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Do I need this course ?

No, 1f you can answer most of the questions below, open
book.

N . . L .
R, _VFlnd the current 1n the .01.rc.:u1t after closing of
c 1 ‘the switch at t=0. The 1nitial voltage across the
(=0 L 3 capacitor 1s V volts. Use the Laplace

Transform method.

87

Find the frequency response of the circuit
A%

|
v, TV

Find the Fourier series (Trigonometric and Exponential)
coefficients of
. £(¢)=cosaw,t

. flt)= ‘cos a)ot‘




Find the Fourier Transform of

f(t)

>
-T/2 0 T/2 t

COS W, t LT
S@) ={ "2 2
0 .
,otherwise

A linear system has impulse response h(t), input x(t) and
output y(t). Write the convolution equation relating these
three quantities. Then take the Fourier Transform of this

equation to prove the convolution theorem.

Given two time functions a(t) and b(t), write the
equations for their convolution and correlation.



For the random process x(t), give two ways to calculate
its power spectral density.

The voltage across a 1€2 resistor 1s x(t), a zero mean
white noise process. Find the autocorrelation and power
spectrum of x(t). What physical quantity does the
autocorrelation at zero shift represent?

Let x(t) be a time function bandlimited to B Hz. What
should be the minimum sampling frequency for x(t) to
ensure no aliasing?

Let

sin @t
x(t)=——"
Wt
What is x(0)?
Is this a bandlimited signal?

Give the equation for the samples of x(t), taken at the Nyquist
rate.



Let f(¢) be samples of a function f(nT), taken at a sampling
frequency of = f. . Show a block diagram, and then the
equation, for producing £(¢) from 7(nT).

Write the Discrete Fourier Transform for the sample / (n7) .

Let m(t) be the modulating signal and cosm_t be the carrier.
Write the equation for AM and FM.

Draw the block diagram of an AM radio.

Draw the spectrum of an AM signal when m(t) = cos @t
and the carrier frequency 1s ..



e.g.

1.1 Linear System Relationships

Linear system definition.

x, (1)

x, (1)

System is linear iff

Linear v, (1)
System | V.(1)

ox(t)+pBx,t)=ay(t)+ Ly, (t) , a, any constants

A linear system satisfies Principles of Superposition

e

4 i”;

di(t) 1 ¢
~ +ij(t)dt

V() _ Vo) LAV, (0) Vo0

V.(t)=i()R+L

dt dt R dt? RC

is linear



Vi(s) R S

Vio(s)

TLhs? + 5+

But

dv,(0) _ z(dmt))z YLAG
i\ dt dt

Impulse response and convolution

1s nonlinear

o (1)
X Linear

0 System

The output of a linear system when the input is a unit
impulse is the unit impulse response h(t) of the system.



x(t) | Linear (1)
System

unit impulse response h(t)

Approximate x(T) by a series of pulses of height x(7T,) and width At

X(7T) = /X(Ti)
| \\
| ] >T
T.7" A7
The output at time t , due to a pulse at T, ,is approximately
x(T,)AT h(t—1),)
By superposition, the total response at time t due to pulses at
7.,0i=0,1,2,....... LS N
vy =) x(@)h(t-1,)A71

As At = d7,x(7,) = x(7) , then .

y)y= [ x(@)h(t—7)dz
Note that for causal systems, h(t)=0 for t<0.




With a change of variable J =t -1 , y(t) becomes

y(O) = [ x(@=A)h(AdA= [ x(@)h(t-7)d7 = x(t)* h(t)

% = convolution. The output of a linear system with unit impulse
response h(t), and input x(t), is the convolution of x(t) with h(t).

Difference between convolution and correlation

Correlation between af(t), b(t) is

Rab(f):% TT a(t)b(t +7)dt

Convolution between a(t), b(t) is

a(t)*b(t) = f a()b(t— L)dA

(e o]
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[.1 Review Question

Verfy that the system on P.7 1s linear.

«  Show that the system on P.8 1s nonlnear.

«  How do you produce an impulse ?

What 1s the impulse response of the systems

I vy}
L

b)
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[.2 Fourier Series

Fourier series expresses a periodic signal as a sum of sines
and cosines, of different amplitudes and frequencies that

are harmonics of the fundamental frequency ( = - L -~ )
of the periodic signal.
Example

f(t)
__A
S P
f(t) 1s periodic with period T

f(t)=a,+a coswt+a,cos 2t +a,cos @3,¢+ -

+b,sinwt+b,sin 2wt + b, sin @3¢+ -

_ 27
ay,a,,b,, 1 =1,2...., to be found. 0= Jknown

12



How to find a_, b, given f(t) ?

n> —n

T

].f(f)d = ja dt + ja COS n@,tdt + Ib sin n@,tdt +--
0

0 \ -
Y
All=0
1 T
ady = Fj (¢t )dt = dc component of f{(t)
0
. 2T
Let /()= 4sin 2701 then a, = 24

f(t oo 24

13



T

0

T
jA sin

r 0

—

27 f
If(t)cos—tdt Iao cos—ta’t+ jal COS W, COS W, tdt

||<

0

All=0 <

T 27
—1tcos —tdt = a,
T

a, = —

0
T

[+ J-a COS 2t COS W, tdt
0

~

S

J-l + cos 2wt

0

4 Arx
3
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Similarly can find all a , b, using the Orthogonal

Principle.
T

Do
2r
sin n@,tsin m @, tdt =0

0

1.e., 1f we multiply sinm,t and sin2®,t and integrate over a

period, the result 1s zero. Similarly
T

for n#m

jcos nw,tcos ma,tdt =0 for nzm
0
and
Isin na,tcos mao,tdt =0 for any n, m
0 5
T
1f J.fl (t )fz (t )dt =0 ,then
0

f,(t) and f,(t) are orthogonal (independent, uncorrelated)
over the interval 0 to T

15



Syt

Orthogonal or L, no common components.

cosmt
>

Another way to see Fourier series analysis 1s that we can

decompose a periodic f(t) into a sum of orthogonal functions,
in this case, they are sines and cosines.

The reverse 1s also true. We can synthesize a periodic function
through summation of its orthogonal components.

ft)=a,+ Zan COS nW,t + an sin n@,t

Decomposition : find a_, b, from {(t)
Synthesis or reconstruction : produce f(t) from @, cosna

and b, sinnwt

16



From e’ =cosat+ jsinax

can write the Fourier series in the exponential form

f (Z ) — i Fnej "t (synthesis)

N=—o0

Note that since {(t) 1s real, F, can be complex and we must
have F_*n =F

— 1 ' — Jjnayt d 41
F = ? J- f (t)e jnat 7. (decomposition)

0
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[.2 Review Questions

Why 1s Fourier series useful?

Draw 3 periodic functions and determine their periods.

Why do we need both sines and cosines in the Fourier
series?
Find the Fourier series representation of the function

fit)
A

|
b - |

Can you produce /2% in the lab?
Can you produce —50Hz ?

18



[.3 Fourier Transform

Often signals are non-periodic, e.g., a pulse f(t)
representing a “1”. We wish to know the
frequency compositions (spectrum) ot this pulse. —- >

Cannot use Fourier series.

Need Fourier transform. It decomposes a non-periodic f(t)
into a continuous sum of sinusoids. In Fourier series, the
sum is discrete and =) F, e

Now require j F(w)e’”dw so that this sum will sum to
zero for t > T for the pulse. This 1s the reason to use
continuous basis functions e/,

19



with 0= continuous variable, the Exponential Fourier Series
representation on P. 17 becomes

1 | .
=— J' F(w)e’”do  Inverse Fourier Transform

_[f e /" dt Fourier Transform

Often we need to take FT of discrete time signals, For n points
of f(n), the Discrete Fourier Transform (DFT) 1s
N -1

= Z_;) fn)e 7" w 1s still a continuous variable

= ﬁ jF(w)ejw"dw

The Fast Fou_rier Transform (FFT) discretizes @ into o, = 2NLk

1s a fast Way to compute the DFT. Now
F (k)= Z f(n)e”

-1 .2 whn

f(n)=]1[—NZ F (e’

n=0

20



[.3 Review Questions

What is the difference between the Fourier series and the
FT?

Why 1s frequency domain analysis important?
What are basis functions?

What 1s the Orthogonal Principle?

Do question (4) on P.4.

21



[.4 Correlation and Power Spectrum

Given f,(t) and f,(t), want to check if there 1s any relationship
(stmilarity) between them. This has application in signal
detection. In radar, the transmitter sends a sinusoidal pulse and
the receiver checks for echos.

fl(t)\/\\/ﬂv L %

"N . /h/
MUY

The echo 1,(t) contains the pulse with noise. If there is a strong
correlation between 1, (t) and f,(t), the radar detects a plane.

22



How to check similarity ?

TJ‘[f (t)- f,(t )]2 Jt d(t) small if large correlation
! 2

T

a(0)= -

d(t) large if weak correlation

27d (t): jf12(t)dt + jfzz(t)dt _\2“‘f1(t)fz(t)‘ﬁj

d(t) small if this is large
In radar, the echo returns with a time delay of D.

Thus /> ()= /1(¢= D) Thus to check similarity, we compute
ELAOF (= R @)= 5 [ £+ o)

] ]
- S 11O =D+

This 1s the correlation of f,(t) and £,(t+7), at a shift of 7.

We vary T and compute R ,(T). At =D, R,,(T) 1s maximum.

23



1 T

Autocorrelation RH(T)=§ ..fl(t) (e+7)dt
-T
T
Crosscorrelation Rlz(f)=% | fi(e)f, (e +1)dt

. e L .
Autocorrelation checks similarity between f(t) and its time shifted
version.

Usetul for checking periodicity in a signal.
f(t)= Acoswt

1 T
R(7)= o7 _[f(t)f(t +7)dt ,T = a period of f(t) = B
-T @
2 T
= By J.cos wt cos w(t +7)dt
A° i/
= 57 (cos Wt COS Wt COS WT — COS Wt SIn Wt sin WT )a’t
A7
= 7 CoswT
2
At 7=0,£T%2T,... R(T):A— =Power 1f f(t) 1s voltage across a

) 1€2 resistor
o RMS voltage

24



Power Spectrum
Take FT of the autocorrelation function

G, ()= jRﬁ, (r)e’”"dt

oo

R,(t)=— [G, (@)’ dw

R;(0)=== |G, (w)dw

Watts - Y "
Watts

rads / sec

Rad/sec

G ,(w)is power spectral density. Shows how the power of f{t)
is distributed as a function of frequency. |F(o) gives
also the spectrum. Hence

G, (@)=|F@f = [R,(c)le " dr



[.4 Review Questions

Provide two applications of the correlation function.

What 1s the difference between correlation and
convolution?

If x(t) 1s a white noise signal, what 1s 1ts autocorrelation?
What 1s 1ts spectrum ? What physical meanings can you
derive from these quantities?

A linear system has input x(t), impulse response h(t), and
output y(t). Show that

‘ 2

where p(7)= Inverse FT of |H()
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I. 5 Laplace Transform

The LT uses damped exponentials e as basis functions to
model, or represent, time functions

(e o)

LT: F( S) — j f(t)e_“ dt , finds the correlation
0 between f(t) and €~
ILT: s ,reproduces f(t) as a sum of
f (1) =— J- F (S )e“ ds damped exponentials of amplitude F(s),
27 o joo damping = ¢ and frequency = ®
o !

e Chosen to ensure convergence

N \\\\\\ \z S=0+

vm;ﬁ““m > O 1s negative

Frequency is @

27



Linear system analysis by LT

x(t)

Linear

system

yit)

d’y(t), dy(t)

dt? dt

+a,——=+a,y

0=+, 21

Consider an input x,(t)= X (s, )e™ giving output y,(t)=Y (s, )e™

Sle(S1 )eslr + azlSIY(S1 )eslr + azOY(S1 )eslt — X(S1 )eS” n b1S1X(S1 )eslt

Y(Sl)_

1+ b;s,

X(s,) s, +as, +a,

Express any x(t) as a sum of damped exponentials

28



Then by superposition, y(t) is also a sum of the individual outputs

1
y(f ) = jY (S )BSZdS = Inverse LT
27

Y(S)_ 1+b,s
X(S) s’ +as+a,

and = system transfer function

Much easier to solve differential equation by LT.

Supposein S=0+j@W welet c=0 .Then s=j W
and
Y(]'.CU) - i_l_bl(j.a)) — H (o)
X(jo) (jo) +a(jo)+a,

which gives the frequency response of the system.

29



[.5 Review Questions

Do Questions (1) and (2) on P.3
What is the difference between LT and FT ?
Find the LT of the functions

f()

a) | a step function

-~V

30



16 Sampllng ft=nT)

\U/\\/\V/\\ d @ TM T /I\/I\\J//I\\ﬂT -
R

f. = sampling frequency
T = sampling period
Sampling basics
*  There 1s redundancy of information in a bandlimited analogue
signal.

«  Samples of f(t), /(nT), can contain the same amount of
information as f(t). Thus can reproduce f(t) from f(nT) .

Must take samples at sampling frequency for f; > {, , where
f, 1s the bandwidth of the signal.

31



s(?) S(@)

A

. > O
-27B 0 27B
X multiplication convolution
Z o(t—nT)
Y d(w-nw,)

N A A

> t ‘ ‘ ‘ > )
0

—» <_T —> <—a)s = Zﬂf;




ideal low pass filter

\A/\

4—2 T f,

33



[.6 Review Questions

Why should we do sampling?

We always low pass filter a signal before sampling. Why?
How do we reconstruct f(t) from its samples f (nT)?

What happens if we sample at f, <f_ ?

34



.7 Analogue Modulation

Why modulation?

Many transmitters share the same communication channel.
Modulation permits receivers to select a particular transmission.

Need to transmit signals at frequencies > 100 kHz so that
antenna lengths are reasonable.

1
Want antenna length > o wavelength

Transmit voice at 4kHz, length >—>* 17 8 —=10 *m, too long
10 x 4 x 10
3x10 °

Translate to 100kHz, length > —=-——-—== 300 » = O.K.

35



Amplitude Modulation (AM)
Message (voice or music) is m(t)
carrier is Ccos @t

The modulated signal for transmission is f(¢)= (m(t)+ A)cos w
mt) M(f)

A\\/ AN A
/
> '

t
X

< >
fC

envelope

N
A %\

36




In AM, m(t) changes the amplitude (envelope) of the carrier
according to its own variations.

A demodulator that recovers m(t) from f(t) 1s the envelope

detector m
%
m(t)+ A hj\

hS
—
=
1

\ J
Y

Low pass filter passes all M(f) inside the
bandwidth B but rejects the carrier f,

37



The Superhetrodyne Receiver

[m(r)+ A]cos Wt

Tuner IF Amplifier

[m(t)+ A]cos .t
2 ,@ Envelope | | Audio
{ detector Amplifier

P
450 455 46(1)&{

Selects
Station —

Local
Oscillator Cos[zyz'( fo+ [ ) ]

¢ = Intermediate frequency = 455kHz

Select station by varying capacitance in tuner, which 1s a
bandpass filter of centre frequency == Tuning knob also
changes frequency of local oscillator to output frequency = /. + /i

Multiplication of two frequencies gives sum and difference of
the frequencies. The IF amplifier selects the difference.
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Frequency Modulation (FM) 1s when m(t) changes the carrier
frequency according to its own variations.

constant

flt)= cos{a)ct +k j m(ﬂ,)a%} k = modulation
0

- /
YT

6(¢)

Instantaneous frequency , (t) =

do(t)

= + km (¢
~E =, +km(0)

Thus w,(t) changes according to changes in km(t)
amount of change = ‘km (¢ )‘

rate of change = rate of change of m(t)
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Demodulation of FM 1s by Phase Locked Loop
It operates similar to a feedback control system

sin|w. 1 +6,(¢)] e, (t)= kml(z)

—  »( + Low Pass >

Filter

The VCO integrate e (t) to produce a

0,()=k [m(2)dA I

Voltage frequency that tracks the input
controlled frequency.
2cos|w,t+6,(t)] Oscillator
VCO
2sin|w ¢ +0.(¢)|cos|w 1 + 6, (¢)| = sin[2w £ + 6.(¢)+ 6, (¢)]+sin[6,(r) - 6, (¢)]
LPF\rgects Phase error :01' (l‘) — 00 (t)
¢,(t)drives VCO to produce a zero frequency error.
Hence frequency error = d(Phai; error) _ 0,(1)=6,(t)=0=> 6,(t)= km(r)

but  [e,(t)t=6,(r) hence e(t)=km(t)
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[.7 Review Questions

What is the difference between AM and FM ?

In AM, the spectrum from f; to f, + B 1s the same as
from f, — B to {_ . It 1s therefore necessary to use the
bandwidth 2B. For TV when the BW 1s in MHz, it 1s
important to save BW. This leads to Single Side Band
systems. List the differences and compare AM to SSB.

To save power, sometimes “Suppressed carrier” 1s used,
1.e. the carrier 1s not transmitted. This requires non-
coherent detection. Explain the difference between
coherent and non-coherent detection.
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