:z>+..)(1-2%/21+2%/41-..)

Implies 1 =a,, -1/3!'=-a,/2! +a;, 1/5! = a,/41-a,/2!+a;,.....

therefore a, =1, a;=1/3, ag=2/15,......



|_aurent Series

In applications you often need to expand a function around a
point at which it is no longer analytic, but is singular.

Taylor’s Theorem no longer applies.

We need a new type of series — Laurent Series — which iIs
convergent in an annulus in which f(z) is analytic and outside

of which f(z) may have singular points

analytic

can be
singular

can be
singular



|_aurent Series

Laurent’s Theorem
If f(z) Is analytic on two concentric circles C, and C, with

center z, and in the annulus between them, then f(z) can be
represented by the Laurent series

f(Z) :an a-n(Z'ZO)n T nZ_lbn/(z-zO)n
0 /(z-2) + bol(z-2,)%....
The coefficients of this Laurent series are given by the integrals

1 ¢ f(z* 1
= omi L (z*(-zo%n+1 az”, Dy = Z_Mi(z*'z(’)n_lf(z*)dz*

each integral being taken ccw around any simple closed path C
that lies in the annulus and encircles the inner circle.




|_aurent Series

The series converges and represents f(z) in the open annulus

obtained from the given annulus by continuously increasing the
circle C, and decreasing C, until each of the two circles reaches
a point were f(z) Is singular.

In the iImportant special case that z Is the
only singular point of f(z) inside C, this

circle can be shrunk to the point z,, giving
convergence In a disk except at the center.

The Laurent series can also be written (replacing b, by a_.):

)= 3 a(z-z))", L[ _fz)

N=-00 an = 27-“ - (Z*_Zo)n+1




|_aurent Series

Proof: From Cauchy’s integral Formula we have:

dz*

16 fz4 11z

M@= 2% (752 92"~ 20 2 (2%2)

15t integral like Taylor Theorem

1 f(z*) %
Z_ﬂ:i a1 (Z*'Z) dZ o nz::O an(Z'ZO)n
with coefficients
1 f(z*)

4 = 2mi Cl(z*-zo)””dz*
C, can be replaced by C by the principle of deformation of path



Laurent Series
Proof: From Cauchy’s Integral Formula we have:
f(z*) o 1 f(z*) -
(2) = 5, |§> (z*z)OI ] 2n|§2 (z*z)cI
For the 2nd mtegral we note that

Z*-Zy| 1|2 Is in the annulus, outside C,
_1 —_ 1 — _1 Cl
*

- (@20)-(z-20) — (2-20)(1-(2%-2)/(2-2,))
z* zO (z*-zo)2 - (z* zo) b1, ((z* zo))n+1

= 7y 1+
Multiply by —f(z*)/2n| and integrate over C2 on both sides glves
2" integral and series of b, coefficients as required plus a
remainder R, (z) which we can show =0 as n—oo (skipped)

* n+1
R0 =g § sy Tz




Uniqueness

The Laurent series of a given analytic function f(z) in its annulus
of convergence Is unique. However, f(z) may have different
Laurent series In two annuli with the same center.

Example 1. Find the Laurent series of z>sin z with center 0

Solution ~ Jon+1 3 5
since smz—nZ_O(l) o) 2731 Y AT (Iz| > 0)
] o0 ZZn-4 Z 2 1 22
zosinz=2, (1) onent =2°-31F 51 7 (2] > 0)

Here the “annulus” of convergence Is the whole complex plane
without the origin.



Example 2

f(z) = z2e12, find the Laurent series with center 0.
Solution

since e? = Z n'

replace z by 1/z and multiply by 72

1, 1 1
(Q)=28 7 = 242+ g+ gzt gi (2>0)

Here the “annulus” of convergence Is the whole complex plane
without the origin.



Example 3

Develop 1/(1-z)  a) in non-negative powers of z and
b) In negative powers of z

Solution
1 00

a) T =22" (Iz|< 1)
1 -1 S 1 1 1

b) 17 AN T EHE T (2> 1)

Here the annulus of convergence
for a) iIs different from that of b)




Example 4
Find all Laurent series of 1/(z3-z*) with center O
Solution (similar to previous example, multiply by 1/z3)

Q0
a) ﬁ = nizloz”'3 =7z3+z72+z+1+2z+ (0<|z|< 1)

- (Iz/> 1)

Here the annulus of convergence
for a) iIs different from that of b)




Example 5

Find all Taylor and Laurent series of (3-2z)/(z?-3z+2) with center 0
Solution partial fractlons give:
1
(@=-71 " i3

(a) & (b) in example 3 take care of the 15t fraction. 2" given by

-1 1 - 1
) 77 T T 277 = & f‘—ﬂ 2t (|z<2)
-1 & (1)
d 77 =7 2/z) = 2 zn+1 (121>2) "

(1) frorOQ (a) & (c) for (|z|<1g

_ 1l \n_-3,.5,.9
f(z) =2 (1+5071)2" = 5 + 2Z%g

(1) from (bz & Ogc) for (1<|z|<2)

1 _ 1
f(z) = 22n+1 2 Jni —§+z+§+---'2'

(1) frco)om (d) & gb) for£|z| :

f(2)= Z (142 5= -5 - 5 -

22 +




Example 6

Find the Laurent series of 1/(1-z2) that converges in the annulus
1/4<|z-1|<1/2 and determine the precise region of convergence.

Solution The annulus has center 1, so that we must develop

_ -1
12)= @D
In powers of z-1. Since

R 1
z+1 = 2+(z-1) ~ 2 [1-(-(z-1)/2)]
— 1, nfj,o(- Z—?f = ioiz—lﬂ (z-1)" (I(z-1)/2| < 1)
& (-D)™Y(z-D)m 1 1l (z-1 7-1)?
f(z) = 2 = ~ 2D "4 8 T 16 v

The precise region of convergence is 0<|z-1|<2



