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Lecture #10
Singularities, Zeros and Residue Integration



Singularities, Zeros and Infinity

« We say that a function f(z) is singular or has a singularity at a
point z=z, if f(z) is not analytic (maybe even undefined) at
Z=z, but every neighbourhood of z=z, contains points at which
f(z) 1s analytic

» We call z=z, an isolated singularity of f(z) if z=z, has a
neighbourhood without further singularities of (z)

* |solated singularities of f(z) at z=z, can be classified by the
Laurent series

f(z) = nZ:a(z zo)”+2 b, (z-25)™"

valid in the immediate neighbourhood of the singular point
Z=z, except at z, itself (in the region 0 < |z-z,| < R)



Singularities, Zeros and Infinity

» The sum of the first series Is analytic at z=z,. The second

series containing the negative powers, Is called the principal
part.

o If it has only a finite number of terms, it Is of the form:

b./(z-2y) + b,/(z-2,)% + ........ + b, [(z-z,)™

then the singularity of f(z) at z=z, is called a pole and m is
called its order

 Poles of the first order are also known as simple poles

o If the principal part has infinitely many terms f(z) is said to
have an isolated essential singularity at z=z,,.



Examples

The function

__ 1 3
"2 =228 " w2y

has a simple pole at z=0 and a pole of fifth order at z=2

The function

ez =% 1 - 941 1
=0 nl/z" z 2172

has an isolated essential singularity at z=0

The function

sin(l/z) =¥ — (1" =
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also has an isolated essential singularity at z=0
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f(z) =z=sinz = =-

- z°
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- has a 4™ order pole at z=0



Theorems

If f(z) 1s analytic and has a pole at z=z,, then |f(z)|-—>c0 as z—z,
In any manner.

Picard’s Theorem If f(z) is analytic and has an isolated
essential singularity at a point z,, it takes on every value In an
arbitrarily small neighbourhood of z,

Removable Singularities A function Is said to have a removable
singularity at z=z, If f(z) 1s not analytic at z=z,, but can be
made analytic there by assigning a suitable value of f(z,)

e.g. f(z) = (sin z)/z becomes analytic at z=0 if we define f(0)=1



Zeros of Analytic Functions

« An analytic function f(z) in some domain D is said to have a
zero at z=z, In D If f(z,)=0.

e This zero is said to be of order n if not only f but also the
derivatives f/, f/,.....f"1) are all zero at z=z, but f"(z,)=0

A zero of first order is called a simple zero

« The Taylor series of f(z) at a zero of nt order is given by
f(Z) = (Z'ZO)n[an+an+1(z'20)+an+2(Z'ZO)2+----] anio

Theorem: The zeros of an analytic function f(z) are isolated I.e.
each of them has a neighbourhood that contains no further
zeros of f(z)

Theorem: Let f(z) be analytic at z=z, and have a zero of the nt"
order at z=z,. Then 1/f(z) has a pole of the n" order at z=z,.
The same holds for h(z)/f(z) if h(z) is analytic at z=z, and
h(z,)=0



Residues

If f(z) has a Laurent series near z=z, except at z=z, Itself
f(Z) = g_loan(z'ZO)n + Enl_lbn/(z-zo)“

The coefficient b, Is called the residue of f(z) at z=z, and Is
denoted by
b, = Res f(z)

=7,
Remember that:
_ 1
b, =5 C_(E)f(z)dz
As b, can be found without using the integral formula, we

have a useful method of evaluating integrals — the residue
Integration method



Example 1

Integrate f(z) = z-*sin z counterclockwise around the unit circle C

Solution: The Laurent series of f(z) Is:
Sin z 1 1 2z Z

T S §

I;'{:%sf(z)—bl— 1=- 6
Therefore

S'”Zolz = 2 b, = %

C



Example 2

Integrate f(z) = 1/(z3-z*) ccw around the circle C: |z|= Y2

Solution:
_ 1
f(z) = (1 2)
has a S|mple pole at z=1 and a third order pole at z=0
The pole at z=1 is outside C and Is irrelevant.
We need to find Reos f(z)
7=

Since f(2) = 73 = gy =L +2+ 22 +..)  O<fzl<1
1,11
=Stttz
Therefore
_dz_

23_74= 2Tl Res f(z) = 2mi



Residues at Simple Poles

If f(z) has a simple pole at z=z,, then
Res f(z) =b, = I|m (z Z,)f(2)

Proof: 0
Since f(z) = -2 g+ (27 + 8,220+
Multiply both S|des by (z-z,) (b,#0, 0<|z-z,|<R)

(2-20)1(2) = by +(z-2p)[a, + 8;(2-Zp) +...]
now letz — z,

_ 9z+i . . 9z +I
Example: Res— =lim(z - _ :
=i 7(2°+1) o Z(z+1)(z—-1)

B 9z+i] 101
2(z+i) -2

= —0I




Quotients

If £(z) = p(z)/q(z) with analytic p(z) and q(z) and p(z,)=0 but q(z)
has a simple zero at z=z,, then

Res 1(z) = Res p(2)/q(2) = P(zo)/d(zo)

Z=2,

Proof: By assumptlon
0(2) = (2290 (2) + Z2G(z) + ...

2!
and Bgs f(z) = I|m (z Z,) P(2)/q(z)
i (2-2)p(2) _ P(zy)

e (220 + @ 2)d )2+l A

Example: Res 9z +1 :[9z+|] .=1—O':—5i

=i 7(z°+1) "3z°+17°7 =2




Residue at a Pole of Any Order

Let f(z) be an analytic function that has a pole of order m>1 at
Z=2,, then

Res 12) = 1y, | im{< (220" @)1}

In particular, for a 2" order pole (m=2)
Res f(2) = lim {[(z-2)(2)]'}

50z . d
Example: Res = lim—[(z=1)*f (z
P 1 (z+4)(z-1)° 1dz (z=1)7 1)
d 50z

= |im =8
71 dz[z+4]



Residue Theorem

Let f(z) be a function that is analytic inside and on a simple
closed path C, except for finitely many singular point z,, z,, ...z,
Inside C. Then

c,‘;f(z)dz = 2ni 3, Res f(2)

=1 7=z

the Integral being taken ccw around C

G




Example 1

Evaluate |I= 4')6_%322 dz, where C is any simple closed path ccw
such that a) 0 and 1 are inside C, b) 0 is inside, 1 outside,

c¢) 1isinside; O outside d) 0 and 1 are outside.
Solution: The integrand has simple poles at 0 and 1

4-37 4-37
¥ 2@ < 71l "
4-3z7 4-3z zF\;zeOS f(z) =D, = ;Hfz‘ (2-2,)f(2)
Resszn = 1771 _=1
a)l=2n1[-4+ 1] =-6mi
D) | =2mi [-4] = -8 mi
C)|—27‘CI [1] = 2 i

d) | =0




Evaluation of Real Integrals
Consider integrals of the type:

|= j:nF(cose, sinB) do

where F(cos0, sinB) is a real rational function of coso and sinf

and is finite on the interval of integration.
Let z=e'® then we can use
cosO = Y2(e!? + e19) = 15(z+1/2)
sind = 2(el? - e19) = Y(z-1/2)
and substitute f(z) for F(cos6, sinb).
As 0 ranges from 0 to 2, z ranges once ccw around circle |z|=1
dz/d0 =ie® =iz or dO =dzl/iz
hence | :SB f(z)/iz dz - Cis taken ccw around the unit circle.

c



Example

Evaluate
27
1= JO 1/(N2-cos8) do

Solution: Letz= eie then

1= C'E iz(\2- 1/z(z+1/z) _q§ i(z2- 2\/22+1)

2 1 _ ; 1 .
22D Y T @2z

where 21:\/2+1, z,=\2-1

since |z,|>1,|z,|<1

] =-4n(-%2) = 2w
22- (21"'22) 7272

1=-1

__2
| = - 2l Res [(z 2T



