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Abstract—A full-wave electromagnetic model for analyzing A general full-wave analysis of arbitrarily shaped wave-
waveguide discontinuities of arbitrarily shaped piecewise planar guide discontinuities was reported by Reiter and Arndt in
boundaries is presented. The analysis is facilitated by using the [9] using the boundary contour mode-matching method. The

finite plane-wave series expansion of circular cylindrical modal thod Ve d H-0l ide di tinuiti
functions. Since electromagnetic fields on each of the planar method can solve.- an -plane waveguide discontinuities

boundary surfaces of the inhomogeneous region are expressedof Vvirtually any shape. The significance of the work is that it
in terms of plane-wave modal functions, the complete solution formulates, for the first time, the problem with general cylin-

is carried out analytically without any numerical integration.  drical modal functions, representing the wave motion in all the
To verify the formulation, a number of practical waveguide irections. Unfortunately, since the Bessel-Fourier functions
components are analyzed. The calculated results are compared - . . .
with other full-wave electromagnetic models. Excellent agreement f”‘re involved in the _f'eld eXpreSS'.on Qn the pour}dary of the
is obtained for all the cases. inhomogeneous region, a numerical integration is needed to
carry out the Galerkin solution procedure. The errors caused
by the numerical integration may deteriorate the accuracy of
the full-wave formulation.
In this paper, the general full-wave analysis is facilitated
. INTRODUCTION by using the finite plane-wave series expansion of the cylin-
LECTROMAGNETIC modeling of waveguide discon-drical Bessel-Fourier modal functions [10]. This work can be
tinuities with irregular shapes has drawn the attentigiPnsidered as an analytical extension of Reiter and Arndt’s
of many researchers for decades [1] due to its wide appwork [9]. The cylindrical modal functions are converted to a
cation in microwave systems. The analysis methods for tfigite series of simple exponential plane-wave functions. Since
waveguide discontinuities can be classified in two categorigdectromagnetic fields on the piecewise planar boundary of
the numerical or the analytical. The numerical ones, such #&€& inhomogeneous region are expressed in terms of plane-
the finite-element method (FEM) [2], [3], boundary-elemertvave modal functions, the complete solution is carried out
method (BEM) [4], or other hybrid techniques [5], in spiteanalytically without any numerical integration. This feature
of their great advantages of flexibility and versatility, suffefetains the accuracy and efficiency of the full-wave solution.
from the errors of discretization and rounding off. On the This paper begins with the modal field expressions of the
other hand, the existing analytical methods are only applicabiomogeneous region in terms of plane-wave functions. The
to the few regularly shaped waveguide discontinuities whogetailed field-matching procedure is described. A number of
eigenmode functions can be solved analytically, such as waactical waveguide components are analyzed both by the pro-
guide T-junctions [6]. Although the segmentation method h&sed analytical formulation and other numerical techniques.
been used in COﬂjUﬂCtiOﬂ with modal ana|y5is to solve Sorﬁé(cellent agreement is obtained for all the cases. It is worth
of the irregularly shaped discontinuities, e.g., mitef2glane mentioning that the original finite plane-wave series expansion
waveguide bend [7], since it still requires eigenmode functiof@s been extended to the cases where the radial argument
for each divided subregion, very few nonregularly shapéd the cylindrical Bessel function is purely imaginary. This
waveguide discontinuities can take advantage of it. A powgktension permits the use of all the possible modes existing in
series solution of Maxwell's equations was also proposed & inhomogeneous region of arbitrary shape.
solve waveguide discontinuities of arbitrary shape; however,
it has been found that some spurious solutions may occur in
its eigen equation for higher order modes [8].

Index Terms—Full-wave modal analysis, inhomgeneous wave-
guide junctions.

Il. THEORETICAL FORMULATIONS

A waveguide discontinuity of arbitrary shape can be mod-
eled by an inhomogeneous cavity region having arbitrarily
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Y The origin of the circular cylindrical coordinate is located
centrally within the inhomogeneous region (see Fig. 1). In both
Wa cases, we have
W3
W 1d 2
% A Portz K2 =k — (@) 5)
ff w
We 0 X . . .
where k = /e is the wavenumber in the inhomogeneous
\ region. Using (1) in (3), we obtain thi-type electric modal
A1 A field
Waveguide
Port 1 J (h ) . ( ¢)
—(h) nJphpp sinfn A
o 0 )= [l () )
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Fig. 1. An inhomogeneous waveguide discontinuity with planar side- +hpd), (hpp) <COS(R¢)></A)} sin (1E Z)
walls fed by rectangular waveguides through planar apertutgs with Sm(nd)) w
s =1,2,--+,6,k = 1,2,3. (6)
A M and the associated magnetic field is obtained from Maxwell's
h b1 > 1 7 b equations
2
b3 —(n -1
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Fig. 2. Various inhomogeneous waveguide discontinuities. Faplane i : ; ; ihE_'
T-junction. (b) E-plane mitered bend. (ck-plane Y-junction. (d)H -plane Similar field Expressions can be obtained for pe

mitered bend. (e)H-plane T-junction. The inhomogeneous region ignodes using (2) and (4).
cross-hatched. However, because of the planar nature of the boundary

walls W, and boundary aperture4; of the inhomogeneous
examples of such inhomogeneous regions, Fig. 2 shbws region, circular cylindrical coordinates are not convenient for
and H-plane T-junctions, aZ-plane Y-junction, ande- and the task of analytically satisfying the electromagnetic boundary
H-plane mitered bends. In each case, the inhomogenecosditions onW, and A,. This problem is addressed in the
region is cross-hatched. following section.

Modal Functions in the Inhomogeneous Region Plane-Wave Expansion of the Circular Cylindrical Mode
To represent the electromagnetic fields in the various inhBunctions in the Inhomogeneous Region
mogeneous regions, short circuitedza& 0 andw, but with  \ve wish to convert the electric- and magnetic-mode func-
quite arbitrary S|devyalls and apertur_es, we can useht_hmd tions, as given by (6) and (7), from circular cylindrical
c-type Bessel-Fourier modal potential functions, which ha\é%ordinates(p, ¢,7) to rectangular(z,y, ) coordinates. In
been introduced in [9] the analysis of scattering at large circular to small rectangular
D) _I(h cos(ng) | . (IE ) 1 waveguide junctions [10], the authors have shown thaththe
winp (p; ¢ 2) = Jn(hnp) {sin(nd)) S O (2) type modalE-field, as given in circular cylindrical coordinates
(

@ B cos(ng) pr by (6), can be represented by a finite series of plane wave in
Ve, (P, ¢, 2) = Jn(hnp) {Sin(m/)) } cos (E Z)- (2)  rectangular coordinates
From (1) and (2), one obtains, respectively, the mddahnd | M-l
H- fields M (pg,2) = bt Y [#S1— 501
e — v x zp™ A3) (=0

R snp Cin —ihp(Cra+Siy) i (PT
hgﬁi =V x ;31/)62 4) '<Sln> ¢ W) gin (E Z) (8)
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Fig. 3. The coordinate system of the conducting Wil and waveguide
port with apertureA,.

where
C7 = cos <%)
S; = sin <12W7r>
Ci,, = cos <ln%)
and

In2
St = sin <%)

As described in [10], the number of term$é in the plane-
wave series is determined by the inequality of

N-1

h’ppmax < - NO

where relaxation constanf, is a small integer an@,,.... is

the inhomogeneous region’s maximum radial dimension (see

Fig. 1).

Now, for field matching on the planar side wal’,, we
define a coordinate systerfx.,ys,zs;) whose origin (see
Fig. 3) is at(x,y,2) = (X,,Y;,0). With y, perpendicular
to W,, which is at an anglé, with respect to thes-axis, we
find that

Ty = cos 0,2 +sin O, = Co + 5,4 (9)
?)s =50 — Osf‘)v 2y =% (10)
and
=X+ Coxs — Ssys, y=Ys+Ssxs +Coys 2= 2.
(11)
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By taking the scalar product of (8) withi, and using
(9—-(11), we obtain

6gh)

shP Ts

N-1
1
= hpjn+1 N E Sis <gln
=0

(%5, Yss %s)

>e—jhp(CIXS+SlYS)

In

. e_jhv(clsms'i'slsys) sin (IE Zs) (12)
w

with
. (127 27
Sls = Sln <W—95> and Cls = COS <W—95> (13)

Consequently, the n-pth-type tangentialE-field on the
inhomogeneous-region boundary wélll, is obtained by set-
ting . = 0 in (12). Using the same transformation technique,
we can obtain thes; and z; components of all theZ- and
H-field mode functions ofh- and e-type. For the sake of
completeness, we list them below.

For TE modes,
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and for TM modes,
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where A, = " t(h,/N) and E,;, = =" (C1Xe+5Y5) gre
constant.
It should be mentioned that these plane-wave expression are

valid even ifh, = \/k? — (pr/w)? is pure imaginary, which
occurs whenk < (pr/w).
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The Fields-Matching Procedure where (z*, 4%, z¥) are the local coordinates of thigh wave-

The inhomogeneous waveguide region can be considereddige-
a section of homogeneous waveguide in theirection. The The boundary conditions on the waveguide ports and con-
total electric and magnetic fields are simply the superpositidycting walls need to be imposed to solve the waveguide
of the TE and TM modes with respect to thedirection. discontinuity problem
Specifically, the total tangential fields on the boundBrgan

be expressed as Eir { EY, ['= Ay (18a)
0 L, —h e—e 0, elsewhere
Eir:Z(a(’Ich—i-oeqeq) - _
p H;r=HF,  T'=A;. (18b)
and _
;Iir _ Z (ah h +af h ). (15) By tiking outer products of (18a) on both sides Wiﬁﬂ
q and hj, respectively, to enforce the electric-field continuity

Here, thea, are the weighting coefficients of each of th&ondition, we have (19), shown at the bottom of this page,
mode fields in the inhomogeneous region, which are defindjere the outer products are defined as
in (14); ¢ is a combined mode index = (n, p). o o

In each of the waveguide aperturds,, ¥ = 1,2,---, K (a(f)7 hl(e)> — // ?((f) % hl(e) . ds (20a)
the tangential electromagnetic fields must be continuous. We
represent the rectangular waveguide fields by the traditional
set of TE and TM modes. For example, at waveguide portyhere I' = A + W is the total transverse surface of the
with rectangular coordinateer, yx., ), inhomogeneous region with apertures and' sidewalls.

= [ — M
Ef _ Z (a 4 bh ) Zh h oreover,

+Z (aSh + V)25, e (16a) <@e,k, \/T// 2O 70 g,

ﬁfij(— a ) —— (2% x Thy) | (20)

7k Next, by taking the outer products of (18b) on both sides
r rk — -
1 . with e, and k7, respectively, to enforce the magnetic-field
+ Z ady, + b5y — (3% x e%,) (16b) continuity condition, we have, due to mode orthogonality in
V2 the waveguides,
wherer = (m,n) is the combined-mode indeX/ is the
wave impedance of the corresponding mode, armhd b are al, — b (4 /Zh ell, L ,/Zh ell,
the mode coefficients for the incident and reflected waveg, ;¢ _ pe _ o
respectively. The mode functions in rectangular wavegiide “ ) “ _ (VZi Gll’ > (VZie

can be expressed as . o ; 3 ;
2 12
7 7 = alls bfls <\/ les e \/ les el
=Al L% (25) cos [ 28 2% ) sin [ 5 y" aj — bf
oy — - — ik~ Uik 7y
mn w Ay w * * <\/ Zfz; Cis Nt ’ q \/ K Clkv
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Ap Ap w ol
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from (19) and (21), we obtain | Sij | db
h k
agy — by agy + Uy} .
aj; — be as, + b i RE———
1 i1 1 i1
T _1 —ta—A5 5 e
= (B (D] [£] . —— ,
e~ Ui chic+ l’”‘ : = 1351 | ModeMaihing
-
ax — bk ajg + bix . a | S31| ModeMatching
aﬁ + b;bl ——[ 811 | PlaneWave
e e 9 —%—| S21 | PlaneWave
all + bll BTy sme " S "“0\‘\‘ —e—| $31 | PlaneWave
=[] 22 .,
alls + blls a 4
a/l[g + bl[g 8 9 10 11 12 13
or Frequency (GHz)
{b} — [I+ C]_l[f _ C]{a} — [S]{a,} (23) Fig. 4. The magnitude of scattering parameters or a WR75 waveguide

E-plane T-junction witha = 0.75 in, b1 = b2 = b3 = 0.375 in.
where [ is the identity matrix,{a} and {b} are the col-
umn vectors of incident and reflected rectangular wavegwdfs\s,lldb
amplitudes, andS] is the general scattering matrix of the ‘
waveguide discontinuity. It is worth mentioning that because | \ —aa—
of the use of the plane-wave series expansion on the planar \ /.—-A—'r‘*‘*"_" "
matching surfaces od;, andW, all the matrix elements in the -4 Va
above equations can be analytically evaluated. No numerical
integration is required in the formulation. This feature is very
important to retain the accuracy and efficiency of the analysis.
Although, in the analysis, the height of each waveguide portsis |

-6

@ |S11]|ModeMatching |
B | S21| ModeMatching ||

\ A | S31| ModeMatching
R =1 S11 | PlaneWave

the same as that of the inhomogeneous region, the formulation'© | s21| PlaneWave ||
does not lose any generality since the field variation of the 7121 \ —— | S31| PlaneWave |}
higher order modes in the height direction has been taken into \ {
account. -14 _

8 9 10 11 12 13

F GH
ll. NUMERICAL RESULTS requency (GHz)

yg. 5. The magnitude of scattering parameters for the WR75 waveguide

A general full-wave analysis computer-aided design (CA -glane T-junction withal = a2 = a3 = 0.75 in. b = 0.375 in.

program has been developed based on the theory of t
finite plane-wave series expansion. In all the calculations, the
relaxation constant is set to seven. It is worth mentioning
that to improve the numerical condition of the matfi&], -
an appropriate normalization process needs to be applied in 2
calculating (20a). To validate the theory, the five waveguide
components, shown in Fig. 2, have been analyzed using the i bl il Ay il e

plane-wave expansion theory and are compared with other 8 * I I
. . — 5 = = — = | $11 | Plane Wave 1
analytical and numerical methods. A very good agreement can = 812,113 | Plane Wave
be observed for all the cases. - 5 A |Si1|BEM —
WR75 Waveguide T-junctions of thB- and H-plane types 7 O |S12),|513|BEM

are considered first. The waveguide dimensions are=
0.75" and b = 0.375.” The T-junctions are also analyzed
by conventional mode-matching techniques using rectangular “"Laalaadoaalaoad-salasiaatsia
waveguide eigenmode expansion [6]. Figs. 4 and 5 show the  -©
magnitudes of some typical scattering parameters ofAhe

and H-plane waveguide T-junctions, respectively, calculated

by the formulation using plane-wave expansion and by tié9. 6. The magnitude of scatterlng parameters of a WR75 waveguide
conventional mode-matching technique. It can be seen tfap'ane Yunction witha = 0.75in, b1 = 2 = b3 = 0.375 in.

the correlation is excellent.

A WR75 E-plane Y-junction has been taken as another Although the waveguide mitered bend is one of the most
example for the three-port waveguide component. The maggmmonly used waveguide components, there is no analytical
nitudes of scattering parameters calculated by the plane-w&®&D model available so far for its practical design. For
expansion theory and those by the full-wave BEM [4] arsoftware verification, bothH- and FE-plane WR75 mitered
superposed in Fig. 6. Excellent agreement can be observebends were designed using the formulation of plane-wave

8 8.5 9 9.5 10 105 11 15 12
Frequency (GHz)
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0 gaOrntpmGmepon e i o pom e Oim T 060 T *-6-0- Although only the formulation for the piecewise planar
I [S71[Plans Wave boundaries are presented in the paper, the formulation can
o1 " (512 | Plane Wave |— easily be extended to the cases with the boundary consisting

M [S11| BEM

o |s12| BEM of planar surfaces and segments of circular cylinders.
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