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Abstract

Wepresentanexactalgorithmfor thecomputationof the
momentsof a region boundedby a curverepresentedin a
scalingfunctionor waveletbasis. UsingGreen’s theorem,
weshowthat thecomputationof theareamomentsis equiv-
alent to applyinga suitablemultidimensionalfilter on the
coefficientsof thecurveand thereaftercomputinga scalar
product. We compare this algorithmwith existing methods
such as pixel-basedapproachesand approximationof the
region by a polygon.

1 Introduction

Momentsconstitutevery usefuldescriptorsof theshape
of an object [1]; they easilyyield featuresthat are invari-
ant to translationandrotation. In thestandardformulation,
they arecomputedassurfaceintegralswhichrequiresraster
scanningthrough the image. Thereare many instances,
however, wheretheboundariesof objectsaredescribedby
parametriccurves. This is thecase,for example,whenthe
objectsaredetectedusingparametricsnakeswhich arerep-
resentedusingB-spline [2] or wavelet basisfunctions[3].
Anothersimple caseis when the region is describedas a
polygon[4].

In this paper, we addressthe problem of computing
the areamomentsof objectsdescribedby suchparametric
curveswhen the basisfunctionsarescalingfunctions,in-
cluding wavelets. The originality of our approachis that
the computationis exact, and also more direct than the
moreconventionalpixel-basedmethodswhich requiresan
explicit labellingof theinnerregionof thecurve prior com-
putation. Also with pixel-basedschemes,the subpixel in-
formation is lost in the rasteringprocess,which resultsin
lesseraccuracy. Moreover theerror in thearea-basedcom-
putationof momentsis dependenton theorientationof the
shape.

Sincea polygon can be representedin termsof linear

splines,thecomputationof momentsby approximatingthe
shapeasa polygon[4, 5, 6] is a particularcaseof our ap-
proach.While thepolygonmethodcanbemadeasaccurate
asdesirableby increasingthenumberof segments,thecon-
vergenceis slow becauseof thelow approximationorderof
linear splines. Moreover, it is not suitablefor computing
curvature,which is an interestingshapefeatureasit is in-
variantto rotation,translationandcanbeeasilynormalized
to scalechanges.Thismotivatesusto investigatehigheror-
der schemeswherethe curves is representedby smoother
basisfunctionssuchassplinesandwavelets.

2 Evaluation of the moments

2.1 Parametric representation of a curve

A curve
�

in the ����� planecanberepresentedin terms
of anarbitraryparameter��� as 	�
��������
���
����������
������ . If the
curve is a closedone,asdiscussedin this paper, the func-
tions ��
����� and ��
����� areperiodicfunctionsof theparameter.

Thecurve
�

canbe representedin termsof the scaling
functionbasisat a scale� in termsof a new parameter������� ��� as
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assumingthattheperiod,
9

, is aninteger.
If thecurve is representedin awaveletbasisasdescribed

in [3], thescalingfunctioncoefficientsat any scalecanbe
obtainedfrom the wavelet coefficients usingMallat’s fast
waveletreconstructionequation.



2.2 Computation of moments using Green’s
Theorem

Green’s theoremrelatesthe volume integral of the di-
vergenceof a vectorfield in a closedregion to the surface
integralof thefield ::<; 
>=  1?  0A@ � :�B ?C 0�D � (4)

where E denotesthe surfacethat enclosesthe closedre-
gion V and 0 E is the unit vector pointing out of the vol-
ume.Assumingthatthevolumehasaconstantcrosssection
boundedby thecurve

�
, andthevariationof thefield along

the F directionis zero,wehave,: B 
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Thefirst integralis evaluatedovertheareaD enclosedby the
curve andthesecondonealongthecurve

�
. Thecomputa-

tion of themomentsinvolvesthe evaluationof the integralR B ��S  �UT  0 � 0 � andthis,by (5), is equivalenttoV S�W T � : "' ��SQ
���  �UTYX7Z5
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whentheclosedcurve
�

is parametrizedby � and
?

in (5)

is chosenas ^_  
 Ia`,b M5c�d�eT�X7Z  where ^_ is theunit vectoralongthe� direction.
Now if we assumethatthecurve is representedin terms

of ascalingfunctionbasisasgivenby theequations(1) and
(2), theabove integral becomes,V S�W T �gf $ fih W j ) $  1kAl S�mh  1n,l TYX7Z�mj  o + SpXqT 
sr(�3-t��uJ�.-�[ Kv\ �

(7)
where rxwzy|{ X7Z , u}w.yC~ and

k l S2m standsfor the � -times
tensorproduct ),��)  H H ��) . In theabove equation,theker-
nel

o + SpXqT is obtainedfrom the
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where��w�y { XqTYX7Z and
* 
>�q is thenonperiodizedscaling

function.
Thefunction

* ��
��� correspondsto thedifferentialof the
scalingfunctionandhencecouldbesubstitutedby
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2.3 Properties of the kernel �
Thefact that thefunctions

* 
��� arethesolutionsto a fi-
nite two-scalerelation impartssomenice propertiesto the
kernel � obtainedfrom it. Thesepropertiesenableus to
computeit exactly.

1. Finite support: If thescalingfunctionis having asup-
port �1�����}� , thenthekernelwill bezerooutsidethere-
giongivenby� ������������� \ � �� � H ����������� \ � � ����������� \ �

2. Symmetry: As (10) is symmetricwith respectto the
parameters� Z �����5�  � , interchangingthemwill not af-
fect thevalueof thekernel.This implies� 
���/� � 
>����
���  (11)

where � � indicatesall possiblepermutationoperators
which implies 
>� K [ K¡\ �¢ relations. In additionto
theserelations,if the scalingfunctionsaresymmetric
asin thecaseof splines,wehave� 
��q£� � 
��x���� (12)

Both thesepropertiestogetherimply
� 
�� K [ K�\ �¢relationswhichcouldbeusedto acceleratethecompu-

tationof thekernelaswell asthemoments.

3. Two-scale relation: It can be shown that the kernel
satisfiesa two-scalerelation� S 
��q!� #H¤ � 
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This follows from the fact that the scalingfunctions* 
��� from whichthekernelis derivedsatisfiesthetwo-
scalerelation* 
����� # $©¨ 
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It is this propertythatenablesusto computeit exactly
by solvinga linearsystemof equations.Thetechnique
is analogousto theoneusedfor computingtheinteger
(or dyadicrational)samplesof ascalingfunctionfrom
thetransitionoperator[7].



3 Practical Implementation and Results

3.1 On the computation of the Moments.

In this sectionwe analyzeequation(7) andsimplify it
for the fastercomputation. Due to spacelimitations, we
concentrateon thesimplestcase:theareaof theregion.

Fromthegeneralequation(7) for thecomputationof the
moments,we gettheareaboundedby thecurve asV ' W ' � "#$5%('�) + $  ©«#¬%76 «  0

+ $ X ¬  ® ' 
s¯>�� (16)

where
o

is given by (8), andthe sequences) + $ and 0 + $ are9
-periodizedversionsof the coefficients ) $ and 0 $ . This

is becauseconvolving anon-periodizedsequencewith ape-
riodizedkernelis equivalentto convolving a periodizedse-
quencewith a non-periodizedkernel. The latter is easier
to computein practice.Moreover this servesto reducethe
rangeof summationof theinnersumfrom ��� to � , which
is typically muchlessthantherangeof sumfrom � to

9
. In

a similar way, it canbeseenthatfor thecomputationof the
higherordermoments,all thesummationsexcepttheouter
oneis in therange��� to � .

From (16), we seethat the computationof the areain-
volvesjustafiltering operationby

® 
��x¯>J� ®A° 
s¯> , followed
by aninnerproduct. This canbewrittenas,V ' W ' � ± ) � ® ° '�² 0 +Q³ �
where ±  �  ³ denotesthe inner product. With a similar
notation,the computationof the othermomentsaregiven
as V�´ W µ � ± ) � ®a°SxXqT ² 
 ) + l S�m ��0 + l TYX7Z�m  ³[ K¶\� � ± 0 � ®A°SxXqT ² 
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As the [ -dimensionalsequenceis separable,the filtering
operationis muchsimplerthantheusualn-dimensionalfil-
tering.

Thecomputationalcomplexity in thecomputationof the
moment

V�´ W µ is
9] 
 � �·� �  SxXqTYX � , neglecting the sym-

metries. Thus for small � and reasonable� and [ , the
complexity is quitemanagable.

3.2 Experiment and results.

In this sectionwe comparethe new techniquewith the
existing ones:approximationusingpolygonsandrastering.
Wetry toestimatetheellipticalparametersof anellipsewith
known parametersandchoosethe relative error in the pa-
rametersasthecriterionof comparison.

With the new techniquewe choosethe cubic B-spline
dueto its niceapproximationpropertiesandminimumcur-
vatureproperties[8]. To compareit with theapproximation
of theregion asa polygon,theellipseis sampleduniformly
andthe samplesareinterpolatedusingthe two techniques
(linearandcubicsplines).Therelativeerrorin thecentered
2ndordermomentsvs thenumberor samplesareplottedin
figure1 . It canbeseenfrom figure1 thattherelative error
is muchsmallerfor the cubic spline interpolationeven at
low samplingratesandthatit decaysata fasterrate.
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Figure 1. Comparison of moment estimators

In the traditional scanning approach, the ellipse is
scannedalongthex andy axeswith a stepsize ¸ andthe
monomialsarecomputedat thegrid pointsassignedto the
interior of the curve. Fig 2 shows the decayof the com-

putederror for anellipsevs ¹ Areaº for threedifferentori-
entations. The plot clearly shows the dependenceof the
accuracy on theorientationof theellipse.

It can be seenthat to achieve a relative error of �  \�»the interior of the ellipsehasto be sampledat about3600
points,whereasto achieve the sameerrorusingthecubic
spline interpolationwe needonly around9 points on the
curve. In comparisonthe polygonmethod(linear spline)
requiresmorethan40samplesto have asimilarerror. More
interestingis thecasewhentheinterior of theellipsehasto
besampledatabout

�� ¼J� \ �a½ to achieveanerrorof �  �A� � »while thecubicsplinesrequireonly 25 samplesto achieve
the same. In Fig 3, we show the ellipsecorrespondingto
the 2nd order momentsof the centralstructurein the im-
age.Thecontourof theobjectwasestimatedusinga snake
wherethecurve wasrepresentedparametricallyin termsof
cubicB-splinebasis;themomentswerecomputedusingour
algorithm.Notethatthefit is astonishinglygood.
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Figure 2. Variation of error vs Zº in a raster
scan moment estimator

Figure 3. Estimated ellipse for a real image

4 Conclusion

In this paper we have presenteda new approachfor
the computationof the momentsof a curve describedin a
wavelet or scalingfunction basis. We have demonstrated
that this schemeis more accuratethan the conventional
approachesin the estimationof the moments. Unlike the
pixel-basedschemes,it is independentof theorientationof
theshape.
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